Applied Mathematics 
and Modeling for 
Chemical Engineers 


Richard G. Rice 


Louisiana State University 


uae D. Do 


rsity of Queei 
ree Oe ensla aries alia 


John Wiley & ane Pe 
New York ¢ Chichester e Brisbane onto ¢ Singapor 


Acquisitions Editor Cliff Robichaud 


Marketing Manager Susan J. Elbe 
Senior Production Editor Savoula Amanatidis 
Designer Pedro A. Noa 
Cover Designer Ben Arrington 
Manufacturing Manager Lori Bulwin 
Illustration Coordinator Eugene P. Aiello 


This book was typeset in Times Roman by Science Typographers, Inc. and printed and bound 
by Hamilton Printing Company. The cover was printed by Phoenix Color Corp. 


Recognizing the importance of preserving what has been written, it is a policy of 
John Wiley & Sons, Inc. to have books of enduring value published in the United States 
printed on acid-free paper, and we exert our best efforts to that end. 


Copyright © 1995 by John Wiley & Sons, Inc. 
All rights reserved. Published simultaneously in Canada. 


Reproduction or translation of any part of this work beyond that permitted by Sections 107 

and 108 of the 1976 United States Copyright Act without the permission of the copyright owner 

is unlawful. Requests for permission or further information should be addressed to the Permissions 
Department, John Wiley & Sons, Inc. 


Library of Congress Cataloging-in-Publication Data 
Rice, Richard G. 


Applied mathematics and modeling for chemical engineers / Richard 
G. Rice. Duong D. Do. 


p. cm.—(Wiley series in chemical engineering) 

Includes bibliographical references and index. 

ISBN 0-471-30377-1 

1. Differential equations. 2. Chemical processes—Mathematical 
models. 3. Chemical engineering—Mathematics. I. Duong, D. Do. 
II. Title. III. Series. 
QA371.R37 1994 
660’.2842'015118—dc20 94-5245 

CIP 


Printed in the United States of America. 
1098765 


To Judy, Todd, Andrea, and William, 
for making it all worthwhile. 
RGR 


To An and Binh, for making 
my life full. 
DDD 


Preface 





The revolution created in 1960 by the publication and widespread adoption 
of the textbook Transport Phenomena by Bird et al. ushered in a new era for 
chemical engineering. This book has nurtured several generations on the 
importance of problem formulation by elementary differential balances. Model- 
ing (or idealization) of processes has now become standard operating proce- 
dure, but, unfortunately, the sophistication of the modeling exercise has not 
been matched by textbooks on the solution of such models in quantitative 
mathematical terms. Moreover, the widespread availability of computer soft- 
ware packages has weakened the generational skills in classical analysis. 

The purpose of this book is to attempt to bridge the gap between classical 
analysis and modern applications. Thus, emphasis is directed in Chapter 1 to 
the proper representation of a physicochemical situation into correct mathemat- 
ical language. It is important to recognize that if a problem is incorrectly posed 
in the first instance, then any solution will do. The thought process of “idealiz- 
ing,” or approximating an actual situation, is now commonly called “modeling.” 
Such models of natural and man-made processes can only be fully accepted if 
they fit the reality of experiment. We try to give emphasis to this well-known 
truth by selecting literature examples, which sustain experimental verification. 

Following the model building stage, we introduce classical methods in Chap- 
ters 2 and 3 for solving ordinary differential equations (ODE), adding new 
material in Chapter 6 on approximate solution methods, which include pertur- 
bation techniques and elementary numerical solutions. This seems altogether 
appropriate, since most models are approximate in the first instance. Finally, 
because of the propensity of staged processing in chemical engineering, we 
introduce analytical methods to deal with important classes of finite-difference 
equations in Chapter 5. 

In Chapters 7 to 12 we deal with numerical solution methods, and partial 
differential equations (PDE) are presented. Classical techniques, such as combi- 
nation of variables and separation of variables, are covered in detail. This is 
followed by Chapter 11 on PDE transform methods, culminating in the general- 
ized Sturm-Liouville transform. This allows sets of PDEs to be solved as 
handily as algebraic sets. Approximate and numerical methods close out the 
treatment of PDEs in Chapter 12. 
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Preface 


This book is designed for teaching. It meets the needs of a modern under- 
graduate curriculum, but it can also be used for first year graduate students. 
The homework problems are ranked by numerical subscript or an asterisk. 
Thus, subscript 1 denotes mainly computational problems, whereas subscripts 2 
and 3 require more synthesis and analysis. Problems with an asterisk are the 
most difficult and are suited for graduate students. Chapters 1 through 6 
comprise a suitable package for a one-semester, junior level course (3 credit 
hours). Chapters 7 to 12 can be taught as a one-semester course for advanced 
senior or graduate level students. 

Academics find increasingly less time to write textbooks, owing to demands 
on the research front. RGR is most grateful for the generous support from 
the faculty of the Technical University of Denmark (Lyngby), notably Aa. 
Fredenslund and K. Ostergaard, for their efforts in making sabbatical leave 
there in 1991 so successful, and extends a special note of thanks to M. 
Michelson for his thoughtful reviews of the manuscript and for critical discus- 
sions on the subject matter. He also acknowledges the influence of colleagues 
at all the universities where he took residence for short and lengthy periods 
including: University of Calgary, Canada; University of Queensland, Australia; 
University of Missouri, Columbia; University of Wisconsin, Madison; and of 
course Louisiana State University, Baton Rouge. 


Richard G. Rice 


Louisiana State University 
September 1994 


Duong D. Do 
University of Queensland 
September 1994 
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PART ONE 


Myself when young did eagerly frequent 
Doctor and Saint, and heard great argument 
About it and about: but evermore 

Came out by the same door as in I went. 


Rubáiyát of Omar Khayyám, XXX. 


Chapter 1 





Formulation of 
Physicochemical 
Problems 


1.1 INTRODUCTION 


Modern science and engineering requires high levels of qualitative logic before 
the act of precise problem formulation can occur. Thus, much is known about a 
physicochemical problem beforehand, derived from experience or experiment 
(i.e., empiricism). Most often, a theory evolves only after detailed observation of 
an event. Thus, the first step in problem formulation is necessarily qualitative 
(fuzzy logic). This first step usually involves drawing a picture of the system to 
be studied. 

The second step is the bringing together of all applicable physical and 
chemical information, conservation laws, and rate expressions. At this point, the 
engineer must make a series of critical decisions about the conversion of mental 
images to symbols, and at the same time, how detailed the model of a system 
must be. Here, one must classify the real purposes of the modeling effort. Is the 
model to be used only for explaining trends in the operation of an existing piece 
of equipment? Is the model to be used for predictive or design purposes? Do we 
want steady-state or transient response? The scope and depth of these early 
decisions will determine the ultimate complexity of the final mathematical 
description. 

The third step requires the setting down of finite or differential volume 
elements, followed by writing the conservation laws. In the limit, as the 
differential elements shrink, then. differential equations arise naturally. Next, 
the problem of boundary conditions must be addressed, and this aspect must be 
treated with considerable circumspection. 

When the problem is fully posed in quantitative terms, an appropriate 
mathematical solution method is sought out, which finally relates dependent 
(responding) variables to one or more independent (changing) variables. The 
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final result may be an elementary mathematical formula, or a numerical solution 
portrayed as an array of numbers. 


1.2 ILLUSTRATION OF THE FORMULATION PROCESS 
(COOLING OF FLUIDS) 


We illustrate the principles outlined above and the hierarchy of model building 
by way of a concrete example: the cooling of a fluid flowing in a circular pipe. 
We start with the simplest possible model, adding complexity as the demands 
for precision increase. Often, the simple model will suffice for rough, qualitative 
purposes. However, certain economic constraints weigh heavily against overde- 
sign, so predictions and designs based on the model may need to be more 
precise. This section also illustrates the “need to know” principle, which acts as 
a catalyst to stimulate the garnering together of mathematical techniques. The 
problem posed in this section will appear repeatedly throughout the book, as 
more sophisticated techniques are applied to its complete solution. 


Model 1—-Plug Flow 


As suggested in the beginning, we first formulate a mental picture and then 
draw a sketch of the system. We bring together our thoughts for a simple plug 
flow model in Fig. 1.1a. One of the key assumptions here is plug flow, which 
means that the fluid velocity profile is plug shaped, in other words uniform at all 
radial positions. This almost always implies turbulent fluid flow conditions, so 
that fluid elements are well-mixed in the radial direction, hence the fluid 
temperature is fairly uniform in a plane normal to the flow field (i.e., the radial 
direction). 

If the tube is not too long or the temperature difference is not too severe, 
then the physical properties of the fluid will not change much, so our second 





Figure 1.1a Sketch of plug flow model formulation. 
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step is to express this and other assumptions as a list: 


1. A steady-state solution is desired. 

2. The physical properties (p, density; C 'p» Specific heat; k, thermal conductiv- 
ity, etc.) of the fluid remain constant. 

3. The wall temperature is constant and uniform (i.e., does not change in the 
z or r direction) at a value T. 

4. The inlet temperature is constant and uniform (does not vary in r direc- 
tion) at a value Tọ, where T, > T,,. 

5. The velocity profile is plug shaped or flat, hence it is uniform with respect 
toz orr. 

6. The fluid is well-mixed (highly turbulent), so the temperature is uniform in 
the radial direction. 

7. Thermal conduction of heat along the axis is small relative to convection. 


The third step is to sketch, and act upon, a differential volume element of the 
system (in this case, the flowing fluid) to be modeled. We illustrate this 
elemental volume in Fig. 1.1b, which is sometimes called the “control volume.” 

We act upon this elemental volume, which spans the whole of the tube cross 
section, by writing the general conservation law 


Rate in — Rate out + Rate of Generation = Rate of Accumulation (1.1) 


Since steady state is stipulated, the accumulation of heat is zero. Moreover, 
there are no chemical, nuclear, or electrical sources specified within the volume 
element, so heat generation is absent. The only way heat can be exchanged is 
through the perimeter of the element by way of the temperature difference 
between wall and fluid. The incremental rate of heat removal can be expressed 
as a positive quantity using Newton’s law of cooling, that is, 


AQ = (27RAz)h|T(z) - T, | (1.2) 


WML 






T(z + Az) 


Figure 1.15 Elemental or control volume for plug 
flow model. 
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As a convention, we shall express all such rate laws as positive quantities, 
invoking positive or negative signs as required when such expressions are 
introduced into the conservation law (Eq. 1.1). The contact area in this simple 
model is simply the perimeter of the element times its length. 

The constant heat transfer coefficient is denoted by h. We have placed a bar 
over T to represent the average between T(z) and T (z + Az) 


= T(z) + T(z + Az 
T(z) = Tez) + Tz 4 82) (1.3) 
In the limit, as Az — 0, we see 
lim T(z) > T(z) (1.4) 
Az-0 


Now, along the axis, heat can enter and leave the element only by convection 
(flow), so we can write the elemental form of Eq. 1.1 as 


vyApC,T(z) — vgApC,T(z + Az) — (27RAz)K(T-T,) =0 (1.5) 








Rate heat flow in Rate heat flow out Rate heat loss through wall 


The first two terms are simply mass flow rate times local enthalpy, where the 
reference temperature for enthalpy is taken as zero. Had we used C, (T — Ter) 
for enthalpy, the term T,,, would be cancelled in the elemental balance. The 
final step is to invoke the fundamental lemma of calculus, which defines the act 
of differentiation 


. T(z+Az)-—T(z) 
C ae ue 
We rearrange the conservation law into the form required for taking limits, and 
then divide by Az 


T(z + Az) — T(z) 


—U,ApC, Az 


- (2m Rh)(T - T,,) = 0 (1.7) 
Taking limits, one at a time, then yields the sought-after differential equation 


dT 


+ 27Rh[T(z) — T,] =0 (1.8) 
where we have cancelled the negative signs. 

Before solving this equation, it is good practice to group parameters into a 
single term (lumping parameters). For such elementary problems, it is conve- 
nient to lump parameters with the lowest order term as follows: 


aT(z) +a[T(z) - T,] =0 (1.9) 
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where 


A = 2m Rh/(voApC,) 


It is clear that A must take units of reciprocal length. 

As it stands, the above equation is classified as a linear, inhomogeneous 
equation of first order, which in general must be solved using the so-called 
Integrating-Factor method, as we discuss later in Chapter 2 (Section 2.3). 

Nonetheless, a little common sense will allow us to obtain a final solution 
without any new techniques. To do this, we remind ourselves that T,, is 
everywhere constant, and that differentiation of a constant is always zero, so we 
can write 


coe T,,) _ ae (1.10) 


This suggests we define a new dependent variable, namely 
6=T(z) -T, (1.11) 
hence Eq. 1.9 now reads simply 


TeC) + o(z) =0 (1.12) 


This can be integrated directly by separation of variables, so we rearrange to get 


L +àdz=0 (1.13) 
Integrating term by term yields 
In + àz = InK (1.14) 


where In K is any (arbitrary) constant of integration. Using logarithm properties, 
we can solve directly for 0 


8 = Kexp(—Az) (1.15) 


It now becomes clear why we selected the form InK as the arbitrary constant in 
Eq. 1.14. 

All that remains is to find a suitable value for K. To do this, we recall the 
boundary condition denoted as To in Fig. 1.1a, which in mathematical terms has 
the meaning 


T(0) = T; or e(O = T(0) — T, = T, - T, (1.16) 


Thus, when z = 0, @(0) must take a value Tọ — T,, so K must also take this 
value. 
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Our final result for computational purposes is 
T(z) -T, — 2r Rhz 
aen = exo( Sore (1.17) 


We note that all arguments of mathematical functions must be dimensionless, so 
the above result yields a dimensionless temperature 


T(z) -T, 
po rey (1.18) 


and a dimensionless length scale 


2a Rhz 
voApC, =< (1.19) 


Thus, a problem with six parameters, two external conditions (Tọ, T,,) and one 
each dependent and independent variable has been reduced to only two 
elementary (dimensionless) variables, connected as follows 


y = exp(—¢) (1.20) 


Model II—Parabolic Velocity 


In the development of Model I (plug flow), we took careful note that the 
assumptions used in this first model building exercise implied “turbulent flow” 
conditions, such a state being defined by the magnitude of the Reynolds number 
(vo d/v), which must always exceed 2100 for this model to be applicable. For 
slower flows, the velocity is no longer plug shaped, and in fact when Re < 2100, 
the shape is parabolic 


v, = 2v1 — (r/R) (1.21) 


where vo now denotes the average velocity, and v, denotes the locally varying 
value (Bird et al. 1960). Under such conditions, our earlier assumptions must be 
carefully reassessed; specifically, we will need to modify items 5, 6, and 7 in the 
previous list: 


5. The z-directed velocity profile is parabolic shaped and depends on the 
position r. 

6. The fluid is not well mixed in the radial direction, so account must be 
taken of radial heat conduction. 

7. Because convection is smaller, axial heat conduction may also be impor- 
tant. 


These new physical characteristics cause us to redraw the elemental volume 
as shown in Fig. 1.1c. The control volume now takes the shape of a ring of 
thickness Ar and length Az. Heat now crosses two surfaces, the annular area 
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Figure 1.1¢ Control volume for Model II. 


normal to fluid flow, and the area along the perimeter of the ring. We shall 
need to designate additional (vector) quantities to represent heat flux (rate per 
unit normal area) by molecular conduction: 


q,(r, z) = molecular heat flux in radial direction (1.22) 


q-(r,z) = molecular heat flux in axial direction (1.23) 


The net rate of heat gain (or loss) by conduction is simply the flux times the 
appropriate area normal to the flux direction. The conservation law (Eq. 1.1) 
can now be written for the element shown in Fig. 1.1c. 


v,(27rAr)pC,T(z,r) — v, (2mrAr)pC,T(z + Az,r) 


+(2mrArq,)|, —(2mrArq,)|,442 + (2arhzq,)|, = (2mrAzą,)l zar =0 
(1.24) 


The new notation is necessary, since we must deal with products of terms, either 
or both of which may be changing. 

We rearrange this to a form appropriate for the fundamental lemma of 
calculus. However, since two position coordinates are now allowed to change, 
we must define the process of partial differentiation, for example, 


lim 


T(z + Az,r)-T(z,r) _ (35) 
Az>0 Az 


i (1.25) 


which of course implies holding r constant as denoted by subscript (we shal! 
delete this notation henceforth). Thus, we divide Eq. 1.24 by 27AzAr and 
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rearrange to get 


-v,pC,r T(z + Az,r) — T(z,r) 


Az 
r E = 
S [ allaz [rq,]], = [ra llaa [ra,]], =0 (1.26) 
z r 
Taking limits, one at a time, then yields 
ôT  o(ra, (rq, 
—v,pCyr ar = ata) = Ay = 0 (1.27) 


The derivative with respect to (wrt) z implies holding r constant, so r can be 
placed outside this term; thus, dividing by r and rearranging shows 


dq, _ 9 ôT 
z Oz aa Far A) = v-PCp 3z (1.28) 





At this point, the equation is insoluble since we have one equation and three 
unknowns (T, q,,q,). We need to know some additional rate law to connect 
fluxes q to temperature T. Therefore, it is now necessary to introduce the 
famous Fourier’s law of heat conduction, the vector form of which states that 
heat flux is proportional to the gradient in temperature 


q=-kVT (1.29) 
and the two components of interest here are 


aT aT 
q= -kī = -kyz (1.30) 


Inserting these two new equations into Eq. 1.28 along with the definition of v,, 
yields finally a single equation, with one unknown T(r,z) 


oT 10 OT r \?| dT 

ko + k7 x(a) = 2v90C, [1 = (x) z (1.31) 
The complexity of Model IJ has now exceeded our poor powers of solution, 
since we have much we need to know before attempting such second-order 
partial differential equations. We shall return to this problem occasionally as we 
learn new methods to effect a solution, and as new approximations become 
evident. 


1.3 COMBINING RATE AND EQUILIBRIUM CONCEPTS 
(PACKED BED ADSORBER) 


The occurrence of a rate process and a thermodynamic equilibrium state is 
common in chemical engineering models. Thus, certain parts of a whole system 
may respond so quickly that, for practical purposes, local equilibrium may be 
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assumed. Such an assumption is an integral (but often unstated) part of the 
qualitative modeling exercise. 

To illustrate the combination of rate and equilibrium principles, we next 
consider a widely used separation method, which is inherently unsteady: packed 
bed adsorption. We imagine a packed bed of finely granulated (porous) solid 
(e.g., charcoal) contacting a binary mixture, one component of which selectively 
adsorbs (physisorption) onto and within the solid material. The physical process 
of adsorption is so fast relative to other slow steps (diffusion within the solid 
particle), that in and near the solid particles, local equilibrium exists 


q = KC* (1.32) 


where q denotes the average composition of the solid phase, expressed as moles 
solute adsorbed per unit volume solid particle, and C* denotes the solute 
composition (moles solute per unit volume fluid), which would exist at equilib- 
rium. We suppose that a single film mass transport coefficient controls the 
transfer rate between flowing and immobile (solid) phase. 

It is also possible to use the same model even when intraparticle diffusion is 
important (Rice 1982) by simply replacing the film coefficient with an “effective” 
coefficient. Thus, the model we derive can be made to have wide generality. 

We illustrate a sketch of the physical system in Fig. 1.2. It is clear in the 
sketch that we shall again use the plug flow concept, so the fluid velocity profile 
is flat. If the stream to be processed is dilute in the adsorbable species 
(adsorbate), then heat effects are usually ignorable, so isothermal conditions will 
be taken. Finally, if the particles of solid are small, the axial diffusion effects, 
which are Fickian-like, can be ignored and the main mode of transport in the 
mobile fluid phase is by convection. 

Interphase transport from the flowing fluid to immobile particles obeys a rate 
law, which is based on departure from the thermodynamic equilibrium state. 
Because the total interfacial area is not known precisely, it is common practice 





Figure 1.2 Packed bed adsor- 
ber. 
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to define a volumetric transfer coefficient, which is the product k.a where a is 
the total interfacial area per unit volume of packed column. The incremental 
rate expression (moles/time) is then obtained by multiplying the volumetric 
transfer coefficient (ka) by the composition linear driving force and this times 
the incremental volume of the column (AAz) 


AR =k,a(C — C*) +A Az (1.33) 


We apply the conservation law (Eq. 1.1) to the adsorbable solute contained in 
both phases, as follows 


Up AC(z,t) — UgAC(z + Az,t) =eA Az $E ce (1-«e)A eee! ob (1.34) 


t 


where v, denotes superficial fluid velocity (velocity that would exist in an empty 
tube), e denotes the fraction void (open) volume, hence (1 — €) denotes the 
fractional volume taken up by the solid phase. Thus, e is volume fraction 
between particles and is often called interstitial void volume; it is the volume 
fraction through which fluid is convected. The rate of accumulation has two 
possible sinks: accumulation in the fluid phase (C) and in the solid phase (q). 

By dividing through by A Az, taking limits as before, we deduce that the 
overall balance for solute obeys 


oC ac oq 
Vo Fr mea +(1- e) 5 (1.35) 


Similarly, we may make a solute balance on the immobile phase alone, using the 
rate law, Eq. 1.33, noting adsorption removes material from the flowing phase 
and adds it to the solid phase. Now, since the solid phase loses no material and 
generates none (assuming chemical reaction is absent), then the solid phase 
balance is 


A(1 ~ €) az 4 =k.a(C — C*)A Az (1.36) 


which simply states: Rate of accumulation equals rate of transfer to the solid. 
Dividing out the elementary volume, A Az, yields 


ô 
(C-e) = k,a(C - C*) (1.37) 
We note that as equilibrium is approached (as C > C*) 


da o 


ôt 


Such conditions correspond to “saturation,” hence no further molar exchange 
occurs. When this happens to the whole bed, the bed must be “regenerated,” 
for example by passing a hot, inert fluid through the bed, thereby desorbing 
solute. 
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The model of the system is now composed of Eqs. 1.35, 1.37, and 1.32: There 
are three equations and three unknowns (C, C%*, q). 

To make the system model more compact, we attempt to eliminate q, since 
q = KC*; hence we have 


ôC ðC ac* 
Yogz t£ +t U—e)KGP = 0 (1.38) 
* 
(1 -= 2) K°S= = k,a(C - C*) (1.39) 


The solution to this set of partial differential equations (PDEs) can be effected 
by suitable transform methods (e.g., the Laplace transform) for certain types of 
boundary and initial conditions (BC and IC). For the adsorption step, these are 


q(z,0) = 0 (initially clean solid) (1.40) 


C(0,t) = Co (constant composition at bed entrance) (1.41) 
The condition on q implies (cf. Eq. 1.32) 
C*(z,0) =0 (1.42) 


Finally, if the bed was indeed initially clean, as stated above, then it must also 
be true 


C(z,0) = 0 (initially clean interstitial fluid) (1.43) 


We thus have three independent conditions (note, we could use either Eq. 1.40 
or Eq. 1.42, since they are linearly dependent) corresponding to three deriva- 
tives: 


ac* ac ac 
Ot’ Ot’? az 





As we demonstrate later, in Chapter 10, linear systems of equations can only be 
solved exactly when there exists one BC or IC for each order of a derivative. 
The above system is now properly posed, and will be solved as an example in 
Chapter 10 using Laplace transform. 


1.4 BOUNDARY CONDITIONS AND SIGN CONVENTIONS 


As we have seen in the previous sections, when time is the independent 
variable, the boundary condition is usually an initial condition, meaning we must 
specialize the state of the dependent variable at some time tọ (usually ty = 0). 
For the steady state, we have seen that integrations of the applicable equations 
always produce arbitrary constants of integration. These integration constants 
must be evaluated, using stipulated boundary conditions to complete the model’s 
solution. 

For the physicochemical problems occurring in chemical engineering, most 
boundary or initial conditions are (or can be made to be) of the homogeneous 
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type; a condition or equation is taken to be homogeneous if, for example, it is 
satisfied by y(x), and is also satisfied by Ay(x), where à is an arbitrary constant. 


The three classical types for such homogeneous boundary conditions at a point, 
say Xp, are the following: 


(i) y(x)=0 @ x= Xo 
(ii) 2 o @ x= Xo 


(iii) By + # zo @ xX =Xpo 


Most often, the boundary values for a derived model are not homogeneous, but 
can be made to be so. For example, Model II in Section 1.2 portrays cooling of a 
flowing fluid in a tube. Something must be said about the fluid temperature at 
the solid wall boundary, which was specified to take a constant value T,,. This 
means all along the tube length, we can require 


T(r,z) =T, @ r=R, forall z 


As it stands, this does not match the condition for homogeneity. However, if we 
define a new variable 0 


6=T(r,z) —-T, (1.44) 

then it is clear that the wall condition will become homogeneous, of type (i) 
O(r,z)=0 @ r=R, forall z (1.45) 
When redefining variables in this way, one must be sure that the original 
defining equation is unchanged. Thus, since the derivative of a constant (T,,) is 


always zero, then Eq. 1.31 for the new dependent variable 0 is easily seen to be 
unchanged 


070 0°06 1 06 21 06 
ko + (SS + 2) = zvoli - (+/R)'] (1.46) 


It often occurs that the heat (or mass) flux at a boundary is controlled by a heat 
(or mass) transfer coefficient, so for a circular tube the conduction flux is 
proportional to a temperature difference 


q, = -4f =U(T-T.) @ r=R,forallz; T,= constant (1.47) 


Care must be taken to ensure that sign conventions are obeyed. In our cooling 
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problem (Model II, Section 1.2), it is clear that 


q, > 0, a <0 
so that U(T — T.) must be positive, which it is, since the coolant temperature 
T. < T(R, z). 
This boundary condition also does not identify exactly with the type Gii) 
homogeneous condition given earlier. However, if we redefine the dependent 
variable to be 0 = T — T,, then we have 


(z+ -=0 @ r=R, forallz (1.48) 


which is identical in form with the type (iii) homogeneous boundary condition 
when we note the equivalence: 0 = y, U/k = B, r =x, and R = Xp. It is also 
easy to see that the original convective-diffusion Eq. 1.31 is unchanged when we 
replace T with 9. This is a useful property of linear equations. 

Finally, we consider the type (ii) homogeneous boundary condition in physical 
terms. For the pipe flow problem, if we had stipulated that the tube wall was 
well insulated, then the heat flux at the wall is nil, so 


qa, = -k =0 @ r=R, forall z (1.49) 


This condition is of the homogeneous type (ii) without further modification. 

Thus, we see that models for a fluid flowing in a circular pipe can sustain any 
one of the three possible homogeneous boundary conditions. 

Sign conventions can be troublesome to students, especially when they 
encounter type (iii) boundary conditions. It is always wise to double-check to 
ensure that the sign of the left-hand side is the same as that of the right-hand 
side. Otherwise, negative transport coefficients will be produced, which is 
thermodynamically impossible. To guard against such inadvertent errors, it is 
useful to produce a sketch showing the qualitative shape of the expected 
profiles. 

In Fig. 1.3 we sketch the expected shape of temperature profile for a fluid 
being cooled in a pipe. The slope of temperature profile is such that dT /dr < 0. 
If we exclude the centerline (r = 0), where exactly dT /dr = 0 (the symmetry 
condition), then always dT/dr < 0. Now, since fluxes (which are vector quanti- 
ties) are always positive when they move in the positive direction of the 
coordinate system, then it is clear why the negative sign appears in Fourier’s law 


aT 
a, = -k3 (1.50) 


Thus, since dT /dr < 0, then the product —kdT/dr > 0, so that flux q, > 0. 
This convention thus ensures that heat moves down a temperature gradient, so 
transfer is always from hot to cold regions. For a heated tube, flux is always in 
the anti-r direction, hence it must be a negative quantity. Similar arguments 
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Figure 1.3 Expected temper- 
ature profile for cooling flu- 
ids in a pipe at an arbitrary 
position z4. 


hold for mass transfer where Fick’s law is applicable, so that the radial 
component of flux in cylindrical coordinates would be 


J,= -D (1.51) 


1.5 SUMMARY OF THE MODEL BUILDING PROCESS 


These introductory examples are meant to illustrate the essential qualitative 
nature of the early part of the model building stage, which is followed by more 
precise quantitative detail as the final image of the desired model is made 
clearer. It is a property of the human condition that minds change as new 
information becomes available. Experience is an important factor in model 
formulation, and there have been recent attempts to simulate the thinking of 
experienced engineers through a format called Expert Systems. The following 
step-by-step procedure may be useful for beginners. 


1. 


Draw a sketch of the system to be modeled and label/define the various 
geometric, physical and chemical quantities. 


2. Carefully select the important dependent (response) variables. 
3. 


Select the possible independent variables (e.g., z, t), changes in which 
must necessarily affect the dependent variables. 


. List the parameters (physical constants, physical size, and shape) that are 


expected to be important; also note the possibility of nonconstant param- 
eters [e.g., viscosity changing with temperature, u(T)]. 


. Draw a sketch of the expected behavior of the dependent variable(s), 


such as the “expected” temperature profile we used for illustrative 
purposes in Fig. 1.3. 


. Establish a “control volume” for a differential or finite element (e.g., 


CSTR) of the system to be modeled; sketch the element and indicate all 
inflow—outflow paths. 
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7. Write the “conservation law” for the volume element: Express flux and 
reaction rate terms using general symbols, which are taken as positive 
quantities, so that signs are introduced only as terms are inserted accord- 
ing to the rules of the conservation law, Eq. 1.1. 

8. After rearrangement to the proper differential format, invoke the funda- 
mental lemma of calculus to produce a differential equation. 

9. Introduce specific forms of flux (e.g., J, = —DdC/dr) and rate (R, = 
kC,); note, the opposite of generation is depletion, so when a species is 
depleted, then its loss rate must be entered with the appropriate sign in 
the conservation law (i.e., replace “+ generation” with “— depletion” in 
Eq. 1.1). 

10. Write out all possibilities for boundary values of the dependent variables; 
the choice among these will be made in conjunction with the solution 
method selected for the defining (differential) equation. 

11. Search out solution methods, and consider possible approximations for: 
(i) the defining equation, (ii) the boundary conditions, and (iii) an accept- 
able final solution. 


It is clear that the modeling and solution effort should go hand in hand, 
tempered of course by available experimental and operational evidence. A 
model that contains unknown and unmeasurable parameters is of no real value. 


1.6 MODEL HIERARCHY AND ITS IMPORTANCE IN ANALYSIS 


As pointed out in Section 1.1 regarding the real purposes of the modeling effort, 
the scope and depth of these decisions will determine the complexity of the 
mathematical description of a process. If we take this scope and depth as the 
barometer for generating models, we will obtain a hierarchy of models where 
the lowest level may be regarded as a black box and the highest is where all 
possible transport processes known to man in addition to all other concepts 
(such as thermodynamics) are taken into account. Models, therefore, do not 
appear in isolation, but rather they belong to a family where the hierarchy is 
dictated by the number of rules (transport principles, thermodynamics). It is this 
family that provides engineers with capabilities to predict and understand the 
phenomena around us. The example of cooling of a fluid flowing in a tube 
(Models I and ID in Section 1.2 illustrated two members of this family. As the 
level of sophistication increased, the mathematical complexity increased. If one 
is interested in exactly how heat is conducted through the metal casing and is 
disposed of to the atmosphere, then the complexity of the problem must be 
increased by writing down a heat balance relation for the metal casing (taking it 
to be constant at a value T,, is, of course, a model, albeit the simplest one). 
Further, if one is interested in how the heat is transported near the entrance 
section, one must write down heat balance equations before the start of the 
tube, in addition to the Eq. 1.31 for the active, cooling part of the tube. 
Furthermore, the nature of the boundary conditions must be carefully scruti- 
nized before and after the entrance zone in order to properly describe the 
boundary conditions. 
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Figure 1.4 Schematic dia- 
gram of a heat removal from 
a solvent bath. 


To further demonstrate the concept of model hierarchy and its importance in 
analysis, let us consider a problem of heat removal from a bath of hot solvent by 
immersing steel rods into the bath and allowing the heat to dissipate from the 
hot solvent bath through the rod and thence to the atmosphere (Fig. 1.4). 

For this elementary problem, it is wise to start with the simplest model first to 
get some feel about the system response. 


Level 1 
In this level, let us assume that: 


(a) The rod temperature is uniform, that is, from the bath to the atmosphere. 
(b) Ignore heat transfer at the two flat ends of the rod. 

(c) Overall heat transfer coefficients are known and constant. 

(d) No solvent evaporates from the solvent air interface. 


The many assumptions listed above are necessary to simplify the analysis (i.e., to 
make the model tractable). 

Let T, and T, be the atmosphere and solvent temperatures, respectively. The 
steady-state heat balance (i.e., no accumulation of heat by the rod) shows a 
balance between heat collected in the bath and that dissipated by the upper 
part of the rod to atmosphere 


hi(2TRL,)(T, — T) = hg(27RL,)(T - To) (1.52) 


where T is the temperature of the rod, and L, and L, are lengths of rod 
exposed to solvent and to atmosphere, respectively. Obviously, the volume 
elements are finite (not differential), being composed of the volume above the 
liquid of length L, and the volume below of length L,. 
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Solving for T from Eq. 1.52 yields 





_ (To taT,) 
T= Ura) (1.53) 
where 
hL, 
a= noL, (1.54) 


Equation 1.53 gives us a very quick estimate of the rod temperature and how it 
varies with exposure length. For example, if a is much greater than unity (i.e., 
long L, section and high liquid heat transfer coefficient compared to gas 
coefficient), the rod temperature is then very near T,. Taking the rod tempera- 
ture to be represented by Eq. 1.53, the rate of heat transfer is readily calculated 
from Eq. 1.52 by replacing T: 





h,27RL, hı L 
Q= kay oe Ty) = TRC, —T,) (1.55a) 
(1 -H| 
Q = -— 2rR(T, — To) (1.55b) 
(gor, j TE] 


When a =h,L,/hgL, is very large, the rate of heat transfer becomes simply 
Q = 27RhGL,(T, — T) (1.55¢) 


Thus, the heat transfer is controlled by the segment of the rod exposed to the 
atmosphere. It is interesting to note that when the heat transfer coefficient 
contacting the solvent is very high (i.e., a > 1), it does not really matter how 
much of the rod is immersed in the solvent. 

Thus for a given temperature difference and a constant rod diameter, the rate 
of heat transfer can be enhanced by either increasing the exposure length L, or 
by increasing the heat transfer rate by stirring the solvent. However, these 
conclusions are tied to the assumption of constant rod temperature, which 
becomes tenuous as atmospheric exposure is increased. 

To account for effects of temperature gradients in the rod, we must move to 
the next level in the model hierarchy, which is to say that a differential volume 
must be considered. 


Level 2 


Let us relax part of the assumption (a) of the first model by assuming only that 
the rod temperament below the solvent liquid surface is uniform at a value T}. 
This is a reasonable proposition, since the liquid has a much higher thermal 


20 Chapter 1 Formulation of Physicochemical Problems 





Figure 1.5 Shell element and 
the system coordinate. 


conductivity than air. The remaining three assumptions of the level 1 model are 
retained. 

Next, choose an upward pointing coordinate x with the origin at the solvent-air 
surface. Figure 1.5 shows the coordinate system and the elementary control 
volume. 

Applying a heat balance around a thin shell segment with thickness Ax gives 


aR7q(x) — wR*q(x + Ax) — 27RAxh,(T — Ty) = 0 (1.56) 


where the first and second terms represent heat conducted into and out of the 
element and the last term represents heat loss to atmosphere. We have decided, 
by writing this, that temperature gradients are likely to exist in the part of the 
rod exposed to air, but are unlikely to exist in the submerged part. 

Dividing Eq. 1.56 by mR?’Ax and taking the limit as Ax — 0 yields the 
following first order differential equation for the heat flux, q: 


A i F(T -T) =0 (1.57) 


Assuming the rod is homogeneous, i.e., the thermal conductivity is uniform, the 
heat flux along the axis is related to the temperature according to Fourier’s law 
of heat conduction (Eq. 1.29). Substitution of Eq. 1.29 into Eq. 1.57 yields 


kos = S(T -T) (1.58) 


Equation 1.58 is a second order ordinary differentia! equation, and to solve this, 
two conditions must be imposed. One condition was stipulated earlier: 


x=0, T=T, (1.59a) 
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The second condition (heat flux) can also be specified at x = 0 or at the other 
end of the rod, i.e., x = L,. Heat flux is the sought-after quantity, so it cannot 
be specified a priori. One must then provide a condition at x = L,. At the end 
of the rod, one can assume Newton’s law of cooling prevails, but since the rod 
length is usually longer than the diameter, most of the heat loss occurs at the 
rod’s lateral surface, and the flux from the top surface is small, so write 
approximately: 


x= L; a =0 (1.59b) 


Equation 1.58 is subjected to the two boundary conditions (Eq. 1.59) to yield the 
solution 


cosh [m( L, — x)|] 


T= T) + (Ti - To) omi) (1.60) 
where 
2he 
m = Rk (1.61) 


We will discuss the method of solution of such second order equations in 
Chapter 2. 

Once we know the temperature distribution of the rod above the solvent-air 
interface, then the rate of heat loss can be calculated either of two ways. In the 
first, we know that the heat flow through area 7R* at x = 0 must be equal to 
the heat released into the atmosphere, that is, 


oT 


Q= —TR°k=— haus (1.62) 
Applying Eq. 1.60 to Eq. 1.62 gives 
Q = 27RhgL.y(T, — To) (1.634) 
where 
_ tanh(mL,) 
~ mL, 


This dimensionless group (called effectiveness factor) represents the ratio of 
actual heat loss to the (maximum) loss rate when gradients are absent. 

The following figure (Fig. 1.6) shows the log-log plot of ņ versus the 
dimensionless group mL,. We note that the effectiveness factor approaches 
unity when mL, is much less than unity and it behaves like 1/mL, as mL, is 
very large. 
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Figure 1.6 A plot of the effectiveness factor versus 
mL). 


In the limit for small mL,, we can write 


_ tanh(mL,) 

So a 1 (1.63b) 
which is the most effective heat transfer condition. This is physically achieved 
when 


(a) The rod thermal conductivity is large. 
(b) The segment exposed to atmosphere (L,) is short. 


For such a case, we can write the elementary result 
Q = 27RhGL(T, — To) (1.64) 


which is identical to the first model (Eq. 1.55c). Thus, we have learned that the 
first model is valid only when mL, « 1. Another way of calculating the heat 
transfer rate is carrying the integration of local heat transfer rate along the rod 


Q = [Pda = f ho(T- T,)(2mRde) (1.65) 


where T is given in Eq. 1.60 and the differential transfer area is 27Rdx. 
Substituting T of Eq. 1.60 into Eq. 1.65 yields the same solution for Q as given 
in Eq. 1.63a. 

Levels 1 and 2 solutions have one assumption in common: The rod tempera- 
ture below the solvent surface was taken to be uniform. The validity of this 
modelling assumption will not be known until we move up one more level in the 
model hierarchy. 
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Level 3 


In this level of modelling, we relax the assumption (a) of the first level by 
allowing for temperature gradients in the rod for segments above and below 
the solvent-air interface. 

Let the temperature below the solvent-air interface be T! and that above 
the interface be 7". Carrying out the one-dimensional heat balances for the 
two segments of the rod, we obtain 





art 2h 
rE A Ry (T! -T,) (1.66) 
and 
dT" 2h 
TTS F(T" -T,) (1.67) 


We shall still maintain the condition of zero flux at the flat ends of the rod. This 
means of course that 


I 
x= -L,; a =0 (1.68) 
aT" 
x=L,; a = 0 (1.69) 


Equations 1.68 and 1.69 provide two of the four necessary boundary conditions. 
The other two arise from the continuity of temperature and flux at the x = 0 
position, that is, 


x=0; Fie! (1.702) 


dT! aT 


x= 0; x = Po (1.70b) 


Solutions of Eqs. 1.66 and 1.67 subject to conditions 1.68 and 1.69 are easily 
solved by methods illustrated in the next chapter (Example 2.25) 


T' = T, + Acosh [n(x + L,)] (1.71) 
and 
T" = T, + B cosh [m( L, — x)] (1.72) 


where m is defined in Eq. 1.61 and 


2h 
n= y Re (1.73) 


The constants of integration, A and B, can be found by substituting Eqs. 1.71 
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and 1.72 into the continuity conditions (Eqs. 1.70a,b) to finally get 


B= (T B To) (1.74) 


m sinh (mL3) 
oosh (mL) + j ankal VL 


fosncnz,) + EN cosh(mLa)| 


The rate of heat transfer can be obtained by using either of the two ways 
mentioned earlier, that is, using flux at x = 0, or by integrating around the 
lateral surface. In either case we obtain 


dT ‘(0) 
a 2p A NEA 
Q = =k (1.76) 
5 (T, — To) 
Q =27RhGL,n m tanh (mL) (1.77) 
n tanh (nL,) 


where the effectiveness factor 7 is defined in Eq. 1.63. 

You may note the difference between the solution obtained by the level 2 
model and that obtained in the third level. Because of the allowance for 
temperature gradients (which represents the rod’s resistance to heat flow) in the 
segment underneath the solvent surface, the rate of heat transfer calculated at 
this new level is less than that calculated by the level two model where the rod 
temperature was taken to be uniform at T, below the liquid surface. 

This implies from Eq. 1.77 that the heat resistance in the submerged region is 
negligible compared to that above the surface only when 


m tanh(mL,) 


ntanh(nL,) =f (1:78) 

When the criterion (1.78) is satisfied, the rate of heat transfer given by Model 
2 is valid. This is controlled mainly by the ratio m/n = (hg/h,)'”, which is 
always less than unity. 

What we have seen in this exercise is simply that higher levels of modeling 
yield more information about the system and hence provide needed criteria to 
validate the model one level lower. In our example, the level 3 model provides 
the criterion (1.78) to indicate when the resistance to heat flow underneath the 
solvent bath can be ignored compared to that above the surface, and the level 2 
model provides the criterion (1.635) to indicate when there is negligible conduc- 
tion-resistance in the steel rod. 

The next level of modelling is by now obvious: At what point and under what 
conditions do radial gradients become significant? This moves the modelling 
exercise into the domain of partial differential equations. 
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Figure 1.7 Schematic diagram of 
shell for heat balance. 


Level 4 


Let us investigate the fourth level of model where we include radial heat 
conduction. This is important if the rod diameter is large relative to length. Let 
us assume in this model that there is no resistance to heat flow underneath the 
solvent interface, so as before, take temperature T = T, when x < 0. This then 
leaves only the portion above the solvent surface to study. 

Setting up the annular shell shown in Fig. 1.7 and carrying a heat balance in 
the radial and axial directions, we obtain the following heat conduction equa- 
tion: 


(2arAxq,)|, oe (27rAxq,)|,+a, +(27rArq,)|, = (27rArq,)|.4ax = 0 
Dividing this equation by 277ArAx and taking limits, we obtain 


ô ôq, 
e e F =0 





Next, insert the two forms of Fourier’s laws 


ôT ôT 
q= -k> ae = kay 


and get finally, 


10, 0T 3T 
Here we have assumed that the conductivity of the steel rod is isotropic and 
constant, that is, the thermal conductivity k is uniform in both x and r 
directions, and does not change with temperature. 
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Equation 1.79 is an elliptic partial differential equation. The physical bound- 
ary conditions to give a suitable solution are the following: 


aT _ 


r=0, a 0 (1.80a) 
r=R; a =h,(T - Tp) (1.805) 
x=0; T=T, (1.80c) 
x=L,; a =0 (1.80d) 


Equation 1.80a implies symmetry at the center of the rod, whereas at the 
curved outer surface of the rod the usual Newton cooling condition is applicable 
(Eq. 1.80b). Equation 1.80d states that there is no heat flow across the flat end 
of the rod. This is tantamount to saying that either the flat end is insulated or 
the flat end area is so small compared to the curved surface of the rod that heat 
loss there is negligible. Solutions for various boundary conditions can be found 
in Carslaw and Jaeger (1959). 

When dealing with simple equations (as in the previous three models), the 
dimensional equations are solved without recourse to the process of nondimen- 
sionalisation. Now, we must deal with partial differential equations, and to 
simplify the notation during the analysis and also to deduce the proper dimen- 
sionless parameters, it is necessary to reduce the equations to nondimensional 
form. To achieve this, we introduce the following nondimensional variables and 





parameters: 
T- To r x 
CST Ste ORS Es (1.814) 
hgR 
A= (È). Bi = ——— (Biot number) (1.81b) 
2 


where it is clear that only two dimensionless parameters arise: A and Bi. The 
dimensionless heat transfer coefficient (hg R/k), called the Biot number, repre- 
sents the ratio of convective film transfer to conduction in the metal rod. 

The nondimensional relations now become 


salg) + SS -o (1.82) 
i= 0: S =0 (1.83a) 
é=1; = = — Biu (1.83b) 
£=0; u=1 (1.83¢) 
page (2226 (1.834) 
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It is clear that these independent variables (£ and £) are defined relative to the 
maximum possible lengths for the r and x variables, R and L,, respectively. 
However, the way u (nondimensional temperature) is defined is certainly not 
unique. One could easily define u as follows 


_T BE: T-T T-T 
nag or =T or u= T, or u= T (1.84) 








and so on. There are good reasons for the selection made here, as we discuss in 
Chapters 10 and 11. The solution of Eq. 1.82 subject to boundary conditions 
(1.83) is given in Chapter 11 and its expression is given here only to help 
illustrate model hierarchy. The solution u is 





B,, 
uT = UK) Maa 
cosh T 


where the functions are defined as 


K,(E) = Jo(Br€) (1.862) 


and the many characteristic values (eigenvalues) are obtained by trial-and-error 
from 





B,J (Bn) = BiJo( Ba) (1.86b) 
The other functional groups are defined as 
(1, K,) = TBn) (1.86c) 
Bn 
2 
(K,,K,) = ds a ) 1+ (53) | (1.86d) 





where J, (8) and J, (8) are tabulated relations called Bessel functions, which 
are discussed at length in Chapter 3. The rate of heat transfer can be calculated 
using the heat flux entering at position x = 0, but we must also account for 
radial variation of temperature so that the elemental area is 2ardr; thus 
integrating over the whole base gives 


R oT 
Q a) |-| _2rrar (1.87) 


Putting this in nondimensional form, we have 








o= RE 7, - ro f'(- SP eae (1.88) 
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Inserting dimensionless temperature from Eq. 1.85, we obtain the following 
somewhat complicated result for heat transfer rate: 


2qR7kK(T, -—T>) < 2 B., K BK, Ka” nn( Be) 


Q = L å (KK. (1.89) 


This illustrates how complexity grows quickly as simplifications are relaxed. 
For small Bi < 1, it is not difficult to show from the transcendental equation 
(1.865) that the smallest eigenvalue is 


B, = (2Bi)'” (1.90) 


Substituting this into Eq. 1.89, we will obtain Eq. 1.63a. Thus, the fourth model 
shows that the radial heat conduction inside the rod is unimportant when 


Bi<1 (1.91) 


In summary, we have illustrated how proper model hierarchy sets limits on the 
lower levels. In particular, one can derive criteria (like Eq. 1.91) to show when 
the simpler models are valid. Some solutions for the simpler models can be 
found in Walas (1991). 

The obvious question arises: When is a model of a process good enough? This 
is not a trivial question, and it can only be answered fully when the detailed 
economics of design and practicality are taken into account. Here, we have 
simply illustrated the hierarchy of one simple process, and how to find the limits 
of validity of each more complicated model in the hierarchy. In the final 
analysis, the user must decide when tractability is more important than 
precision. 
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1.8 PROBLEMS 


1,. Length Required for Cooling Coil 
A cooling coil made of copper tube is immersed in a regulated constant 
temperature bath held at a temperature of 20°C. The liquid flowing 
through the tube enters at 22°C, and the coil must be sufficiently long to 


125. 


13,. 
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ensure the exit liquid sustains a temperature of 20.5° C. The bath is so well 
stirred that heat transfer resistance at the tube—bath interface is minimal, 
and the copper wall resistance can also be ignored. Thus, the tube wall 
temperature can be taken equal to the bath temperature. Use Eq. 1.17 to 
estimate the required tube length (L) under the following conditions for 
the flowing liquid: 

C, = 1 kcal/kg ° C 


R =001m 
Vo = 1 m/s 
p = 10°kg/m? 


p = 0.001 kg/m: s 

k = 1.43 - 1074 kcal/(s - m- K) 

Since the Reynolds number is in the turbulent range, use the correlation 
of Sieder and Tate (Bird et al. 1960) to calculate h 


Nu = 0.026 Re®® Pr! 





where 
Nu = me (D=2R), Nusselt number 
Pr= pE ; Prandtl number 
Re = Par, Reynolds number 
Answer: ( L/D) = 353.5 
Cooling of Fluids in Tube Flow: Locally Varying h 


Apply the conditions of Model I (plug flow) and rederive the expression 
for temperature change when the heat transfer coefficient is not constant 
but varies according to the law: 


h=y/vz 
Answer: y = exp (—28vz), B = (27Ry)/(vo ApC,) 


Dissolution of Benzoic Acid 

Initially pure water is passed through a tube constructed of solid benzoic 
acid. Since benzoic acid is slightly soluble in water (denote solubility as C* 
moles acid /cm? solution), the inner walls of the tube will dissolve very 
slowly. By weighing the dried tube before and after exposure, it is possible 
to calculate the rate of mass transfer. 

(a) Take a quasisteady state material balance for plug velocity profiles and 

show that the ODE obtained is 


— vo + ke( 5 (C* eye 
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where D denotes the inner tube diameter (taken as approximately 
invariant), v, is liquid velocity, and kọ is the (constant) mass transfer 
coefficient. 

(b) Define 6 = (C — C*) and show that the solution to part (a) is 


9 = Kew - px 


(c) If pure water enters the tube, evaluate K and obtain the final result 


C(x 4k 
Co) =1- e|- 7 $22] 
(d) If the tube is allowed to dissolve for a fixed time At, show that the 
weight change can be calculated from 


AW = Myc*aw,( FD) — exp (-3 D Fey L)| 
0 


where L is tube length, and M, is molecular weight acid. 
(e) Rearrange the result in part (d) to solve directly for kc, under 
condition when 4k~L/Duy < 1, and show 


ae AW 
c” [M,C*AtrDL] 

(f) Discuss the assumptions implied in the above analysis and deduce a 
method of estimating the maximum possible experimental error in 
calculating kç; note, experimental quantities subject to significant 
errors are: AW, At, and D. 

Lumped Thermal Model for Thermocouple 

We wish to estimate the dynamics of a cold thermocouple probe suddenly 

placed in a hot flowing fluid stream for the purpose of temperature 

measurement. The probe consists of two dissimilar metal wires joined by 
soldering at the tip, and the wires are then encased in a metal sheath and 
the tip is finally coated with a bead of plastic to protect it from corrosion. 

Take the mass of the soldered tip plus plastic bead to be m, with specific 

heat C,. Denote the transfer coefficient as h. 

(a) If the effects of thermal conductivity can be ignored, show that the 
temperature response of the probe is described by 


mC, at T = A(T, — T) 


where A denotes the exposed area of probe tip, and T(t) is its 
temperature. 

(b) Lump the explicit parameters to form the system time constant, and 
for constant T,, define a new variable 6 = (T, — T) and show that the 
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compact form results 


dé 
Tat = —6 


where the system time constant is defined as 


mC, 
oar yh (sec) 


(c) Integrate the expression in (b), using the initial condition T(0) = Ty 
and show that 


Eee eer ee 
T-T, Pl 


(d) Rearrange the expression in (c) to obtain 


T, —T t 
Raz 1 e(-5] 


and thus show the temperature excess is 63% of the final steady-state 
value after a time equivalent to one time constant has elapsed. This 
also represents a quick and easy way to deduce system time constants 
based on an elementary experiment. 
1.5,. Distributed Thermal Model for Thermocouple 
If the plastic bead covering the tip of the thermocouple described in 
Problem 1.4 is quite large, and since plastic usually sustains a very low 
value of thermal conductivity, then the simple lumped model solution 
becomes quite inaccurate. To improve the model, we need to account for 
thermal conductivity in the (assumed) spherical shape of the plastic bead. 
(a) Assuming the bead is a perfect sphere, contacted everywhere by 
external fluid of temperature 7;, perform a shell balance on an 
element of volume 47rr7Ar and show that 


ôT 4 Of gor 
Cs = kz ar (Fr 


(b) Perform an elemental heat balance at the surface of the sphere and 
deduce 


OT 
-k>-=h(T-T,) at r=R 


where R is the radius of the plastic sphere. 
1.6,. Modeling of Piston with Retaining Spring 
The schematic figure shows a piston fitted snugly into a cylinder. The 
piston is caused to move by increasing or decreasing pressure P. As air is 
admitted by way of valve V1, the increased pressure drives the piston to 
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v1 


P(t) 


the left, while the attached spring exerts a force to restrain the piston. At 
the same time, a highly viscous lubricant sealant at the juncture of piston 
and cylinder exerts a resisting force to damp the piston movement; the 
forces can be represented by 


dx ; Lani 
F,= OM FR p = lubricant viscosity 
F,= Kx; K = spring constant 
(a) Perform a force balance on the piston and show that 


mË dx 

mi a3 + Qua + Kx = AP(t) 

(b) Arrange this equation to obtain the standard form of the damped 
inertial equation: 


2d°x 
dt EPER 


T + rer +x =f(t) 


and hence, deduce an expression for damping coefficient ¢ and time 
constant 7. Such equations are used to model pneumatic valves, shock 
absorbers, manometers, and so on. 


Answer: 7 = ym/K, f= ap /2VKm 


Mass Transfer in Bubble Column 

Bubble columns are used for liquid aeration and gas-liquid reactions. 
Thus, finely suspended bubbles produce large interfacial areas for effec- 
tive mass transfer, where the contact area per unit volume of emulsion is 
calculated from the expression a = 6¢/d,, where e is the volume fraction 
of injected gas. While simple to design and construct, bubble columns 
sustain rather large eddy dispersion coefficients, and this must be ac- 
counted for in the modeling process. For cocurrent operation, liquid of 
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superficial velocity up, is injected in parallel with gas superficial velocity 
Ugg. The liquid velocity profile can be taken as plug shaped, and the gas 
voidage can be treated as uniform throughout the column. We wish to 
model a column used to aerate water, such that liquid enters with a 
composition Cy. Axial dispersion can be modeled using a Fickian-like 
relationship 
dC moles 
Ped ie liquid area — time 

while the solubility of dissolved oxygen is denoted as C*. We shall denote 
distance from the bottom of the column as x. 

(a) Derive the steady-state oxygen mole balance for an incremental vol- 


ume of AAx (A being the column cross-sectional area) and show that 
the liquid phase balance is 


ig dC 
(1 - e)De gz 7 Yor ae 


+k.a(C* —C) =0 
(b) Lump parameters by defining a new dimensionless length as 


pa k ax 





Uo. 


and define the excess concentration as y = (C — C*), and so obtain 
the elementary, second order, ordinary differential equation 

dy _ dy 
dz? 


Qa 


where 


1 — e) D,k 
a= Me Ree (dimensionless) 
Yo. 


Note, the usual conditions in practice are such that a < 1. 

(c) Perform a material balance at the entrance to the column as follows. 
Far upstream, the transport of solute is mainly by convection: Aug, Cy. 
At the column entrance (x = 0), two modes of transport are present, 
hence, show that one of the boundary conditions should be: 


dC 
oCo = =(1 — €)D. T |o + HorC (0) 
The second necessary boundary condition is usually taken to be 


£ =0 at x=L 
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where L denotes the position of the liquid exit. What is the physical 
meaning of this condition? The two boundary conditions are often 
referred as the Danckwerts type, in honor of P. V. Danckwerts. 


1.8,. Dissolution and Reaction of Gas in Liquids 


1.93. 


Oxygen dissolves into and reacts irreversibly with aqueous sodium sulphite 
solutions. If the gas solubility is denoted as C* at the liquid—gas interface, 
derive the elementary differential equation to describe the steady-state 
composition profiles of oxygen in the liquid phase when the rate of oxygen 
reaction is represented by R4 = kC4 and the local oxygen diffusion flux is 
described by J, = —D, dC,/dz, where D, is diffusivity and z is distance 
from the interface into the liquid. 


2 





Answer: D, ae — kc, =0 
Modeling of a Catalytic Chemical Reactor 
Your task as a design engineer in a chemical company is to model a fixed 
bed reactor packed with the company proprietary catalyst of spherical 
shape. The catalyst is specific for the removal of a toxic gas at very low 
concentration in air, and the information provided from the catalytic 
division is that the reaction is first order with respect to the toxic gas 
concentration. The reaction rate has units of moles of toxic gas removed 
per mass of catalyst per time. 

The reaction is new and the rate constant is nonstandard, that is, its 
value does not fall into the range of values known to your group of design 
engineers. Your first attempt, therefore, is to model the reactor in the 
simplest possible way so that you can develop some intuition about the 
system before any further modeling attempts are made to describe it 
exactly. 

(a) For simplicity, assume that there is no appreciable diffusion inside the 
catalyst and that diffusion along the axial direction is negligible. An 
isothermal condition is also assumed (this assumption is known to be 
invalid when the reaction is very fast and the heat of reaction is high). 
The coordinate z is measured from entrance of the packed bed. 
Perform the mass balance around a thin shell at the position z with 
the shell thickness of Az and show that in the limit of the shell 
thickness approaching zero, the following relation is obtained 


dC 
uggs = ~(1~ €)p,( KC) 


where uy is the superficial velocity, C is the toxic gas concentration, € 
is the bed porosity, p, is the catalyst density, and (kC) is the chemical 
reaction rate per unit catalyst mass. 

(b) Show that this lumped parameter model has the solution 


in( &) = - Pr 


Uo 


Co 


where C, denotes the entrance condition. 
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(c) The solution given in part (b) yields the distribution of the toxic gas 
concentration along the length of the reactor. Note the exponential 
decline of the concentration. Show that the toxic concentration at the 
exit, which is required to calculate the conversion, is 


Cre, op- R eit 
Uo 
(d) In reactor design, the information normally provided is throughput 
and mass of catalyst. So if you multiply the denominator and numera- 
tor of the bracketed term in the last part by the cross-sectional area, 
A, show that the exit concentration is 


CL = Co exp| - | 


where W is the mass of catalyst, and F is the volumetric gas flow rate. 
(e) The dimensionless argument Wk/F is a key design parameter. To 
achieve a 95% conversion, where the conversion is defined as 


Co- CL 
ema 
show that the nondimensional group Wk/F must be equal to 3. This 
means that if the throughput is provided and the rate constant is 
known the mass of catalyst required is simply calculated as 


F 
W = 35 


(f) The elementary Model 1 is of the lumped parameter type, and its 
validity is questionable because of a number of assumptions posed. To 
check its validity, you wish to relax one of the assumptions and move 
one level up the hierarchy ladder. Suppose you relax the axial diffusion 
assumption, and hence show that the mass balance, when diffusion is 
important, becomes 


a’°C dC 
De~? -u T (1 — €)p,kC = 0 


Since this is a second order ordinary differential equation, two bound- 
ary conditions must be required. The two possible conditions after 
Danckwerts are 


dC 


z=0; UgCy = UpClz=0 — Dez zo 
dC 
Z= E; dz =0 
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(g) Define the following nondimensional variables and parameters 


VG, oZ, _ uL, _ Wk 
Yo ot FT Pe = yo NS F 


and show that the resulting modeling equations are 


1 dy dy 
Pea a 
1 
x=0; 1 = ylx-o Pe dx koa 
= dy _ 
ret Geo 


Compare this model (hereafter called Model 2) with Model 1, and 
show that the axial diffusion may be ignored when Pe > 1 (this can be 
accomplished several ways: by decreasing porosity € or by reducing D, 
or by increasing velocity or length). 

(h) To study the effect of the mass transfer inside the catalyst particle, we 
need to remove the assumption of no diffusion resistance inside the 
particle. This means that the mass balance within the particle must be 
linked with the external composition. To investigate this effect, we 
shall ignore the axial diffusion (which is usually small for packing made 
up of finely granulated solid) and the external film resistance sur- 
rounding the particle. 

Set up a thin spherical shell (control volume) inside the particle, 
and show that the mass balance equation is 

1 ô (a 


D =) — p,kC, = 0 


e72 OF 


where C,, is the toxic gas concentration within the particle, and D, is 
the effective diffusivity and is defined as Fickian-like: 


J = -p,2@ {moes transported by diffusion 
á e or cross-sectional area-time 


and suitable boundary conditions for negligible film resistance and 
particle symmetry are 


C,(R) =C; 8C,/ar=0 at r=0 


where R denotes particle radius. 

(i) Next, set up the mass balance around the thin element spanning the 
whole column cross section (as in Model 1), but this time the control 
volume will exclude the catalyst volume. This means that material is 
lost to the various sinks made up by the particles. Show that the mass 
balance equation on this new control volume is 


-u = (1-2) D, e 


or r=R 


Chapter 2 


Solution Techniques for 
Models Yielding Ordinary 
Differential Equations 
(ODE) 


2.1 GEOMETRIC BASIS AND FUNCTIONALITY 


In Chapter 1, we took the point of view that elementary differential balances 
gave rise to certain differential equations, and for first order systems, we could 
represent these in general by 


Z = f(x,y) (2.1) 


where f(x,y) is some arbitrary, but known, function ((x? + y)'/*, xy’, etc). 
Our strategy was to find suitable solutions to the ODE so that we could 
compute y for any given x, such as 


y =8(x,c) (2.2) 


where g(x,c) is some elementary function (cx'/?, csinx, sinh(c + x)!⁄?, etc.), and 
c is some arbitrary constant of integration, to be found from a boundary, or 
initial condition. The most elementary first step in this strategy is to separate 
variables, so that direct integration can take place; that is, {g(x)dx = ff(y)dy. 
All of the techniques to follow aim for this final goal. 

However, the early mathematicians were also concerned with the inverse 
problem: Given the geometric curve y = g(x), what is the underlying differential 
equation defining the curve? Thus, many of the classical mathematical methods 
take a purely geometric point of view, with obvious relevance to observations in 
astronomy. 
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Suppose we have a family of curves; represented by the function 
f(x, y;a) =0 (2.3) 
where A is an arbitrary parameter. Note, each distinct value of A will generate a 
separate curve in the y-x coordinate system, so we then speak of a family of 
curves, 


To determine the defining ODE, we write the total differential of the family 
using the chain rule: 


af =0= Lar Lay (2.4) 


If we eliminate A from this using Eq. 2.3, then the sought after ODE results. 





Suppose a family of curves can be represented by 


x?>+y*-Ax=0 (2.5) 


Deduce the defining differential equation. 
Write the total differential, taking 


f(x,y) =x? +y?-Ax =0 (2.6) 
hence, 


df _ af , af dy _ dy _ 
de = ar t By de TATA t OV G HO (2.7) 


Eliminate A using Eq. 2.6 to obtain finally, 
dy 2 Fa 
2 yx +x°—y°=0 (2.8) 


Quite often, taking a geometric point of view will assist in resolving a solution. 
Observation of the total differential may also lead to solutions. Thus, consider 
the relation 


aes (=) =0 (2.9) 


which is in fact the exact differential 


a(=) =0 (2.10) 
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Hence, direct integration yields 
y=cx (2.11) 


In the following section, we shall exploit this property of exactness in a formal 
way to effect solutions to certain classes of problems. 


2.2 CLASSIFICATION OF ODE 
The broad classification of equations with which engineers must contend are 


(a) Linear equations. 
(b) Nonlinear equations. 


Much is known about linear equations, and in principle all such equations can 
be solved by well-known methods. On the other hand, there exists no general 
solution method for nonlinear equations. However, a few special types are 
amenable to solution, as we show presently. 

We begin this chapter by studying first order ODE, classifying techniques 
based on certain properties. We next extend these techniques to second and 
higher order equations. Finally, we present detailed treatment and very general 
methods for classes of linear equations, about which much is known. 


2.3 FIRST ORDER EQUATIONS 


The most commonly occurring first order equation in engineering analysis is the 
linear first order equation (the I-factor equation) 


® + a(x)y = f(x) (2.12) 


which is sometimes called the first order equation with forcing function, f(x) 
being the forcing function. We saw an example of this equation in Chapter 1, 
Eq. 1.9 


a + AT(z) =AT,(z) (2.13) 


where we have denoted locally varying wall temperature T, (z), rather than the 
special case T, = constant. If the wall temperature was fixed and constant, we 
showed earlier that a common sense change of variables allowed direct integra- 
tion after separation of variables. However, such is not the case if the wall 
temperature varies with position z. 

For the general case, given in functional form as Eq. 2.12, we shall allow the 
coefficient a and the forcing function f to vary with respect to the independent 
variable x. It is clear that separation of variables is not possible in the present 
state. 
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To start the solution of Eq. 2.12, we put forth the proposition that there exists 
an elementary, separable solution 


L a)y] = (x) f(x) (2.14) 


If such a form existed, then variables are separated and the solution is 
straightforward by direct integration 


y= g SO) KET (2.15) 


where c is an arbitrary constant of integration. 
To prove such a solution exists, we must specify the function I(x). To do this, 
we rearrange Eq. 2.14 into exactly the same form as Eq. 2.12 


dy 1 d(x) 














at a A (2.16) 
In order for these two equations to be identical, we must require 
rE Ax) = a(x) (2.17) 
or, within a constant of integration 
I(x) = exo fac) as) (2.18) 


where I(x) is called the integrating factor. This is the necessary and sufficient 
condition for the general solution, Eq. 2.15, to exist. 





To solve the differential equation 


d 2 
Z -Éy =x (2.19) 
we first determine the I-factor 
I = ex f -=) dx eee ee (2.20) 
p = -z ; 


Hence, 


y= x fxd + cx? (2.21) 
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so finally, 


y=x*Inx + cx? (2.22) 


Two other types of equations occur so frequently they deserve special treat- 
ment; namely, 


(a) Equations possessing exact solutions, 
(b) Equations composed of homogeneous functions. 


2.3.1 Exact Solutions 


As mentioned in Section 2.1, occasionally a solution exists which is an exact 
differential 


dy(x,y) =0 (2.23) 


but the functional relation g is not obvious to the untrained eye. If such a 
function exists, then it must also be true, according to the chain rule, that 


ô ô 
de = Fr de + dy =0 (2.24) 


But how do we use this information to find y as a function x? Actually, the key 
to uncovering the existence of an exact solution resides in the well-known 
property of continuous functions, which stipulates 


ð (ðp\_ 2 fd 
(3) = ala) (2.25) 
Thus, suppose there exists an equation of the form 
M(x,y) dx + N(x, y) dy =0 (2.26) 


By comparing this with Eq. 2.24, we conclude it must be true 
dy 3p 
M(x,y) = z N(x y)= Iy (2.27) 


if ọ is to exist as a possible solution. By invoking the continuity condition, 
Eq. 2.25, then the necessary and sufficient condition for ¢ to exist is 


aN _ ôM 


ix = By (2.28) 
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Solve the equation 
(2xy* + 2) dx + (2x7y + 4y) dy =0 (2.29) 


This equation is exact, since 
ô 


The unknown function (x,y) must therefore be described by the relations 


a 
50 = 2xy?+2 (2.31) 
ap 


Note, the partial of œ with respect to (wrt) x implies holding y constant, while 
the partial wrt y implies holding x constant. We shall use this important 
information to help find the connection between y and x. 

First, we integrate Eq. 2.31 with respect to x (holding y constant) 


g =x7y?+2x4+ f(y) (2.33) 


Note, since y was held constant, we must add an arbitrary function, f(y), rather 
than an arbitrary constant to be perfectly general in the analysis. Next, we insert 
Eq. 2.33 into Eq. 2.32 


2x?y + A = 2x*y + 4y (2.34) 
so we see that integration yields 
f(y) =2y?+ C, (2.35) 


and finally, adding this to Eq. 2.33 yields 
g=x*y?+2x4+2y?+C, (2.36) 


This is not the most useful form for our result. Now, since Eq. 2.23 integrates 
to yield g = C,, then ọ also equals to some arbitrary constant. Combining C, 
and C, into another arbitrary constant yields the sought after connection 


x?y?+2x+2y?=K=C,-C, (2.37) 
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We could write this as y = f(x) as follows 


2_ (K-2x) 


Gre) (2.38) 


Note further that two possible branches exist 


y= y on (2.39) 


We see the arbitrary constant is implicit, the expected case for nonlinear 
equations. 


2.3.2 Equations Composed of Homogeneous Functions 


A function f(x,y) is said to be homogeneous of degree n if there exists a 
constant n such that for every parameter A 


f(Ax, Ay) = A"f(x, y) (2.40) 


Thus, the functions x? + xy and tan (x/y) are both homogeneous, the first of 
degree 2 and the second of degree 0. However, the function (y? + x) is not 
homogeneous. 

The first order equation 


P(x,y) dx + Q(x, y) dy =0 (2.41) 


is said to be homogeneous if P and Q are both homogeneous of the same 
degree n, for some constant n (including zero). 

This implies that first order equations composed of homogeneous functions 
can always be arranged in the form 


=A) aay 


This form is easy to remember, since the dimensional ratio y/x appears 
throughout. The occurrence of this ratio suggests the substitution y/x = v(x). 





The nonlinear equation 


dy dy 
2 2 
y + x° a = ay (2.43) 


=a 
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can be rearranged to the form 








yy? 
dy _ (>) 
w [ y j (2.44) 
x 
which is clearly homogeneous. Replacing y/x = v(x), shows 
2 = r +v (2.45) 
so the equation for v(x) is 
dv 2 
tg, USF 4 (2.46) 
or 
dv U 
tk ol (2.47) 
Separation of variables yields 
(v-1) _ dx 
— > dv = xX (2.48) 
Integrating term by term produces 
v — Inv =Inx + InK (2.49) 


where InK is an arbitrary constant of integration. Using the properties of 
logarithms shows 


exp(v) _ exp( $) 
= a 


This is an implicit relation between y and x, which is typical of nonlinear 
solutions. 


Kx = 





(2.50) 


We have reviewed standard methods of solutions, including equations that 
are exact, those that contain homogeneous functions (of the same degree), and 
the frequently occurring I-factor equation. All of these methods include, in the 
final analysis, making the dependent and independent variables separable, so 
that direct integration completes the solution process. 

However, some equations are not amenable to standard methods and require 
considerable ingenuity to effect a solution. Often, an elementary change of 
variables reduces a nonlinear equation to a linear form. We illustrate some of 
these uncommon types with examples in the next sections. 
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2.3.3 Bernoulli’s Equation 


The Bernoulli equation 


g + P(x)y =Q(x)y’; n#1 (2.51) 


is similar to the first order forced equation (I-factor) discussed earlier, except 
for the nonlinear term on the right-hand side, y”. 
If we divide y” throughout, a substitution may become evident 


y” g + P(x)y™*+! = Q(x) (2.52) 


Inspecting the first term suggests incorporating the coefficient into the differen- 
tial, so that 


dy 1 d(y'") 








7 = icn ak (2.53) 
This immediately reveals the substitution 
payin" (2.54) 
hence, the original equation is now linear in v 
1 dv 
l a5) F + POW = Q(x) (2.55) 


which is easily solved using the I-factor method. 


2.3.4 Riccati’s Equation 


A nonlinear equation, which arises in both continuous and staged (i.e., finite 
difference) processes, is Riccati’s equation 


d 
& = P(x)y? + O(x)y + R(x) (2.56) 
A frequently occurring special form is the case when P(x) = —1 
Tyra R 2.57 
& +y? = O(x)y + R(x) (2.57) 


A change of variables given by 


(2.58) 


<< 

ll 
ia 
RS 
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yields the derivative 


2 
Boa ae ae) Cy) 
Inserting this into Eq. 2.57 eliminates the nonlinear term 


d7u 


a (x) — R(x)u =0 (2.60) 


which is a linear second order equation with nonconstant coefficients. This may 
be solved in general by the Frobenius series method, as will be shown in 
Chapter 3. 


EXAMPLE 2.5 
A constant-volume batch reactor undergoes the series reaction sequence 
ky kz 
A—>B—>C 


The initial concentration of A is denoted by C49, whereas B and C are initially 
nil. The reaction rates per unit reactor volume are described by 


Ra =kiCi, Re =k - k,C5' 


Find the solutions of the differential equations describing C,(t) for the follow- 


ing cases 
(a) n = 1, m= 
(b) n = 2, m=1 
(ce) n = 1, m=1 


CASE (a) n= 1, m=2 





The material balances are written as 
dC, 
dt 


dC 
T =k;C4 kC 


= —k,Cy 


The solution for C4 is straightforward 


C4 = Cao exp( —k,t) (2.61) 
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Hence, the expression for C, is nonlinear with exponential forcing 


dCs 


qi = KiCaoexp(— kit) — kC3 (2.62) 


If we scale time by replacing 6 = k,t, the above expression becomes identical to 
the special form of the Riccati equation. Thus, on comparing with Eq. 2.57, we 
take 


k k 
Q(6)=0, R(@)= F, C40 exp[ - 79] 


to see that 


dC 
ae + CZ = R(0) (2.63) 


If we make the Riccati transformation 


ll 
s|— 
ale 


Cs 
we finally obtain 


d*u(@ k k 





We have thus transformed a nonlinear first order equation to a solvable, linear 
second order equation. 


CASE (b) n = 2, m=I1 





The simultaneous equations for this case are 


dC, aa 2: oy = Cao 

dp a a È 7 aod 
dC 
ae =k,Ci —k2C, 


Inserting C ,(t) yields the classic inhomogeneous (I-factor) equation discussed in 
Section 2.3: 


dC, = C40 
p + k,Cz = nlor (2.65) 
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The integrating factor is I = exp (k,t); hence, the solution is 


C,(t) = k; exp(—k 2t) f exp( ky [ea] dt + Cexp(—k,t) (2.66) 


where C is the constant of integration. The integral is tabulated in the form 


exp( ax) 
[a @ 
so we next substitute 
dt k, 
T= 1+ k Cat, eC) a= ECan 


hence, we obtain 


k 
Cea = Cho exp(-kar)ern| - pe f 2E dr + Cexp(—k,t) (2.67) 


1~A0 


Performing the integration yields finally, 





Cp, = C exp(- kat) + Cwe (i+ ge 1 
1740 


|- exp(ar) 





+aļjlnr + 


| (2.68) 








Ma) BED GG) 


Now, since r = 1 when ¢ = 0, the arbitrary constant C becomes, since C,(0) = 0 


k, a a? a? 
C= Cuon| - pe fewo -e(a t 00m t oat } 


(2.69) 
CASE (c) n = 1, m=] 
The linear case is described by 
dC 
a = —k,C, <- C4 = Cao exp(—k,t) (2.70) 
dC 
Hem kiCa — kCe (2.71) 


This also yields the I-factor equation, if the time variation is desired. Often, the 
relationship between C4 and Cz is desired, so we can use a different approach 
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by dividing the two equations to find 


dCs _ er 
qt ~ -1+ ele) (2.72) 


This takes the homogeneous form, so according to Section 2.3.2, let 





C dC dV 
Cah ac, = Cage, +¥ (2.73) 
hence, 
dV k, 
Cac T FERT NOS (2.74) 
so we obtain 
dV dC 
—1 + (£ = ijr 
Integrating, noting V = 0 when C4 = Cy yields finally 
(ka/k\)-1 
Ca k, = kı Cao 


2.3.5 Linear Coefficients 


Equations of first order with linear coefficients, 
(ax + by +c) dx — (ax + By + y)dy =0 


can be reduced to the classic homogeneous functional form by suitable change 
of variables. Putting the above into the usual form to test for homogeneous 
functions 


a +6(=) + 


c 
dy’ ax+by+c x 
dx axt+Byt+y a+e(2)+% 


(2.77) 


we see that the last terms in the numerator and denominator prevent the 
right-hand side from becoming the proper form, that is f(y/x). This suggests a 
dual change of variables with two adjustable parameters, € and 6 


y=ute, dy=du (2.78) 
x=v +ô, dx = dv (2.79) 
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hence, 


du _ a(v +ô) +b(u +e) +c 
dv ~ a(u+6)+P(ute)+y (2.80) 


We have two degrees of freedom to eliminate two constants, so we eliminate 
e and y by selecting 


aô +be+c=0 (2.81) 
aô + Be+y=0 (2.82) 
Solving these for £, 6 yields 
_ ac -— ya 
e= TETT (2.83) 


c b ac-ya 


a a Bpa-ab (2.84) 


An inconsistency arises if Ba = ab, which is obvious. It is clear that the final 


result is now of the homogeneous type 


( 
a + Bl 


and this can be solved directly by substituting z = u/v. 


a+b 
a (2.85) 


e}/s[cls 


2.3.6 First Order Equations of Second Degree 


The order of a differential equation corresponds to the highest derivative, 
whereas the degree is associated with the power to which the highest derivative 
is raised. 

A nonlinear equation, which is first order and second degree, is 


dY „d 
(Z) -2% +y-=x-1 (2.86) 


This requires a different approach, as nonlinear systems often do. The first step 
is to replace p = dy/dx and solve the remaining quadratic equation for p 


P= LETY (2.87) 


We observe two branches are possible, depending on selection of sign. The 
appearance of the linear difference (x — y) suggests replacing u =x — y, so 
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that we have 


mu =1- a (2.88) 
We now have the separable equation 
P yvu (2.89) 
Integration yields the general solution 
2¥u = +x+c (2.90) 
Replacing u = x — y shows finally 
4y =4x- (cx) (2.91) 


Again, we observe that the arbitrary constant of integration is implicit, which is 
quite usual for nonlinear systems. 
We reinspect the original equation 


> =1l+yx-y (2.92) 


and observe that a solution y =x also satisfies this equation. This solution 
cannot be obtained by specializing the arbitrary constant c, and is thus called a 
singular solution (Hildebrand 1965). This unusual circumstance can only occur in 
the solution of nonlinear equations. The singular solution sometimes describes 
an “envelope” of the family of solutions, but is not in general a curve belonging 
to the family of curves (since it cannot be obtained by specializing the arbitrary 
constant c). 


2.4 SOLUTION METHODS FOR SECOND ORDER NONLINEAR 
EQUATIONS 


As stated earlier, much is known about linear equations of higher order, but no 
general technique is available to solve the nonlinear equations that arise 
frequently in natural and man-made systems. When analysis fails to uncover the 
analytical solution, the last recourse is to undertake numerical solution meth- 
ods, as introduced in Chapters 7 and 8. 

We begin this section by illustrating the types of nonlinear problems that can 
be resolved using standard methods. Some important nonlinear second order 


52 Chapter 2 Solution Techniques for Models Yielding ODE 


equations are 


2 
L + A +y*%*=0 (Lane-Emden equation) (2.93) 
d? 
ae +& siny =0 (Nonlinear Pendulum equation) (2.94) 
d’y 
ae + ay + by? =0 (Duffing equation) (2.95) 
d’y 
P t+a(y?- 2 +y=0 (Van der Pol equation) (2.96) 


The general strategy for attacking nonlinear equations is to reduce them to 
linear form. Often, inspection of the equation suggests the proper approach. 
The two most widely used strategies are as follows. 


l. Derivative substitution method: replace p = dy/dx if either y is not 
explicit or x is not explicit. 

2. Homogeneous function method: replace v = y/x if the equation can be 
put into the homogeneous format 


d*y dy y 
ee ee] 


Note, as before, the dimensional ratio y/x appears throughout, which is a good 
indicator that the technique may work. 


2.4.1 Derivative Substitution Method 


Two classes of problems arise, which can be categorized by inspection: Either y 
or x does not appear alone (is not explicit). In both cases, we start with the 
substitution p = dy/dx. 


EXAMPLE 2.6 
The nonlinear Pendulum problem is a case where x is not explicit 


d’y 


he + w* sin(y) =0 (2.97) 


Make the substitution 


(2.98) 


` 
i 
Hs 
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therefore, 


di ; 
z + w* sin(y) = 0 (2.99) 


Since x is not explicit, assume p(y), so that 


dp(y) _ dp dy _ dp 
dx = dy dx = dy? (2.100) 





Substituting above yields the separable form 
dp 2 oi _ 
Piy + w* sin(y) =0 (2.101) 


Integrating yields 


p? = 2w* cos(y) + C, (2.102) 


Two branches are possible on taking square roots 


p = = +20? cos(y) +C, (2.103) 


So finally, the integral equation results 


& 


+C, (2.104) 


a OY ee 
f 3 = x 
2w" cos(y) + C, 


As we show in Chapter 4, the above result can be re-expressed as an elliptic 
integral of the first kind for certain realizable boundary conditions. 





Soluble gas (A) reactant dissolves into the flat interface of a deep body of liquid 
reagent with which it reacts through the nonlinear (irreversible) rate law, 


R,=k,C4 (mole/volume - time) (2.105) 


Taking the coordinate system z pointing down from the interface at z = 0, we 
can write the steady-state material balance for flux through an elemental slice 
Az thick with area normal to flux designated as A,, 


A,J,(z) ~A,J,(z + Az) —k,C3(A,Az) =0 (2.106) 
Taking limits, cancelling A, yields 


dJ, n 
-J -kac = 0 (2.107) 
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Introducing Fick’s law of diffusion 





aC 
J,=- ar (2.108) 
yields finally, 
CC, 
D —k,CZ =0 (2.109) 


dz? 
We note that z (independent variable) is not explicit, so we again write 


dC, 





= (2.110) 
and taking p(C,,), then 
dC, _ dp(C4) dp dC, dp 
r de dG e a (2.111) 
Inserting the second derivative yields the separable form 
d kn 
Pac, ~ (Bes =0 (2.112) 
Integrating yields 
k ctl 
p= (3) 547] +C, (2.113) 
Two branches again appear 
dC 2k,, 
p= -J= Da yei +C (2.114) 


At this point, we sketch a curve indicating the expected behavior of C,(z), as 
shown in Fig. 2.1. 

This shows we expect C, to diminish rapidly (by reaction depletion) as we 
penetrate deeper into the liquid. Moreover, the slope of the curve shown is 
everywhere negative! Thus, we must select the negative root; hence, 


dC, 2k,, 

Since the reaction rate is irreversible, eventually all of the species A will be 
consumed, so that C, > 0 as z > œ. Now, as C, > 0, we expect the flux also 
to diminish to zero, so that J, > 0, as C4 > 0. This suggests that we should 
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IS 
z 


Figure 2.1 Expected behavior of 
C A(z). 


take C, = 0, for an unbounded liquid depth; hence, 


dC 2k 
4 = ~| ——“__ dz (2.116) 


yc:*! D(n +1) 





and this integral is 


zs kaa Ne 
cen? = -Aa z+ C3 (2.117) 


At the interface (z = 0), we denote the gas solubility (Henry’s law) as CX, so C, 
is evaluated as 


Cy = (CH)? (2.118) 


The final form for computational purposes is explicit in z, implicit in C4 


2k ie 

*(=n7)/2 _ CU-n)/2 = | —< n 2.119 
CA Cà fac +1) i) 
However, engineers usually want to know the mass transfer rate at the interface 


(where C4 = C4), so that 


S dca) 2k D cain aay 
W, =4,(- TA) 74 G (2.120) 


For linear reaction rates (n = 1), we get the familiar result 


W, = A,CtYk,D (2.121) 


This expression is found useful for determining interfacial area in bubble 
column reactors (sulphite oxidation). Thus, by measuring transfer rate W, 
(moles/sec) for known values of Cž, k,, and D, then area A, can be 
calculated. The method is not restricted to linear kinetics, in light of Eq. 2.120. 
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Find the solution using the initial condition y = 1, x = 0 


; 4 A, A 

= -+2(¢) wee (2.122) 
This dimensionless equation has recently appeared in the literature (Prince and 
Blanch 1990) to describe the physics of bubble coalescence. Here, y represents 
dimensionless film thickness (joining two touching bubbles) and x represents 
dimensionless time. The solution (credited to R.G. Rice) is a classic example on 
applications of the p-substitution method, so replace p = dy/dx, and for the 
second derivative, assume p(y) since x is not explicit 


d’y _ dp _ dp(y) dy _ dp 1d 
Ge de dy de dy DHE) 0) 





Si A, 4; 
dy pz | Ay + i (2.124) 
The integrating factor is 
2.5 1 
I(y) = exp (- 32) y- -3 2.125 
(y) Hes z3 (2.125) 
so the solution is 
A A 
p? = y?’ a [= + a — s | dy + Kyy*° (2.126) 


This integral then yields the dimensionless rate of film thinning between two 
contacting bubbles, which is p 


dy 


2 2 A 1/2 
p= ae = + 4A,y? = x5 42 + 45 y2 + yy] (2.127) 





Since film thinning occurs, dy/dx < 0, hence we select the negative branch. The 
final integral is straightforward, if we take Kọ = 0, 


rd = sinh| Ye(B — 2x) | (2.128) 
where 


2 2 
a= 75s, b= -ZEAz, C= 4A, (2.129) 
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and the arbitrary second constant of integration is obtained from y = 1, x = 0, 





1 2c +b 
= — sinh“! | -< 2.130 
k ve Fa -b? l ! 


A transition in behavior occurs when 4ac = b?, which was used by these authors 
to deduce conditions conducive to coalescence. This transition point was inde- 
pendent of the arbitrary constant Kọ, so setting this to zero had no effect on the 
final conclusion. This is often the case with dynamic systems, wherein the 
character of the solution form is most important. 





Find the solution to the linear equation 
2 
— + 2x =x (2.131) 


The p-substitution method can also be used to good effect on linear equations 
with nonconstant coefficients, such as the above. First, replace p = dy/dx to get 


dp 
et 2xp =x (2.132) 
This is the familiar I-factor linear equation, so let 
= exp foxdx = exp(x*) (2.133) 
hence, the solution for p is 
p = exp( =a?) [x exp( +x?) dx + A exp( —x”) (2.134) 
Noting that xdx = dx? yields 
1 2 
p=5 A exp( —x*) (2.135) 
Integrating again produces 
1 2 
y= ax + Af exp(-x )dx +B (2.136) 


We could replace the indefinite integral with a definite one, since this would 
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only change the already arbitrary constant 
yaa +Af exp(—a?) da + B (2.137) 
0 


This integral is similar to a tabulated function called the error function, which 
will be discussed in Chapter 4 


erf(x) = = [exo —a?) da (2.138) 


Using this, we can now write our final solution in terms of known functions and 
two arbitrary constants 


y= ix + Cerf(x) +B (2.139) 





Solve the nonlinear second order equation 


d’y dy 2 
(Z) alee) (2.140) 
This nonlinear equation can be put into a familiar form, again by replacing 
p = dy/dx 
dp 2 D 
k tP -x=0 (2.141) 
This is exactly like the special form of Ricatti’s equation with Q = 0, R = x, so 
let 
1 dz 
DSS (2.142) 
giving the linear equation 
d?z 
dee —xz =0 (2.143) 


This is the well-known Airy equation, which will be discussed in Chapter 3. Its 
solution is composed of Airy functions, which are also tabulated. 


2.4.2 Homogeneous Function Method 


In a manner similar to the first order case, we attempt to rearrange certain 
equations into the homogeneous format, which carries the dimensional ratio 
y/X, 


pay =4(Z. z) (2.144) 
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If this can be done, then a possible solution may evolve by replacing v = y/x. 
Often, a certain class of linear equations also obey the homogeneous prop- 
erty, for example, the Euler equation (or Equidimensional equation), 


2d?y Fp peed 


x ip ae By = 0; A, B constant (2.145) 


Note that units of x cancel in the first two terms. This linear equation with 
nonconstant coefficients can be reduced to a constant coefficient linear equation 
by the simple change of variables 


x=e' Oor t = ln(x) (2.146) 


Changing variables starting with the first derivative 











ote) 2 Mf) 2 7 Hts) I (2.147) 
i, Ta ewj- iZ (2.148) 
dy ze n =| (2.149) 
ai £ [e pi -|i (2.150) 
ay | - sa (2.151) 


Inserting these into the defining equation causes cancellation of x 


d*y 


Te + (A - n> + By =0 (2.152) 


The method of solving such linear constant coefficient equations will be treated 
in the next section. 





Consider the nonlinear homogeneous equation 


dy _(dy\’_ fy) _ 
iar Pea + (Z) = (=) =0 (2.153) 


Under conditions when the boundary conditions are dy/dx = 1, y = Oat x = 1, 
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find a suitable solution. Replace y/x = v(x) so that 





2 
at + 20% + |x Z +o] ~v?=0 
hence, 
d*v dv dv dv 
PEL iak 4 (2) +2w =0 


This has the Euler-Equidimensional form, so let x = e‘ 


gy Ge Pp ase sd 2 sa =0 
d? at dt (ey me o( 5) = 


Now, since the independent variable (t) is missing, write p = dv/dt 


d?v 22 _apdv _ dp 
Ga a ad Pad 


so that 


p +p +p? + 2p =0 


which can be factored to yield two possible solutions 
p P s+ (142) =0 


This can be satisfied by p = 0, or 


dp 
D em —(1 + 2v) 


This latter result is the I-factor equation, which yields for I = exp(v) 
p=1-2v+cexp(—v) 
We pause to evaluate c noting 


dv dv _ dy 


QY k 
x 


PU *k k 


hence, at x = 1, then p = 1 and v = y/x = 0, so c =0. 
Integrating again 


dv 


I-Z T“ 


(2.154) 


(2.155) 


(2.156) 


(2.157) 


(2.158) 


(2.159) 


(2.160) 


(2.161) 


(2.162) 


(2.163) 
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yields 
K 2334 
vi- 2v 


Replacing v = y/x and x = e’, and since y = 0 at x = 1, then K = 1 so that 
squaring yields 


(2.164) 


=5- 55 (2.165) 


The singular solution, p = 0, which is dv/dt = 0, so that y/x = constant is a 
solution. This solution cannot satisfy the two boundary conditions. 


2.5 LINEAR EQUATIONS OF HIGHER ORDER 


The most general linear differential equation of n™ order can be written in the 
standard form 


where engineers denote f(x) as the forcing function. We recall in Section 1.4 
the definition of homogeneous type equations: “a condition (e.g., boundary 
condition) or equation is taken to be homogeneous if it is satisfied by y(x) and 
is also satisfied by cy(x), where c is an arbitrary constant.” Thus, the above 
equation is not homogeneous. In fact, mathematicians call it the nth order 
inhomogeneous equation, because of the appearance of f(x). If f(x) = 0, then 
the above equation is homogeneous. The first part of this section deals with the 
unforced, or homogeneous nth order equation 


d”y d 
FF ay (x) to tax) E + ax)y=0 (2467) 





If we denote P as the linear differential operator 


-1 


ral : o taa) E + ao(x) (2.168) 


P= $a + a,(x) 5 
then we can abbreviate the lengthy representation of the nth order equation as 
P[y]=0 (2.169) 

It is clear that 
Ply] = P[cy] = cP[y] =0 (2.170) 


so that the equation is indeed homogeneous. 
The most general solution to Eq. 2.167 is called the homogeneous or comple- 
mentary solution. The notation complementary comes about when f(x) is 
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different from zero. Thus, when the forcing function f(x) is present, it produces 
an additional solution, which is particular to the specific form taken by f(x). 
Hence, solutions arising because of the presence of finite f(x) are called 
particular solutions. These solutions are complemented by solutions obtained 
when f(x) = 0. 

We first focus our efforts in solving the unforced or homogeneous equation, 
and then concentrate on dealing with solutions arising when forcing is applied 
through f(x) (i.e., the particular solution). 

It is clear in the homogeneous Eq. 2.167 that if all coefficients ay,...a,,_ (x) 
were zero, then we could solve the final equation by n successive integrations of 





Ty =0 (2.171) 
which produces the expression 
y =C, +C,x + Cx? +e +C,x”T! (2.172) 


containing n arbitrary constants of integration. 

As a matter of fact, within any defined interval (say, 0 < x < L) wherein the 
coefficients a (x),...a,_,(x%) are continuous, then there exists a continuous 
solution to the homogeneous equation containing exactly n independent, arbi- 
trary constants. 

Moreover, because the homogeneous equation is linear, it is easily seen that 
any linear combination of individual solutions is also a solution, provided that 
each individual solution is linearly independent of the others. We define linearly 
independent to mean: an individual solution cannot be obtained from another 
solution by multiplying it by any arbitrary constant. For example, the solution 
yı =, exp(x) is linearly independent of y, = C, exp(—x), since we cannot 
multiply the latter by any constant to obtain the former. However, the solution 
y, = 4x? is not linearly independent of y, = 2.x’, since it is obvious that y, can 
be obtained by multiplying y, by 2. 

Thus, if n linearly independent solutions (y,, y,...y,) to the associated 
homogeneous equation: 


P[y(x)] =0 (2.173) 


can be found, then the sum (theorem of superposition) 
n 
Y = CY (x) + Cayx) +e ECYC x) = E ckYk(x) (2174) 
k=1 


is the general solution to the linear, homogeneous, unforced, nth order equa- 
tion. When we must also deal with the case f(x) ¥ 0, we shall call the above 
solution the general, complementary solution and denote it as y,(x). Thus, it is 
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now clear that if we could find the integral of 
Ply,] = f(x) (2.175) 


where y, is the particular solution, then the complete solution, by superposition, 
is 


apa) 9.0). eae) (2.176) 
k=1 


It should now be clear that we have satisfied the original forced equation, since 


Py = P(y, + y.) = Py, + Py. = f(x) (2.177) 

since by definition 
Py, = 0 (2.178) 
Py, = f(x) (1.279) 


Thus, it is now clear that the process of solving an ordinary linear differential 
equation is composed of two parts. The first part is to find the n linearly 
independent solutions to the unforced (homogeneous) equation, denoting this 
as the complementary solution, y(x). The second part is to find the particular 
solution arising from the forcing function f(x). Finally, we must insure that the 
particular solution is linearly independent of each of the solutions comprising the 
complementary solution; if this were not true, then a particular integral could 
reproduce one of the complementary solutions, and no new information is 
added to the final result. We also note in passing that the arbitrary constants of 
integration are found (via boundary conditions) using the complete solution 
(Ye + Yp), not just the complementary part. 


2.5.1 Second Order Unforced Equations: Complementary Solutions 


The second order linear equation is of great importance and arises frequently in 
engineering. We shall reserve treatment of the case of nonconstant coefficients; 
that is, 
2 
oe + a(x) 2 + a(x)y =0 (2.180) 

to Chapter 3, where the general Frobenius series method is introduced. In this 
section, we shall treat the case of constant coefficients, so that a), a, = constants, 
The method described below is directly applicable to nth order systems pro- 
vided all coefficients are again constant. 

Thus, for constant coefficients, we shall assume there exists complementary 
solutions of the form 


Ye = Aexp(x); A,r = constant (2.181) 


where r represents a characteristic root (or eigenvalue) of the equation and A 
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is the integration constant (arbitrary). It is of course necessary that such a 
proposed solution satisfies the defining equation, so it must be true that 


d? d 
za l^ exp(rx)] + agl exp(rx)| + a,[ A exp(rx)| =0 (2.182) 
Performing the indicated operations yields 


A[r? + ayr + aļexp( 1x) = 0 (2.183) 


There are three ways to satisfy this equation, two of them are trivial (remember, 
zero is always a solution to homogeneous equations, a trivial result). We thereby 
deduce that the root(s) must be satisfied by 


r? +ar+a=0 (2.184) 


if our proposed solution is to have any nontrivial existence. This quadratic 
equation sustains two roots, given by 


—a, + ya — 4a 


r: =: — 57 —— (2.185) 


which we denote for convenience as r, and r,. Since two possible roots exist, 
then the theorem of superposition suggests that two linearly independent 
solutions exist for the complementary solution 


Yy. = Aexp(r,x) + Bexp(r,x) (2.186) 


It is easy to see that each of these, taken one at a time, satisfies the original 
equation, so that the general solution is the sum of the two. But are the 
solutions linearly independent? To answer this, we need to know the nature of 
the two roots. Are they real or complex? Are they unequal or equal? We 
consider these possibilities by considering a series of examples. 





Find the complementary solutions for the second order equation 


d? d 
ae 4: s% +4y=0 (2.187) 


Inspection shows that the characteristic equation can be obtained by replacing 
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dy/dx with r and d*y/dx* with r?°, so that 


r?+5r+4=0 (2.188) 
= 2_4. = 
ee ee (2.189) 
Thus, the solution is 
y, = Aexp(—x) + Bexp(—4x) (2.190) 


It is clear that the roots are real and distinct, so the two solutions are linearly 
independent. 





Solve the second order equation with boundary conditions 


d? d 
a + 4? +4y=0 (2.191) 
where y(0) = 0 and dy(0)/dx = 1. 
The characteristic equation is 
r?+4r+4=0 (2.192) 


so that 


-4 + y (4) -4-4 
SS -2 (2.193) 
which shows that only one root results (i.e., a double root); hence, we might 
conclude that the general solution is 


yı = Ay exp(—2x) (2.194) 


Clearly, a single arbitrary constant cannot satisfy the two stated boundary 
conditions, so it should be obvious that one solution, along with its arbitrary 
constant, is missing. As stipulated earlier, an nth order equation must yield n 
arbitrary constants, and n linearly independent solutions. For the present case, 
n = 2, so that we need to find an additional linearly independent solution. 

To find the second solution, we use the definition of linear independence to 
propose a new solution, so that we write 


y2 = u(x )exp(—2x) (2.195) 


Now, if v(x) is not a simple constant, then the second solution will be linearly 
independent of y, = A exp(—2x). Thus, we have used the first solution (and 
the definition of linear independence) to construct the second one. Inserting y, 
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into the defining equation shows after some algebra 


d*v 


ae 0 (2.196) 

so that 
v=Bx+C (2.197) 

hence, 
Y2 = (Bx + C)exp( —2x) (2.198) 


The arbitrary constant C can be combined with A, and call it A, hence our two 
linearly independent solutions yield the complementary solution 


y, = Aexp(—2x) + Bx exp(—2x) (2.199) 


This analysis is in fact a general result for any second order equation when 
equal roots occur; that is, 


Ye = Aexp(rx) + Bx exp(rx) (2.200) 
since the second solution was generated from y = v(x) exp(rx), and it is easy to 
show in general this always leads to d?v/dx? = 0. 

Applying the boundary conditions to Eq. 2.200 shows 

y(0) = 0 = A(1) + B(0)(1) 

hence A = 0. To find B, differentiate 


2 = 1 = B(1) + B(0) 


therefore, B = 1; hence, the complementary solution satisfying the stipulated 
boundary conditions is 


Yo = x exp(—2x) (2.201) 





Solve the second order equation 


2 
o +y=0 (2.202) 


We immediately see difficulties, since the characteristic equation is 


r?+1=0 (2.203) 
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so complex roots occur 
r= bv 1 — ți (2.204) 


This defines the complex variable i (a subject dealt with in Chapter 9), but we 
could still proceed and write the solution 


Y. = Aexp(+ix) + B exp( —ix) (2.205) 


This form is not particularly valuable for computation purposes, but it can be 
put into more useful form by introducing the Euler formula 


e'™* = cos(x) + i sin(x) (2.206) 


which allows representation in terms of well-known, transcendental functions. 
Thus, the complex function e'* can be represented as the linear sum of a real 
part plus a complex part. This allows us to write 


y, = A[cos(x) + isin(x)] + B[cos(x) — isin(x)] (2.207) 
or 
Ye = (A + B)cos(x) + (A — B)isin(x) (2.208) 


Now, since A and B are certainly arbitrary, hence in general (A + B) is 
different from (A — B) i, then we can define these groups of constants as new 
constants, so 


Ye = D cos(x) + E sin(x) (2.209) 


which is the computationally acceptable general result. The Euler formula will 
be discussed in Chapter 9. Suffice to say, it arises naturally from the power 
series expansion of the exponential function. 





The differential equation 


d*y _ dy 
FE = 2k +2y=0 (2.210) 


has properties similar to the last example. The characteristic equation is 
r?-2r+2=0 (2.211) 


hence, 


2+ V2? S450 


r= s =li (2.212) 


68 Chapter 2 Solution Techniques for Models Yielding ODE 
so the solutions are 
ye = exp(x)[ A exp( +ix) + B exp(-ix)] (2.213) 
Introducing the Euler formula as before shows 


y. = exp(x)[C cos(x) + D sin(x)] (2.214) 





Find the relation to predict the composition profile in a packed tube reactor 

undergoing isothermal linear kinetics with axial diffusion. The packed tube, 

heterogeneous catalytic reactor is used to convert species B by way of the 
reaction 

moles 

B > products; Rp = ko time-volume bed 


into products under (assumed) isothermal conditions. Diffusion along the axis is 
controlled by Fickian-like expression so that, in parallel with transport by 
convection due to superficial velocity vp, there is also a diffusion-like flux 
represented by a Fickian relation 


oC, mole 
Je = -Dez ( area-time ) (2.215) 
acting along the longitudinal axis (z-coordinate). For linear kinetics, the conser- 
vation law of species B for an element Az long of the tube with cross-sectional 
area A, is 


Vo ACglz — Vo ACplz+4z + Mele — AJplz+az — Rg(AAz) =0 (2.216) 


Dividing by the element volume AAz and taking limits produces the transport 
equation 


dC, dI 
Vea - T —-R,=0 (2.217) 


Introducing the flux vector, Eq. 2.215, and the rate expression Rp then pro- 
duces a constant coefficient, second order linear differential equation 


aC dC 
Det — vo ga — kCg = 0 (2.218) 


If we divide through by Dp, this has a form identical with Eq. 2.180, where 
a, = —U,/D, and ag = —k/D;. The characteristic equation for a solution of 
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the form C, = A exp(rz) is 


2_ { Yo R k = 
r (5 \r (a 0 (2.219) 
so the roots are 
me Gy 4 Dy vo : k 2.220 
n2=72\D:)* V4\D:) *\ Dz (2.220) 


hence, the general complementary solution is 
Cp = Aexp(r,z) + Bexp(r,z) (2.221) 


where we denote r, as possessing the positive argument and r, as the negative. 
It is often found convenient (e.g., in applying boundary conditions) to express 
this solution using hyperbolic functions; thus, we note 





cosh(x) = EUI T EN (2.222) 
and 
sinh(x) = exp( x) ~exp(~*) (2.223) 
Now, we could write our solution in symbolic form 
Cp = exp(az)[ A exp( Bz) + Bexp(—Bz)] (2.224) 
where 
one a VHT E em 


Now, add and subtract terms within the brackets and rearrange to see 
Cp = exp(az)[(A — B)sinh( 8z) + (A + B)cosh(Bz)] (2.226) 


Moreover, since the new arbitrary constant groups are not generally equal, we 
redefine constants 


Cpg = exp(az){ F sinh( 8z) + Ecosh(Bz)] (2.227) 


This is a convenient form for computation and also for evaluating constants by 
way of boundary conditions, since 


dsinh() = cosh( x) (2.228) 
deosh( x) = sinh(x) (2.229) 
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For packed beds of finite length L, the most widely used boundary values are 
the famous Danckwerts Conditions: 





dC 
voCo = -Dg 1 + VoCa(z); z=0 (2.230) 
dC,(z) E 
gz 7% z=L (2.231) 


The first simply states the convective flux of fresh solution far upstream of 
known composition Co exactly equals the combined convective and diffusion 
flux at the bed entrance. This accounts for so-called backmixing at the bed 
entrance. The second condition states that diffusion flux at the exit tends to 
zero. Both these boundary conditions require differentiation of the general 
solution, hence we justify the use of the hyperbolic function form (i.e., it is 
impossible to make a sign error on differentiating hyperbolic functions!). 

Applying the above Boundary Conditions to the general solution in Eq. 2.227 
leads to the algebraic equations needed to find integration constants F and E 
in terms of known parameters; the first condition yields 


Co) = —D, | F cosh(0) + E sinh(0)]exp(0) 
— D,al F sinh(0) + E cosh(0)]exp(0) (2.232) 
+ vo[ F sinh(0) + E cosh(0)]exp(0) 
Noting that sinh(0) = 0 and cosh(0) = 1, we find 
Colo = E(U9 — Dea) + F(—DeB) (2.233) 
The second condition gives 
0 = (aF + BE)sinh( BL) + (aE + BF)cosh( BL) (2.234) 
Solving for F and E yields 
ee n Cola tanh( BL) + 8] (2.235) 
(£ ancz) + atanh( BL) + B 
0 
-Cola + B tanh( BL)] 


F= Ie a e (2.236) 
(Æ Jronncaz) +atanh(BL) +B 


where we have used 6°? — a? = k/D,. Recognizing that both œ and 8 have 
units of reciprocal length, we can write the final solution in dimensionless form 
in terms of two dimensionless numbers. Thus, defining dimensionless composi- 
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tion to be # = C,/C, and dimensionless length to be £ = z/L, we have 


_ exp(aLé)[e(a, B)cosh( BLE) — f(a, B)sinh(BLE)] 


3(a,B) ere 
where 
e(a,B) =aLtanh(BL) + BL (2.238) 
f(a, B) = BLtanh( BL) + aL (2.239) 
g(a, B) = (= + aL)tanh( BL) + BL (2.240) 


There are actually only two dimensionless groups hidden in the above maze; 
these are 


Lv L 
(7 ): To = Pe (Peclet number) (2.241) 


Ji a Lk Lk 
L=y5l|(>-| +p: = =H Hatta numb 2.242 
B l D; D; D; a (Hatta number) ( ) 


From these two (Pe and Ha), we can relate the remaining group 





kL Ha 
Do. =i Pe (2.243) 
From Eq. 2.237, we see at the entrance 
paja Ae (2.244) 


g(a, B) 


This example illustrates the complexity of even elementary second order equa- 
tions when practical boundary conditions are applied. Fig. 2.2 illustrates the 
reactor composition profiles predicted for plug and dispersive flow models. 
Under quite realizable operating conditions, the effect of backmixing (diffusion) 
is readily seen. Diffusion tends to reduce the effective number of stages for a 
packed column. Its effect can be reduced by using smaller particle sizes, since 
Klinkenberg and Sjenitzer (1956) have shown that the effective diffusion coeffi- 
cient (Dp) varies as vod p» Where d, is particle size. This also implies that Peclet 
number is practically independent of velocity (Pe ~ L/d p)- 

Under conditions where effective diffusion is small, so that D, ~ 0, then we 
would have solved the plug flow model 


Loz +kC,=0 (2.245) 


Using the entrance condition C,(0) = Cy, so that separating variables yields 
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y= Cg/Co 


Plug flow: Ha/Pe = 1 


Dispersed flow: Ha = Pe = 10 





E 


Figure 2.2 Composition profiles in catalytic reactor. 


finally 
C kL 
y= C = exp - a é| (2.246) 


To compare the two solutions illustrated in Fig. 2.2, we recall that kL/vo = 
Ha /Pe. 


2.5.2 Particular Solution Methods for Forced Equations 


We have seen at the beginning of the chapter that forced equations give rise to 
solutions, which are particular to the form taken by the forcing function f(x). 
We consider the case of constant coefficients as follows: 
d?y dy 
pre tak + ayy = f(x) (2.247) 
where again we note the general solution is comprised of two parts, viz 
y=y(x) +y (x) (2.248) 


We discussed methods of finding y(x) in the previous section, and now we 
discuss general methods of finding the particular integral, y(x). 

There are three widely used methods to find y,(x); the first two are applica- 
ble only to the case of constant coefficients 


1. Method of Undetermined Coefficients This is a rather evolutionary tech- 
nique, which builds on the functional form taken by f(x). 

2. Method of Inverse Operators This method builds on the property that 
integration as an operation is the inverse of differentiation. 

3. Method of Variation Parameters This method is the most general approach 
and can be applied even when coefficients are nonconstant; it is based on 
the principles of linear independence and superposition, and exploits these 
necessary properties to construct a particular integral. 
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1. Method of Undetermined Coefficients 


This widely used technique is somewhat intuitive, and is also easily imple- 
mented. It has certain disadvantages, since it is not completely fail-safe in the 
hands of a novice. The first step in finding y, is to produce a collection of 
functions obtained by differentiating f(x). Each of these generated functions 
are multiplied by an undetermined coefficient and the sum of these plus the 
original function are then used as a “trial expression” for y, . The unknown 
coefficients are determined by inserting the trial solution into the defining 
equation. Thus, for a second order equation, two differentiations are needed. 
However, for an nth order equation, n differentiations are necessary (a serious 
disadvantage). 





Find the complementary and particular solutions for the linear equation 
oy yey (2.249) 


and evaluate arbitrary constants using y(0) = 1, dy(0)/dx = 0. 

The first step is to find the complementary solutions. We shall need to know 
these to insure that our particular solution is in fact linearly independent of 
each complementary solution. The characteristic equation for the unforced 
equation is 

r?—1=0; r2= til (2.250) 
so the roots are real and distinct; hence, 


Ye = Aexp(x) + B exp(—x) (2.251) 


To construct the particular solution, we note that repeated differentiation of 
f(x) =x? yields x and 1, so that we propose the linear combinations 


Yp = ax? +bx +c (2.252) 


The undetermined coefficients (a, b, c) are to be determined by inserting our 
proposed solution into the left-hand side of the defining equation; thus, 


2a — (ax? + bx + c) =x? + (0)(x) + (0)(1) (2.253) 


Note, we have written f(x) as a descending series with the last two coefficients 
of magnitude zero. This will help in deducing the values for a, b, c. We next 
equate all multipliers of x? on left- and right-hand sides, all multipliers of x, 
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and all multipliers of unity. These deductive operations produce 


x?: -a=1 a= -1 


x:—-b=0 ~b=0 
1:2a-c=0 .«.c=2a= -2 


We solve for the coefficients in sequence and see that 
Y= -x° -2 (2.254) 
The complete solution is then 
y = Aexp(x) + Bexp(—x) — (x? + 2) (2.255) 


It is clear that all solutions are linearly independent. Finally, we apply boundary 
conditions y(0) = 1 and dy(0)/dx = 0 to see 


1=A+B-2 
0=A-B 


This shows 


3 
A=B=5 





Find the linearly independent particular solutions for 


2 
— y = exp(x) (2.256) 
The complementary solution is the same as the last problem. Repeated differ- 
entiation of the exponential function reproduces the exponential function. We 
are keenly aware that a trial solution y, = a exp(x) is not linearly independent 
of one of the complementary solutions. We respond to this difficulty by invoking 
the definition of linear independence 


Yp = v(x )exp(x) (2.257) 
Clearly, if v(x) is not a constant, then this particular solution will be linearly 


independent of the complementary function exp(x). Inserting the proposed 
y,(x) in the left-hand side of the defining equation yields 


=1 (2.258) 
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To find v(x), we replace dv /dx = p 


dp 2 
F +2p=1 (2.259) 


This is the I-factor equation with solution 


p= Bad seen (2.260) 

Integrating again shows 
wi, f,-2% ap 2.261 
v= 5x — Fe (2.261) 


This suggests a particular solution 
1 
Y = (3x )}exn( x) (2.262) 


since the other two terms yield contributions that are not linearly independent 
(they could be combined with the complementary parts). 
The complete solution is 


y = Aexp(x) + Bexp(—x) + x exp( x) (2.263) 


and all three solutions are linearly independent. 
Another way to construct the particular integrals under circumstances when 
the forcing function duplicates one of the complementary solutions is to write 


Y, = ax exp( x) (2.264) 


Inserting this into the defining equation shows a = 1/2 as before. In fact, if an 
identity is not produced (i.e., a is indeterminate), then the next higher power is 
used, ax? exp(x), and so on, until the coefficient is found. We demonstrate this 
in Example 2.19. 





Find the complementary and particular solution for 


2 
oy = A + 16y = 6xe** (2.265) 


The characteristic equation is 


r? —8r+16=(r- 47 (2.266) 
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Thus, we have repeated roots 
ria =4 (2.267) 


As we learned earlier in Example 2.13, the second complementary solution is 
obtained by multiplying the first by x, so that 


Y, = Ae** + Bxe** (2.268) 


However, the forcing function has the same form as xe, so our first trial for 
the y function is 


Yp = ax’e* (2.269) 


which is linearly independent of both parts of the complementary solution. 
Differentiating twice yields 


y, = 2axe** + 4ax7e** 


(2.270) 
yp = 2ae** + 8axe** + 8axe** + 16ax*e** 
inserting these relations into the defining equation yields 
[2a+16ax + 16ax*]e** — [16ax + 32ax7]e** 
(2.271) 
+ 16[ax?]e** = 6xe** 
Cancelling terms shows the null result 
2ae** = 6xe* (2.272) 
hence, a is indeterminate. Next, try the higher power 
Yp = axre** (2.273) 
yp = 3axe** + 4ax%e** (2.274) 
yp = 6axe** + 12ax7e** + 12ax7e** + 16ax%e** (2.275) 
Inserting these yields 
[6ax+24ax? + 16ax>|e** — [24ax? + 32ax7]e* 
(2.276) 


+[16ax*Je** = 6xe** 
Cancelling terms, what remains identifies the undetermined coefficient 


6axe** = 6xe* (2.277) 


hence, a = 1. 
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The complete solution can now be written 
y=(A+Br+x%)e¥ (2.278) 


We see some serious disadvantages with this technique, especially the large 
amount of algebraic manipulation (which produces human errors) required for 
only moderately complex problems. The above particular solution could have 
been worked out in two lines of calculation, without trial and error, using the 
Inverse Operator technique, as we show next. 


2. Method of Inverse Operators 
This method builds on the Heaviside differential operator, defined as 


Dy = c (2.279) 


where D is the elementary operation d/dx. It follows certain algebraic laws, 
and must always precede a function to be operated upon; thus it is clear that 
repeated differentiation can be represented by 





2 
D(Dy) = D?y = oe (2.280) 
3 
D(D2y) = Dĉy = ‘a (2.281) 
Dy = os (2.282) 


Because the operator D is a linear operator, it can be summed and factored 


d? d 
Po -8% + 16y = D?y — 8Dy + 16y = 0 (2.283) 


The operators can be collected together as a larger operator 
(D? - 8D + 16)y =0 (2.284) 
This also can be factored, again maintaining order of operations 
(D - 4)’y =0 (2.285) 


In manipulating the Heaviside operator D, the laws of algebraic operation must 
be followed. These basic laws are as follows. 


(a) The Distributive Law. For algebraic quantities A, B, C, this law requires 
A(B + C) = AB + AC (2.286) 

We used this above law when we wrote 
(D? — 8D + 16)y = D?y — 8Dy + 16y (2.287) 


The operator D is in general distributive. 
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(b) The Commutative Law. This law sets rules for the order of operation 

AB = BA (2.288) 
which does not generally apply to the Heaviside operator, since obviously 

Dy #yD (2.289) 
However, operators do commute with themselves, since 


(D + 4)(D + 2) = (D + 2)(D + 4) (2.290) 


(c) The Associative Law. This law sets rules for sequence of operation 
A( BC) = (AB)C (2.291) 


and does not in general apply to D, since sequence for differentiation must be 
preserved. However, it is true that 


D(Dy) = (DD) y (2.292) 
but that 
D(xy) + (Dx)y (2.293) 


since we Know that Myl = xy + x Dy. 

To use the operators (in an inverse fashion) we have only two rules which 
must be remembered. We will lead up to these rules gradually by considering, 
first, the operation on the most prevalent function, the exponential exp(rx). We 
have seen in the last section that all complementary solutions have origins in the 
exponential function. 


Operation on exponential. It is clear that differentiation of exp (rx) yields 
D(e™) = re™ (2.294) 
and repeated differentiation gives 
D?(e™) = re" (2.295) 
D"(e™) = r"e™ (2.296) 
and a sum of operators, forming a polynomial such as P(D) 
P(D)(e™) = P(r)e™ (2.297) 


This forms the basis for Rule 1. We have alluded to this earlier in Section 2.5.1 
in discussing the characteristic equation for Example 2.12 


(D? + 5D + 4)e = (r? + 5r + 4)e™ (2.298) 
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Operation on products with exponentials. The second building block to make 
operators useful for finding particular integrals is the operation on a general 
function f(x) 


D( f(x)e"*) =e*“Df + fD(e™) =e*(D +r) f(x) (2.299) 
Repeated differentiation can be shown to yield 


D?( fe") =e"(D +r)’ f(x) (2.300) 
D”( fe) =e"*(D +r)" f(x) (2.301) 

and for any polynomial of D, say P(D) 
P(D)(f(x)e™) = e™P(D +r) f(x) (2.302) 


We learn in this sequence of examples that operation on the product f(x)e™ 
with D simply requires shifting the exponential to the front and operating on 
f(x) with (D + r). This forms the basis for Rule 2. 


The inverse operator. Modern calculus often teaches that integration as an 
operation is the inverse of differentiation. To see this, write 


Í f(x) de = Df f(x) de = f(x) (2.303) 


which implies 
[f(x) d = D-'f(x) (2.304) 


Thus, the operation D~'f(x) implies integration with respect to x, whereas 
Df(x) denotes differentiation with respect to x. This “integrator,” D~', can be 
treated like any other algebraic quantity, provided the rules of algebra, men- 
tioned earlier, are obeyed. 

We have already seen that polynomials of operator D obey two important 
rules: 


1. Rule 1: P(D)e”™ = P(r)e™ 
2. Rule 2: P(D\ f(x)e™) = e™*P(D + r) f(x) 


We show next that these rules are also obeyed by inverse operators. 





Find the particular solution for 


dy ne 
ne 2y=e (2.305) 
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Write this in operator notation, noting that if f(x) appears on the right-hand 
side, we are obviously seeking a particular solution 


(D —2)y, =e" (2.306) 


hence keeping the order of operation in mind 


1 
Yp = D7” (2.307) 


Clearly, any polynomial in the denominator can be expanded into an ascending 
series by synthetic division; in the present case, we can use the binomial 
theorem written generally as 


P pp- 1) p, P-D- ah... 
EA TEA E E O ae 


To put our polynomial operator in this form, write 











1 1 
Da = Dy (2307) 
-2(1- 3] 
so that we see the equivalence f = —D/2, p = —1; hence, 
1 1 1 1y i Fa 
+, = -5 1+ (3D) + (3D) (3D) +: +] (2.310) 
= =F) 
hence operating on exp (x) using Rule 1 
oe 1 1 1A? F 
Y= D-3 = -3|1 + (3D) + (20) +: ++je (2.311) 








PePe eam 


But the series of terms is a geometrical progression and the sum to infinity is 
equal to 2, so we have finally 


Yp =e 





Yp = —e* (2.313) 
and the general solution is, since y, = A exp (2x) 
y(x) =Aexp(2x) — exp(x) (2.314) 


This example simply illustrates that an inverse operator can always be expanded 
in series as a polynomial and so our previous Rule | is also applicable to inverse 
operators. 
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RULE 1: INVERSE OPERATORS 


We see in general that polynomials in the denominator can be operated upon by 
Rule 1 


aby e= A (2.315) 


Thus, we could have applied this rule directly to the previous example without 
series expansion; since r = 1, we have 


y, = (D-2) 'e* = -e* (2.316) 


which is quite easy and efficient to use. 

Occasionally, when applying Rule | to find a particular integral y, , we 
encounter the circumstance P(r) = 0. This is an important fail-safe feature of 
the inverse operator method, since it tells the analyst that the requirements of 
linear independence have failed. The case when P(r) = 0 arises when the 
forcing function f(x) is of the exact form as one of the complementary solutions. 


RULE 2: INVERSE OPERATORS 


The difficulty above can always be overcome by a clever use of Rule 2. If 
P(r) = 0 then obviously P(D) contains a root equal to r; that is, if we could 
factor P(D) then 


1 1 1 


——— E A 2.317 
PO) 0-7) 20D) CaN 

For n repeated roots, this would be written 
1 = S A . l (2.318) 


Now, since g(D) contains no roots r, then Rule 1 can be used. However, we 
must modify operation of 1/(D ~ r)” when it operates on exp (rx). Thus, we 
plan to operate on exp (7x) in precise sequence. Consider Rule 2 for polynomi- 
als in the denominator 


Pop ade") = eB HI) (2.319) 


and suppose f(x) = 1, then if P(D) = (D — r)”, we have 


wap lel =e" 51 (2.320) 
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This suggests n repeated integrations of unity 


I = If - fide = x (2.321) 


Now, reconsider the general problem for a forcing function exp (7x) 


1 1 
Poy %P*) -p-m PO) (2.322) 


First, operate on exp (rx) using Rule 1 as g(D)~! exp (rx), then shift exp (7x) to 
get 


eer ae 

(D — r)" g(r) 

Next, operate on exp (rx) using Rule 2, taking f(x) = 1; hence (since g(r) is 
finite), 


rx 


ew ar gry = Ry IL Se gay at 238) 











We finally conclude, when roots of the complementary solutions appear as the 
argument in an exponential forcing function, we will arrive at P(r) = 0, imply- 
ing loss of linear independence. By factoring out such roots, and applying Rule 
2, a particular solution can always be obtained. 





Find the particular solution for 


d? d 
mAg 4 + 4y = re” (2.324) 


Applying the operator D and factoring 
(D? -4D + 4)y, = (D — 2)’y, = xe” (2.325) 
and solve for y, 


1 2 
= xe** 2.326 
se (D - 2)? ( ) 


If we apply Rule 1, we see P(2 — 2)=0. So, apply Rule 2, noting that 
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f(x) = x, hence replacing (D — 2) with (D + 2 — 2) 


1 
2x 
yo =e St 2.327 
(D + 2-2)’ an, 
is 1 x3e2* 
Yp = e? D2* = 6. (2.328) 


As we saw earlier, for repeated roots, the general complementary solution is 
(A + Bx) exp(2x), so that the complete solution is 


y=(A+t Bx)e™ + arte (2.329) 


The reader can clearly see the speed and efficiency of this method compared to 
the tedious treatment required by the Method of Undetermined Coefficients, as 
done in Example 2.19. 


Inverse operators on trigonometric functions. We have treated periodic functions 


such as sin(x), cos(x) in the study of complementary solution (Eq. 2.206), and 
found the Euler formula useful 


e’* = cos(x) + isin (x) (2.330) 

Thus, we say the Real part of e'* is cos(x) and the Imaginary part is sin(x) 
Re(e'*) = cos (x) (2.331) 
Im(e'*) = sin (x) (2.332) 


Thus, if cos(x) appears as a forcing function f(x), then to use the inverse 
operators acting on exponential functions, we would write, for example, 

d?y ix 

p — y = cos(x) = Re(e’*) (2.333) 


Now, in solving for the particular integral, it is also implied that we must extract 
only the Real Part of the final solution; thus, using Rule | with r = i, we get 


1 ix 1 ix 
Yp = Reall Bey! = Real - xe | (2.334) 
since į? = — 1. Thus, we have finally, 
1 
Yp = — 3 COS (x) (2.335) 


We can verify this using the method of Undetermined Coefficients. Repeated 
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differentiation yields only two functions, so that 
Yp = acos(x) + bsin(x) 
Inserting this into the defining equation 
[—a cos(x) — bsin(x)] — [a cos(x) + bsin(x)] = cos(x) (2.336) 


Therefore, we conclude: —2a = 1, b = 0 so that 


Vy = - 5 cos (x) (2.337) 


as required, but this method requires much more algebra. Had the forcing 
function been sin(x), then we would have extracted the Imaginary Part of the 
answer. We illustrate this next. 





Find the particular solution for 


2 
oe +y =sin(x) (2.338) 


Inserting operators and solving for y gives 


Yp = In| re = inl oer" | (2.339) 


We use Rule 1 first on the nonzero factor (D + i), then operate on exp (ix) with 
(D — i) using Rule 2; so the first step is 


i ,,1 
Yp = m ye" | (2.340) 


Now, apply Rule 2, noting that f(x) = 1 
e*\ 1 
Yp = ml ($7) D E | (2.341) 
Here, we see that D~'1 = x, and thus, the imaginary part is 


te'* 


m|) = m( =) = -$ cos (x) (2.342) 
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Hence, we finally obtain 
1 
Yp = — 3x COS (x) (2.343) 


Had we used the Method of Undetermined Coefficients, it would have been 
necessary to make the first guess (to insure linear independence from the 
complementary solutions which are sin(x) and cos(x)) 


Yp = ax sin (x) + bx cos (x) (2.344) 


which would lead to a lengthy and tedious analysis, as the reader can verify. 

In general, the Inverse Operator method is not recommended for product 
functions such as x sin(x), etc., because of difficulty in expanding operators in 
series to operate on polynomial functions (i.e., a + bx + cx’, etc). In such cases, 
the Method of Variation of Parameters, which follows, may be used to good 
effect. 


3. Method of Variation of Parameters 


As mentioned at the beginning of this section, this method can be applied even 
when coefficients are nonconstant, so that we treat the general case 


d*y dy 

me + UC) t ol x)¥ = f(x) (2.345) 
At the outset, it is assumed that the two linearly independent complementary 
solutions are known 


yx) = Au(x) + Bu(x) (2.346) 


The Variation of Parameters method is based on the premise that the particular 
solutions are linearly independent of u(x) and v(x). We start by proposing 


Yp(x) = F,(x)u(x) + F,(x)v(x) (2.347) 


where obviously F, and F, are not constant. It is clear that if we insert this 
proposed solution into the defining equation, we shall obtain one equation, but 
we have two unknowns: F, and F, . Thus, we must propose one additional 
equation, as we show next, to have a solvable system. Performing the required 
differentiation shows using prime to denote differentiation 


dy 
Fr = (ui, + oF)) + (WF, + 'F,) (2.348) 


It is clear that a second differentiation will introduce second derivatives of the 
unknown functions F,, F,. To avoid this complication, we take as our second 
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proposed equation 


uF) + uF, =0 (2.349) 
This is the most convenient choice, as the reader can verify. We next find y; 


d’y, 
dx2 





= ( Fu" + Fv") + (Fw + Flv’). (2.350) 
Inserting dy,/dx and d’y,/dx* into the defining equation we obtain, after 
rearrangement 
Flu" + a,(x)u' + ao(x)u| + F,|v” + a,(x)v' + ao(x)v 
[ 1 o(x)u] + F,[ 1 o(x)x] Gk 
+ Flu’ + Flu’ = f(x) 
It is obvious that the bracketed terms vanish, because they satisfy the homoge- 


neous equation [when f(x) = 0] since they are complementary solutions. The 
remaining equation has two unknowns, 


uF, + v'F, = f(x) (2.352) 
This coupled with our second proposition 
uF, + vF, =0 (2.353) 


forms a system of two equations with two unknowns. Solving these by defining 
p = F, and q = F; shows; first, from Eq. 2.353 





U 
pw 4 (2.354) 

Inserting this into Eq. 2.352 gives 

t U t 
u (- Za) + v'g =f(x) (2.355) 
hence 
dF,  _—uf(x) 

De ape Vu (2.356) 


and this allows p to be obtained as 


_ dF, _ _ f(x) 
P= Pov (2.357) 
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These are now separable, so that within an arbitrary constant: 


F(x) = [me « (2.358) 
F(x) = [Oo a (2.359) 


These integrations, then, produce the particular solutions, worth repeating as 
Yp = U(x) F(x) + v(x) F(x) (2.360) 


The denominators in Eqs. 2.358 and 2.359 represent the negative of the 
so-called Wronskian determinant 


W(u,v) -|5 ,| = uv’ — u'v 





which is nonzero if u and v are indeed linearly independent. For the second 
order systems considered here, linear independence can be deduced by inspec- 
tion. For higher order systems, the application of the Wronskian is the most 
direct way to inspect linear independence (Hildebrand 1962). 





The second order equation with nonconstant coefficients 


d*y 
dx? 


dy 


4x5 +65 ty =f) (2.361) 


has complementary solutions (when f(x) = 0) obtainable by the Frobenius 
series method (Chapter 3) 


y(x) =A (2.362) 


sin (Vx ) y p0) 
vx v 
Find the particular solution when f(x) = 1/x?/?. 
Here, we take the complementary functions to be 


_ sin(vx). _ cos (vx ) 


vx” vx 
We first compute the denominator for the integrals in Eqs. 2.358 and 2.359 


os 


uv -— vu = 5 = (cos?(vx ) + sin? (Vx )) ape (2.363) 
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Inserting this into the same integrals yields: 
cos 
F, = f2 costs) 13/2 aya de = 4sin (vx ) (2.364) 


F= - f2 a(r) x3/2 — = dx = 4cos (Vx ) (2.365) 


so that we finally have the particular solution 


50x) paea) E 


Y; = T ae = ie (2.366) 


which is linearly independent of the complementary solutions. 


2.5.3 Summary of Particular Solution Methods 


We have illustrated three possible methods to find particular solutions. Each 
has certain advantages and disadvantages, which are summarized as follows. 


1. Method of Undetermined Coefficients 


This technique has advantages for elementary polynomial forcing functions (e.g., 
2x? + 1, 5x3 + 3, etc.), and it is easy to apply and use. However, it becomes 
quite tedious to use on trigonometric forcing functions, and it is not fail-safe in 
the sense that some experience is necessary in constructing the trial function. 
Also, it does not apply to equations with nonconstant coefficients. 


2. Method of Inverse Operators 


This method is the quickest and safest to use with exponential or trigonometric 
forcing functions. Its main disadvantage is the necessary amount of new mate- 
rial a student must learn to apply it effectively. Although it can be used on 
elementary polynomial forcing functions (by expanding the inverse operators 
into ascending polynomial form), it is quite tedious to apply for such conditions. 
Also, it cannot be used on equations with nonconstant coefficients. 


3. Method of Variation of Parameters 


This procedure is the most general method, since it can be applied to equations 
with variable coefficients. Although it is fail-safe, it often leads to intractable 
integrals to find F, and F,. It is the method of choice when treating forced 
problems in transport phenomena, since both cylindrical and spherical coordi- 
nate systems always lead to equations with variable coefficients. 
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2.6 COUPLED SIMULTANEOUS ODE 


In principle, any set of n linear first order coupled equations is equivalent to the 
nth order inhomogeneous equation given earlier as 


d"y d""y 


d 
are ea aa ee +a, + ayy = f(t) (2.367) 


To see this, we redefine variables as follows: 











ax dx dx, 
ty =¥) = apy Bs GPs Fe a (2.368) 
These definitions turn the nth order equation into the coupled set of first order 
equations 
dx 
ar =O-x,+1-x,+0°x,+0+x,4+ °°: +0°-x, 
dx 
FO + Ore, t 1x3 + Oxy t “++ E 
(2.369) 
dx, 
di 1 =0-x,+0+x,+0-x,+0-x,4+ °°: lx 
ax, 
Gt =~ 40%1 T 4X2 — GnX3 — 1 Ay 1X, + f(t) 
In vector form, these can be abbreviated as 
dx 
a Aj xtf (2.370) 
where the vectors are 
dx _[dx, dx, dx, |" 
dt ‘dt’ dt? dt. (2.371) 
x= [ey X23.. Xa]" 
f = [0,0,0,...,f()]" 
and the matrix of coefficients is 
0 1 0 0 0 
0 0 1 0 >’ 0 
A= : s ae . j (2.372) 


magns STe Ag ie aay 
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Treatment of elementary matrix methods is reviewed in Appendix A at the end 
of this book. Students interested in advanced material on the subject should 
consult the excellent text by Amundson (1966). Suffice to say that these 
specialized techniques must ultimately solve the same required characteristic 
equation as taught here, namely, 

r” +a, r+ e tayr+a,=0 (2.373) 
so that the n eigenvalues r must be found as before. 

However, useful methods exist that treat simultaneous equations without 
resorting to formalized methods of multilinear algebra. We shall discuss two of 
these methods because of their utility and frequent occurrence in practical 
problems: 


1. Elimination of Independent Variables. 
2. Elimination of Dependent Variables. 


These common-sense methods often escape the notice of an analyst, because 
the structure and complexity of a problem may be so intimidating. We illustrate 
the above principles with a few examples as follows. 





Finely dispersed catalyst particles in a bed are used to promote the irreversible 
nth order gas-phase reaction in a batch, adiabatic reactor of constant volume 


A > Products; Ri =k,.(T)C1 


where C4 denotes concentration of A and k,(T) is the temperature dependent 
rate constant, which obeys the Arrhenius expression 


k„ = a exp ( — Rr) (2.374) 


The product of gas volume and exothermic heat is given by A, and the heat 
capacity of the gas is much smaller than the solid catalyst. Find the maximum 
temperature sustained by the insulated bed if there is no volume change in 
reacting A to products for a mass m of solid particles. 

The simultaneous heat and mole balances can be written as 


dC E 
a = —Cřa exp ( - Rr) (2.375) 
me, = +AC4a exp (- Rr (2.376) 


This is a rather intimidating set of highly nonlinear equations, if a time-domain 
solution is sought. However, we need only to find the relationship between C4 


2.6 Coupled Simultaneous ODE 91 


and T, so divide the equations (to eliminate time) and see 


aT 


mac, = —À (2.377) 
which is separable, so that we get 
À 
T= -(z)e +K (2.378) 


where K is a constant of integration. If we take the initial conditions to be 
T(O) = Ty and C,(0) = Co, then we have 


À 
K=T,+ mC, Ci (2.379) 
and the general result is 
À 
(T-T)= me (Co -= C4) (2.380) 
Pp 


Clearly, the maximum temperature occurs after all of the reactant 4 is 
devoured, so setting C4 = 0 yields 


A 
Ea = To + mC, © (2.381) 


To find the transient equation T(t) describing temperature between two 
extremes (Ty > Tnax) we can use Eq. 2.380 to eliminate C(t) in Eq. 2.376, so 
that we need only solve the single nonlinear equation 


mC $ 
mC, =adlCy- = (T - r)| exp- zr (2.382) 





Approximations for this are possible for modest temperature rise by expanding 
the exponential function in series and retaining the low order terms, leading to 
a linearized expression. 





The double pipe, cocurrent heat exchanger is used to cool a distillate product 
using cold water circulating through the jacket as illustrated in Fig. 2.3. The 
overall heat transfer coefficient is taken to be U and the mass flow of distillate 
and water is W, and Wp, respectively. Under turbulent flow conditions, the fluid 
temperatures are taken to be uniform across individual flow cross sections. Find 
the relationship to predict how steady-state temperature changes with axial 
position, and from this, deduce an expression to compute the average AT 
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Figure 2.3 Double-pipe heat ex- 
changer. 


between streams. Ignore axial conduction effects and use constant physical 
properties. Assume the inner pipe of diameter d is quite thin. 
We first apply the conservation law to each fluid in turn, as follows: 


W.C, T, 


piri 


(x) — W,C,,T,(« + Ax) — U(r dAx)(T, — To) = 0 (2.383) 


piri 
WCyoTo( x) — WoCpoTo(x + Ax) + U(r dAx)(T, — To) =0 (2.384) 
where as noted in Chapter 1, the overbar represents the average between 


positions x and x + Ax, and in the limit: lim}, „of > T. Dividing by Ax and 
taking limits as before yields the set of coupled equations: 


dT, 
W.Cpiq + Un d(T, — Ty) = 0 (2.385) 

dT, 
W.Cpo-gy — UT d(T, - To) =0 (2.386) 


where 7; > Tọ. Combining parameters as taught in Chapter 1, we rearrange to 
get 


dT, 





Ft AT; - TM) = 0 (2.387) 
aT, 
Fe 7 Aol T; -— To) = 0 (2.388) 
where 
Pian ae Und 
‘ WC): WoC po 


The solutions to these equations are conveniently obtained using the Heaviside 
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operator D = d/dx. Thus, rewrite using operators to see 
(D + A,)T; = A;To( x) (2.389) 
(D + ào)To = àoT;( x) (2.390) 


The equations have identical structures, and this suggests the following proce- 
dure. Apply the second operator (D + A,) to the first equation and see 


(D + Ay)(D + A,)T; = A,(D + ào)To (2.391) 


But the defining Eq. 2.390 shows that (D + Ay)T) = ÀoT;; hence, we can 
decouple the equations to get a single equation for T; 


(D + Ao)(D + A,)T; = AjAoT; (2.392) 
This can be simplified further owing to cancellation of terms 
DT, + (Ay + A;)DT; = 0 (2.393) 
This homogeneous equation has characteristic roots 
r? + (A, +A,)r=0 (2.394) 
hence, 
r, = 0; ra= —(Ay + A,) 
so the complementary solution is 
T(x) = B; + C; exp [—- (ào + A;) x] (2.395) 
Performing the same operation on the equation for T, that is, applying the 
operation (D + A,) and then using (D + A,)T, = À;Tọ yields an identical equa- 
tion, as might be expected 
(D + A;)(D + ào)To = ApA:T (2.396) 


The solution is the same as for T,(x), except in general the arbitrary constants 
are different 


Ty(x) = By + Co exp [ - (ào + A;)x] (2.397) 
At first glance it may appear that we have four arbitrary constants. However, we 


can show that B,,C; are linearly connected to Bo, Co as follows. Inserting the 
two solutions into either of the original heat balances shows, for example using 
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Eq. 2.387 


—C,(Ag + A; exp [— (Ag + A,) x] 


(2.398) 
+ A,[B, — Bo + (C; — Co)exp [- (Ao + Aj) x] = 0 
This can only be satisfied if we stipulate the conditions 
B; = Bo (2.399) 
(Ao + A,)C; = AC; — Co) (2.400) 
which reduces to 
eae EC, are eee (2.401) 


Thus, there exists only two independent constants of integration, and the two 
equations for temperature distribution are 


T;(x) = By - ŽC exp |- (ào + A;)x] (2.402) 
To(x) = By + Coexp [—(Ao + A,) x] (2.403) 

We can find the two constants Bo, Co using boundary conditions 
T(0) = Tř;  To(0) = Ty (2.404) 


where 7;* and Të denote the inlet temperatures of hot distillate and cool water, 
respectively, hence 7;* > Tj‘. Solving for By, Cy yields: 


À; ae 
By = Të + area + | (2.405) 
0 


À; es 
Co = -ar"| + | (2.406) 
0 
where 
AT* = T* — Tf 


Inserting these and rearranging to a more suitable form gives finally the 
dimensionless results, using N = A,/Aq: 





T(x) — Ty 1 
u= Ee = Tl + New [= Oo + aT) (2.407) 
T(x) — Te 1 


Po = TT = Neill — exp |- (Ao + A,)x]} (2.408) 


As x increases, it is easy to see that 7,(x) decreases, as required, and also T,(x) 
increases as expected. For convenience, we have denoted dimensionless temper- 
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atures as p; and Wo, respectively, and these groups appear naturally in the 
course of analysis. The right-hand sides are also dimensionless, since 
N= Ài WoC po 
WC, 


> 
o 


and of course the argument of the exponential is also dimensionless. This could 
be used to define a dimensionless axial coordinate as we did in Chapter 1 


U(md)x(W;Cpi + WoC,0) 


£ = (Ao t A;)x = W, WoC pipo (2.409) 
We now write the final solutions in very compact form: 
1 
h(t) = yrl! +Nexp(-é)] (2.410) 
1 
boll) = yyl! exp(-9)] (2.411) 


Thus, we see 
#(0)=1 and (0) =0 


as required. To find the average AT = (T; — T),,,, we could perform the 


operation 


avg? 


(T,~ To)ovu = Tf UT) ~ To(x)] a (2.412) 


where L denotes the distance to the exit. It is less tedious to perform this 
operation in dimensionless form, noting that we can define the equivalent 
dimensionless temperature difference as 


(aT)... = (4%; - Yo )ave = a = Yo(S)] dg (2-413) 


where 
bp = (A; + ào) L = (N + 1)JàoL 
This is easily integrated, since 


hi — Yo = exp(—¢) (2.414) 


Integrating this, we find 





(ar Vee E Zl - exp (—¿1)| (2.415) 
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We could eliminate the exponential term by noting 


T,(L) — TL 
¥(L) - ¥o(L) = exp (—¢,) = HOM) aao) 
so now we have 
AT\) _1 T,(L) — To(L) 
(a J = zl - ATF (2.417) 
Moreover, taking logarithms of [W,(L) — &(L)I yields 
FLL) STAAL 
Inf ys(L) ~ o(L)] = -i =n) (ars) 
Inserting this and multiplying through by AT*, noting the definition 
AT* = Tř — Ty = T,(0) — T)(0) (2.419) 
we thus obtain the expected result, which defines the Log-Mean AT 
T,(L) — TAL) — | 7;(0) — T,(0 
sr,- BOAO- [KOTO gay 
F T,(L) - TL) 
T,(0) — T,(0) 


How would this average AT change if we had included effects arising from axial 
conduction? 


2.7 SUMMARY OF SOLUTION METHODS FOR ODE 


We started this chapter by delineating the two fundamental types of equations, 
either nonlinear or linear. We then introduced the few techniques suitable for 
nonlinear equations, noting the possibility of so-called singular solutions when 
they arose. We also pointed out that nonlinear equations describing model 
systems usually lead to the appearance of “implicit” arbitrary constants of 
integration, which means they appear within the mathematical arguments, 
rather than as simple multipliers as in linear equations. The effect of this 
implicit constant often shows up in startup of dynamic systems. Thus, if the final 
steady state depends on the way a system is started up, one must be suspicious 
that the system sustains nonlinear dynamics. No such problem arises in linear 
models, as we showed in several extensive examples. We emphasized that no 
general technique exists for nonlinear systems of equations. 

The last and major parts of this chapter dealt with linear equations, mainly 
because such equations are always solvable by general methods. We noted that 
forced equations contain two sets of solutions: the particular solutions [related 
directly to the type of forcing function f(x)] and the complementary solution 
[the solution obtainable when f(x) = 0], so that in all cases: y(x) = yx) + 
y(x). We emphasize again that the arbitrary constants are found (in conjunc- 
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tion with B.C. and J.C.) using the complete solution y(x). We illustrated three 
methods to find the particular integral: Undetermined Coefficients, Inverse 
Operators, and Variation of Parameters. Only the last of these was applicable to 
linear equations with nonconstant coefficients. 

Linear homogeneous equations containing nonconstant coefficients were not 
treated, except for the elementary Euler-Equidimensional equation, which was 
reduced to a constant coefficient situation by letting x = exp (t). In the next 
chapter, we deal extensively with the nonconstant coefficient case, starting with 
the premise that all continuous solutions are in fact representable by an infinite 
series of terms, for example: exp (x) = 1 + x + x?/2!+ x?/3!+ ++- . This leads 
to a formalized procedure, called the Method of Frobenius, to find all the 
linearly independent solutions of homogeneous equations, even if coefficients 
are nonconstant. 
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2.9 PROBLEMS 


2.1,. A tall, cylindrical tank is being filled, from an initially empty state, by a 
constant inflow of q liters/sec of liquid. The flat tank bottom has 
corroded and sustains a leak through a small hole of area A). If the 
cross-sectional area of the tank is denoted by A, and time-varying height 
of liquid is A(t), then: 

(a) find the dynamic relationship describing tank height, if the volumet- 
ric leak rate obeys Torricelli’s law, gg = Aọy2gh(t) (g is gravita- 
tional acceleration). 

(b) determine the relationship to predict the final steady-state liquid 
height in the tank. 

(c) define x = Vh , separate variables and deduce the implicit solution 
for h: 


= (Be )| eer | 7 


PS 
XIS 
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2.2, 


2.3,. 


2.4. 


2.53. 


(d) sketch the curve for h versus t, and compare with the case for a 
nonleaking tank. 

Two vertical, cylindrical tanks, each 10 m high, are installed side-by-side 
in a tank farm, their bottoms at the same level. The tanks are connected 
at their bottoms by a horizontal pipe 2 meters long, with pipe inside 
diameter 0.03 m. The first tank (1) is full of oil and the second tank (2) is 
empty. Moreover, tank 1 has a cross-sectional area twice that of tank 2. 
The first tank also has another outlet (to atmosphere) at the bottom, 
composed of a short horizontal pipe 2 m long, 0.03-m diameter. Both of 
the valves for the horizontal pipes are opened simultaneously. What is 
the maximum oil level in tank 2? Assume laminar flow in the horizontal 
pipes, and neglect kinetic, entrance—exit losses. 


Answer: 4.07 m 
The consecutive, second order, irreversible reactions are carried out in a 
batch reactor 
ky 
A+S—>X 
kz 
X+S—>Y 


One mole of A and two moles of S are initially added. Find the mole 
fraction X remaining in solution after half the A is consumed; take 
k/k, = 2. 

Answer: y, = 1/9 


Solve the following first order equations: 
aT 4d 
(a) Pap ~ pat 7% T=T, when p = py 
(b) (x?y +x) dy + (xy? -y) dx =0 
(c) oy ~ = sin (ax) 
d 2 
(d) = -p y? 


Solve the following second order equations: 


(a) ad + (Z) = (2) =0; y(1)=2; y'(1)= -1 
(b) pie i? =In(x); y(1)=1; y'(1)=0 


2 
(c) poe (2) = a y(0)=1; y(0)=2 
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2.6*. The reversible set of reactions represented by 


2T. 


is carried out in a batch reactor under conditions of constant volume and 
temperature. Only one mole of A is present initially, and any time ¢ the 
moles are N,, Ng, Nc. The net rate of disappearance of A is given by 


aN, 
Fao Tk iNa + kaNg 
and for B, it is 


dN, 
dt 





and for all times, the stoichiometry must be obeyed 
N, +Ng+tNc=1 


(a) Show that the behavior of N,(t) is described by the second order 
ODE 


dt? 





IN 
Pie eS +k.) Ga + (kyk3 thokg + k,k4) N, = kok 


(b) One initial condition for the second order equation in part (a) is 
N,(0) = 1; what is the second necessary initial condition? 

(c) Find the complete solution for N,(t), using the conditions in part (b) 
to evaluate the arbitrary constants of integration. 

Solid, stubby, cylindrical metal rods (length-to-diameter ratio = 3) are 

used as heat promoters on the exterior of a hot surface with surface 

temperature of 700°C. The ambient air flowing around the rod-promo- 

ters has a temperature of 30°C. The metal conductivity (k) takes a value 

of 0.247 cal/(sec - cm -° K). The heat transfer coefficient (h) around the 

surface of the promoter is constant at 3.6 Kcal/(m? - hr ° ©). 

(a) Analyze a single rod of 4-mm diameter and show that the steady-state 
differential balance yields the following differential equation 


2 

i = (zT - Ta) = 0; 2R = diameter 
for the case when metal temperature changes mainly in the x 
direction (x is directed outward from the hot surface, and rod radius 
is R). 

(b) Find the characteristic roots for the ODE in part (a). What are the 
physical units of these roots? 
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(c) Find the solution of part (a) using the conditions: 

T=Ty, x=0 (hot surface) 

- co =h(T — Ty), x=L (exposed flat tip) 
and show the temperature profile is represented by 
Fao DEE e 

2an (25 EB Bi | + VBi 
2 + VBi tanh (25 VBi 





xL ge 
27 5P] 


sinh 


where Bi = hD/k (Biot number, dimensionless; the ratio of film to 
metal transfer rates). 

(d) Use the definitions of total heat flow and find the effectiveness factor 
for the present promoter 





_@ 
Q nax 
and show that the general expression for 7 is 
tanh 24 VB + 5 Bi 
1 1 an pV?! i 


MOr TEIE a L am Ei] 


(e) For small arguments, 2(L/D)VBi < 1, show that the effectiveness 
factor becomes approximately 


1 
L . 
(1+ DB 


{Hint: look at the series expansion for tanh (u)] 
(f) Compute 7 for the present promoter. 
2.8,. Find the complementary and particular solutions and thereby write the 
general solutions for the following: 


n> 


2 
(a) o +y =xsin(x) 
d? d 
(b) is F +y = xe 
pE y, 
(c) X T +xę Ty =x 
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2.9*, When gas is injected into a column of water, a liquid circulation pattern 
develops. Thus, upflow at a rate Q, (m?/s) rises in the central core and 
downfiow occurs at a rate Q, in the annulus. If liquid of composition Co 
is also injected at the column base at a rate Qo, with outflow at the same 
rate, then Q, = Q4 + Q, (if density is constant). 

(a) The injected gas contains a soluble component (with solubility C* 
moles/m?) so that mass transfer occurs by way of a constant volu- 
metric mass transfer coefficient denoted as k,a. There is also an 
exchange of solute between upflowing and downflowing liquid at a 
rate per unit height equal to K,(C, — C,). If the flow areas for 
upflow and downflow areas are equal (A), perform a material bal- 
ance and show that 


dC 
Qui = k,.aA(C* =e C,,) z K,(C, g C4) 


dC 
- Oy! = k.aA(C* — C4) + Ke(Cy - Ca) 


where z is distance from column base. 
(b) Define new variables to simplify matters as 


0, = C, — C* 
ba = Ca — C* 

¢=z(k. aA + Kg)/Qo (dimensionless distance) 
qu = Qu/Qo (dimensionless upflow) 


da = Qa/Qo (dimensionless downflow) 


and show that the coupled relations are 
dô, 
Wu Ge + 0, = aby 
— 4aqe + 94 = 06, 


where a = Kg/(Kpg + k,aA) 

(c) Use the operator method to find solutions for 6,(¢) and 6,(¢). 

(d) Show that the resulting four arbitrary constants are not independent 
and then write the solutions in terms of only two unknown integra- 
tion constants. 

(e) Apply the saturation condition 


04,9, > Qas é > o 
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and a material balance at the entrance 
Q,C,(0) + QoCy = Q,C,,(0) 


to evaluate the remaining arbitrary constants of integration and 
thereby obtain relations to predict composition profiles along the 
axis. 

(f) Deduce asymptotic solutions for the case when Q, > 0 and when 
Kg > “(a — 1.0); this corresponds to the plug-flow, nonrecirculat- 
ing result. 

When an insoluble bubble rises in a deep pool of liquid, its volume 

increases according to the ideal gas law. However, when a soluble bubble 

rises from deep submersion, there is a competing action of dissolution 
that tends to reduce size. Under practical conditions, it has been proved 

(Rice 1982) that the mass transfer coefficient (k,) for spherical particles 

(or bubbles) in free-fall (or free-rise) is substantially constant. Thus, for 

sparingly soluble bubbles released from rest, the following material 

balance is applicable 


4 
d (c : FTR?) 
a = —k,:C*-47R*(t) 
where C = P/R,T is the (ideal) molar density of gas, C* is molar 
solubility of gas in liquid, and R(t) is the changing bubble radius. The 
pressure at a distance z from the top liquid surface is P = P} + p, gz 
and the rise velocity is assumed to be quasisteady and follows the 
intermediate law according to Rice and Littlefield (1987) to give a linear 
relation between speed and size 


dz _ - ( 2g 


2/3 
ia) RO = BRC) 


where g is gravitational acceleration and v is liquid kinematic viscosity. 
(a) Show that a change of variables allows the material balance to be 
written as 


where 


_ k_RgTC* 
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(b) Solve the equation in part (a) subject to the initial condition R(0) = 
Ry, PO) = P) = P; + pgZpo and prove that 


P 


R24+3a\? 
Po 


R? +3A 





This expression could be used to find the distance or time required to 
cause a soluble bubble to completely disappear (R —> 0). 
2.11,. Considerable care must be exercised in applying the inverse operator 
method to forcing functions composed of products. Consider the 
equation 


for which we wish to find the particular solution. 
(a) Apply the inverse operator and show 


1 x 
%»~ DD-Hn*” 


then apply Rule 2 to the bracketed expression: 
— 1 1 x 
w%- D|D—-1” 
(b) Complete the indicated operations to show 
x? : 
y= (= =x% + i)e 


(c) Write the general solution in terms of only linearly independent 
solutions and two arbitrary constants. 
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In Chapter 2 you learned that all linear differential equations with constant 

coefficients of the type, for example, 
d’y 
ae? 


d 
2 +y=0 (3.1) 


sustained complementary solutions of the form exp(rx), where the characteristic 
roots in this case satisfy r? — 2r + 1 = 0. It may not be obvious, but these 
solutions are in fact Power Series representations, since the exponential func- 
tion can be represented by an infinite series 


(rx)? | (ny 


exp(rx) = 1 +m + “ay + e (3.2) 








This series representation can be written in compact form 


(x)”" 
n! 





exp(rx) = £ (3.3) 
n=0 


where it is clear that 0!= 1. As a matter of fact, we could have attempted a 
solution of Eq. 3.1 using the representation 


y= L a,x" (3.4) 
n=0 


We know in advance that a, = r”/n!, but nonetheless such a procedure may be 
quite useful for cases when an analytical solution is not available, such as when 
nonconstant coefficients arise [i.e., a(x), ao(x)]. 
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Let us proceed to solve Eq. 3.1 by the series representation, Eq. 3.4. Assume 
that the series coefficients a, are unknown and we must find them. First, 
differentiate the series, Eq. 3.4, and insert the several derivatives into the 
defining Eq. 3.1 to see if useful generalizations can be made. 


eo 


y= Ya,(n)x""! (3.5) 
n=0 

y"= > a,(n)(n — 1)x"~? (3.6) 
n=0 


Inserting these into Eq. 3.1 yields the necessary condition 


a 


È a,(n)(n — 1)x"7? -2 x a,(n)x"~! + > a,x" =0 (3.7) 
n=0 n=0 


n=0 


We can see that the first two terms of the first series contribute nothing, so we 
can increment the indices n upward twice with no loss of information and 
replace it with 


2 an(n + 2)(n + 1)x” 
n=0 


The second series has zero for its first term, so we increment upward once and 
replace it with 


eo 
an(n + 1)x” 
n=0 


Now, since all series groups have in common x”, then write the general result 
È [an(n + 2)(n + 1) — 2(n + Ia, 4, +a] x" = 0 (3.8) 
n=0 

The only nontrivial generalization we can make is 


an(n + 2)(n + 1) — 2a,,,(n +1) +4, =0 (3.9) 


This so-called recurrence relationship is a finite-difference equation, which can 
be treated by the methods of Chapter 5. It has a structure similar to the 
Euler-Equidimensional ODE (x’y” — 2xy’ + y = 0) and it is easy to show the 
solution is (a recurrence relation) 


a, = aoc (3.10) 


where r satisfies r? — 2r + 1 = 0, which has a double root at r = 1 so that we 
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finally obtain the first solution 
y(x) =a} x"/n! = ay exp(x) (3.11) 


as expected at the outset. It is always possible to find such recurrence relations 
to relate the series coefficients, but they are not always straightforward, as we 
show later by examples. 

We learned in Chapter 2, when only a single root obtains for a second order 
equation, then the second linearly independent solution was obtained by multi- 
plying the first solution by x, so that the complete complementary solution to 


Eq. 3.1 is 
oO x” 
= ay 2; zT bax È at (3.12) 
n=0 
or explicitly 
y = ay exp(x) + box exp(x) (3.13) 


We could have foreshadowed such problems (i.e., repeated or nondistinct roots) 
by proposing the more general form for series representation 


y= Yia,x"t? (3.14) 


where c is a variable index (it would obviously take values 0 and 1 in the 
previous example). This is the form used in the method of Frobenius to be 
discussed later in the chapter. At this point, it should be clear that this method 
will allow the two linearly independent solutions to be obtained in one pass, 
provided the series representation is indeed convergent. 

It is the purpose of this chapter to show how linear equations with variable 
coefficients can be solved using a series representation of the type shown by 
Eq. 3.14. This powerful technique has great utility in solving transport problems, 
since these problems always give rise to variable coefficients owing to the 
cylindrical or spherical coordinate systems used in practical systems of interest. 


3.2 PROPERTIES OF INFINITE SERIES 
An expansion of the type 


ay tax —X9) +t +a,(x—x9)" + °° = Ya, " (3.15) 


is called a Power Series around the point x9. If such a series is to converge (be 
convergent), it must approach a finite value as n tends to infinity. We wish to 
know those values of x that insure convergence of the series. Presently, we shall 
take x, x, and the coefficients a, to be real variables. Complex power series can 
be treated by the method taught in Chapter 9. We assert that only convergent 
series solutions are of value for solving differential equations. 
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To determine the values of x, which lead to convergent series, we can apply 
the ratio test (Boas 1983), which states that if the absolute value of the ratio of 
the (n + 1)* term to nth term approaches a limit € as n — ©, then the series 
itself converges when €e < 1 and diverges when e€ > 1. The test fails if e = 1. In 
the case of the Power Series, Eq. 3.15, we see 














e= tim |F [x — xol = Fix -xo (3.16) 
where 
R= lim |Z (3.17) 
n>% n+1 








if the limit indeed exists. Thus, it is seen that for convergence, e < 1; therefore, 
|x — xol < R (3.18) 


which is the condition on the values of x to insure convergence. Thus, if we can 
find a value R, then the range of convergence for the series is given by 


(xo — R) <x < (xo +R) (3.19) 


The distance R is called the radius of convergence. 

Now, within the interval of convergence, the original Power Series can be 
treated like any other continuously differentiable function. Such series formed 
by differentiation or integration are thus guaranteed to be convergent. Consider 
a series we have come to know very well 


2 n 
exp(x)=1+x+ 57 t+ 4 


ntl 


——— +: 3.20 

(n+1)! (220) 
so that we see the radius of convergence is (note the expansion is around the 
point x) = 0) 


= lim 


noe 


R= lim 


noo 








t 
fee = lim(n+1)=% (3.21) 








n+1 


It is thus clear for any finite x that 
1 
e= R — xol < 1.0 (3.22) 


since R —> œ. Obviously, this well-known series is convergent in the region 


—-% <x <% (3.23) 
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Consider the Binomial series discussed earlier in Section 2.5.2 


p(p — 1) P(p-1)(p-2) ; 























L+x)?=1+pxe+ Sx? + xe 4 +++ (3.24 
ea (DQ) DAO (oea 
The nth term can be seen to be 
n! 
so that the radius of convergence is 
E E Fa | (3.26) 
n>0|4n4) nowo|p—n 
Dividing numerator and denominator by n shows 
1+1 
R= lim SOA >1 (3.27) 
n>% eos as 1 
n 
Therefore, to insure 
e=|x|//R <1 (3.28) 


then |x| <1, so the Binomial series around the point x, = 0 is convergent 
provided |x| < 1. 


3.3 METHOD OF FROBENIUS 


In solving Transport Phenomena problems, cylindrical and spherical coordinate 
systems always give rise to equations of the form 


2 
rs + xP(x) Z + Q(x)y =0 (3.29) 


which contain variable coefficients. On comparing with the general second 
order, variable coefficient case, Eq. 2.167, we see that a,(x) = P(x)/x and 
a(x) = O(x)/x?. 

We shall assume that the functions Q(x) and P(x) are convergent around the 
point x, = 0 with radius of convergence R 


P(x) =Py+ Pix + Px? +- (3.30) 
Q(x) = Qo + Qix +Q? + -°- (3.31) 


Under these conditions, the equation can be solved by the series Method of 
Frobenius. Such series will also be convergent for |x] < R. 
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Thus, for the general case, we start with the expansion 
y= axe (3.32) 
n=0 


where c is a variable index (to be determined) and a, + 0 (since, as we saw 
earlier in Eq. 3.11, a is in fact an arbitrary constant of integration). 

The first stage of the analysis is to find suitable values for c through the 
indicial relation. The second stage is to find the relations for a, from the 
recurrence relation. This second stage has many twists and turns and can best be 
learned by example. We consider these relations in the next section. 


3.3.1 Indicial Equation and Recurrence Relation 


As stated earlier, the first stage is to find the values for c, through an indicial 
equation. This is obtained by inspecting the coefficients of the lowest powers in 
the respective series expansions. Consider Eq. 3.29 with P(x), Q(x) given by 
Eqs. 3.30 and 3.31; first, perform the differentiations 


i] 


Z _ L a(n +e)xrt ay! (3.33) 
n=0 
d*y = n+c-2 n 
ES Ya(nt+e-1)(n+c)x =y (3.34) 
n=0 


Insert these into the defining Eq. 3.29 


La (n+ce-1)(n+ce)x”* + (Po+Px+) 
n=0 
L a(n +c)x"*6 + (Qt Qixt+-:') Va, x"t* =0 


n=0 n=0 


(3.35) 


To satisfy this equation, all coefficients of x°, x°*!, x+”, and so on, must be 


identically zero. Taking the lowest coefficient, x°, we see 
ao[(c — 1)c + Py: ¢ + Qo] x° = 0 (3.36) 
This can be satisfied three possible ways, only one of which is nontrivial 
c(c—1) + Pc + Q) = 0 (3.37) 


This quadratic equation is called the indicial relationship. Rearrangement shows 
it yields two possible values of c 


c?+c(P,—-1)+Q,=0 (3.38) 


E (1 - Po) + V (Py - 1)” - 405 


C12 sue 2S)... (3.39) 
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The remainder of the solution depends on the character of the values c}, c3. If 
they are distinct (not equal) and do not differ by an integer, the remaining 
analysis is quite straightforward. However, if they are equal or differ by an 
integer, special techniques are required. 

We shall treat these special cases by way of example. The special cases can be 
categorized as: 


Case I The values of c are distinct and do not differ by an integer. 

Case II The values of c are equal. 

Case HI The values of c are distinct but differ by an integer; two situations 
arise in this category, denoted as case IIa or Ib. 


DISTINCT ROOTS (NOT DIFFERING BY INTEGER, CASE 1) 





Consider the second order equation with variable coefficients 


d? ad 
4x55 +65 -y=0 (3.40) 


Comparison with Eq. 3.29 shows that (on multiplying through by x and dividing 
by 4) 


Py = 6/4, P, = P, = P, = 0, and 
Qo = 0,2, = -1/4,Q, = Q3 = Q, = 


First, write the differentiations of 


co 
y= 2 a,xte 
n=0 


as 
y= Ya(nte)x"te (3.41) 
n=0 
y= $ a (n+c)(n+c-— 1x"? (3.42) 
n=0 


Insert these into Eq. 3.40 to yield 


4$} a(n +c)(n +c- 1)x”+eD 


n=0 


+6 Via (nt+e)x"**!— Y a,x" =0 (3.43) 
n=0 


n=0 
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Remove the lowest coefficient (x°~!) and form the indicial equation 


a,|4c(c — 1) + 6c] x°! = 0 (3.44) 
Now, since a) + 0, then we must have 
[4c? + 2c] =0;-.c, =0,¢, = =e (3.45) 


Now, since the first two summations have had their first terms removed, then 
summing should begin with n = 1, so that we should write 


4$ a, (n+c)(n+c-— 1)x"+! +6} a(ntec)x"t! 
n=1 


n=1 


wo 
=> aay t= 0 


n=0 


Another way to represent these sums is to increment n upward (i.e., replace n 
with n + 1), and this allows the sums to start from n = 0. It also yields the 
same power on x (ie., x”*°) in each summation so that they can all be 
combined under one summation 


L [4a (n +1 te)(ntc) + 6a,,,(n+14+c)—a,]x"*° =0 (3.46) 
n=0 


The recurrence relation is obviously the bracketed terms set to zero. In most 
practical problems, uncovering the recurrence relation is not so straightforward, 
and the coefficients a) = f(a,), a, = f(a), and so on, must be found one at a 
time, as we show later in example Ex. 3.2. However, in the present case, we have 
the general result for any value c 


a, 
Ans Can + be + O)in +1 Fe) oe 


We next consider the two cases c = 0 and c = — 1/2; first, when c = 0, we see 


= a, = a, 
ani = ant Ont (an +3)(2n +2) (3:48) 


We note this yields, when n = 0 


_ _ 4% 
#1 (3)(2) 


To find a general relation for the (n + 1)th or nth coefficient, in terms of ay 
(which we treat as an arbitrary constant of integration, so that it is always the 
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lead term), write the series of products 


lnti _ (22) (2) 
ao a, an-1 


There are (n + 1) of these products; inserting the recurrence relation, Eq. 3.48, 
shows 


(3) (3.49) 


ao 


1 
“ay ~ Qn+3)Qn+2) (n+Han  @a CO 


It is clear this defines a factorial 





ant = 1 

a  (2n+3)! iene) 
To find a,, increment downward (replace n with n — 1) 

a, 1 

ap (2n+1)! (2:32) 


which yields the sought-after general coefficient a, in terms of the lead 
coefficient ay, so that we have the first solution 








2 
x x 
> Oren raat + or +r) (3.53) 
This series of terms may be recognizable, if it is written in terms of 
vx 
ao (ve) | Wey 

Vine ie vx + 31 + 51 tore (3.54) 

This is clearly the hyperbolic sine series, so that 
yı = ay sinh(Vx )/ Vx (3.55) 
For the second linearly independent solution, take c = — 1/2, to see the 


recurrence relation, from Eq. 3.47 


b, b 


ee : (3.56) 
acer 4 Une) 


= (2n + 2)(2n + 1) 


Here, we use b, (instead of a,,) to distinguish the second from the first solution. 
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As before, we first note that b, = by) /(2\1). Next, form the (n + 1) products 


(HEE) Le) a 


n-1 











Inserting the recurrence relation, suitably incremented, shows 





Dearth od ee a ta E (3.58) 
bo (2n + 2)(2n +1) (2n)(2n - 1) (2)(1) À 
This again produces a factorial, so 
bası e 1 
bèo (2n +2)! (3:59) 
Incrementing downward then yields the required result 
b, 1 
b T Tn)! (3.60) 
so that we have the second solution 
bo = 1 bo x x? ) 
y = -= aoe el ta tpt: 3.61 
aE Git we a a ca) 


The series terms may be recognized as the hyperbolic cosine operating on the 
argument yx 


Y2 = by cosh( Vx )/ Vx (3.62) 


which is linearly independent of the first solution. It is unusual, and unexpected, 
that such series solutions are expressible as elementary, tabulated functions. 
Had the coefficient multiplying y in Eq. 3.40 been positive, then it is easy to 
show by Frobenius that the two linearly independent solutions would be: 


sin Vx / Vx and cos Vx / Vx. 


DISTINCT VALUES OF C (DIFFERING BY AN INTEGER, CASE IIB). 





We applied the Ricatti transformation to a nonlinear equation in Example 2.10 
and arrived at the linear Airy equation 


— a xz =0 (3.63) 


This equation arises frequently in physical science, and it also illustrates some of 
the pitfalis in undertaking a Frobenius analysis. Unlike the first example, we 
shall see that, most often, series coefficients must be deduced one at a time. As 
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before, we propose a solution of the form 
z= Fae (3.64) 
n=0 


Differentiating this and inserting z” and z into the defining equation we find 


L a(n +c)(n +c- 1)x"t?-— Ya xrtetl=0 (3.65) 
n=0 n=0 


If we remove the first three terms of the z” series, and then increment upward 
three times (replace n with n + 3), we get 


E [an(n +3 te)(n+2+c) —a,]x"t!* 
> (3.66) 


+agc(c — 1)x°~* +a (c + 1)cx*"! + a,(c + 2)(c + 1)x° =0 


The underlined term is the lowest power and produces the indicial equation 
e(c— 1) =0;..c,=1, ¢c, =0 (3.67) 


Now, the remaining terms must also be identically zero, and there are several 
ways to accomplish this task. For example, the solution corresponding to 
c = c, = 0 will automatically cause the term a,(c + 1)cx°~! = 0, so that noth- 
ing can be said about the value of a,, hence it is indeterminate; we then treat a, 
as an arbitrary constant of integration, just as we did for ay. Finally, it is clear 
that the only way to remove the term a,(c + 2c + 1)x°, regardless of the 
value of c, is to set a, = 0. This now leaves us with the general recurrence 
relation 


an 
fn+3 © (n+34e)(n+2+0¢) (3:63) 


Consider the solution corresponding to c = c, = 0 (the smallest root of c) 


a, 
Qna3 = Toy 3.69 
nt3 (n+3)(n+2) (3) 
We repeat that both a, and a, are arbitrary constants for this case; moreover, 
we also required earlier that for all cases a, = 0. Thus, we can write the 
coefficients for this solution one at a time using Eq. 3.69, first in terms of ay 


_ o. oZ ao 
Ogg “eS. TEE 





(3.70) 
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and also in terms of a, 





pi PSE _ a 
44, = 7.3597 = 7.6 = 7-6-4 3? (3.71) 


All terms linearly connected to a, must be zero (i.e., a; = a,/(5 - 4), since 
a, = 0). 

We can now write the two linearly independent solutions containing two 
arbitrary constants dy, a, as 


3 = . . 
z= ag(1 + 3r + Lipa e) +afz+ Leys Fox t c) 
(3.72) 
or 
z = ao f(x) + a,g(x) (3.73) 


This special circumstance for Case III will be called Case IIIb; it is distinguished 
by the fact that one of the coefficients a; becomes indeterminate when using the 
smallest index value c, and j = c, — c,. Thus, we see a; = a, in the present case, 
but this could have been foreshadowed by inspecting (c, — c,) = j. It is easy to 
show that the solution for c = 1 reproduces one of the above solutions. Thus, 
the lowest index c produces two linearly independent solutions at once. 

Forms of the two series solutions generated above are widely tabulated and 
are called Airy functions (Abramowitz and Stegun 1965); however, they are 
represented in slightly different form 


z = K,Ai(x) + K,Bi(x) (3.74) 
where in terms of our previous functions f(x) and g(x) 
Ai(x) = B, f(x) — Byg(x) (3.75) 
and 
Bi(x) = V3 (B, f(x) + By,g(x)) (3.76) 
and the constants are defined as 
B, = Ai(0) = Bi(0)/V3 = 3-7/1 (2/3) (3.77) 
B, = Ai'(0) = Bi'(0)/v¥3 = 37'/T(1/3) (3.78) 


The tabulated Gamma functions, F(x), will be discussed in Chapter 4. 
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EQUAL VALUES OF C (CASE I) 





Porous, cylindrical-shaped pellets are used as catalyst for the reaction A 4 
products, in a packed bed. We wish to model the steady-state diffusion-reaction 
processes within the particle. When the pellet length to diameter ratio 
(L/2R) > 3, flux to the particle end caps can be ignored. Assume the surface 
composition is C,, and that reaction kinetics is controlled by a linear rate 
expression R, = kC} (mole/volume - time), and diffusive flux obeys J, = 
—D,aC4/ar. 

Taking an annular shell of the type depicted in Fig. 1.1c, the steady-state 
conservation law is, ignoring axial diffusion, 


(2mrLJ,)|, —(27rLJ,)|,4, — (27r ArL)R, = 0 (3.79) 


Dividing by (27L Ar), and taking limits, yields 
d 
— g (a) -rR =0 (3.80) 


Introducing the flux and rate expressions gives 


td (os 


Dae Ha —kC,=0 (3.81) 


Differentiating, and then rearranging, shows 








aC dC 


Defining the new variables 


y=C4/Cas, x=r 5 (3.83) 
A 
yields the variable coefficient, linear ODE 
2d°y dy DE 
Mae a ge ee ee (3.84) 


We propose to solve this by the Frobenius method, so let 


æ 
y= L ae 
n=0 
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hence insert the derivatives to get 


io) 


Lanto tenaa E ake a0), ae 


n=0 n=0 n=0 


(3.85) 


Removing the coefficients of the lowest power (x°) and setting to zero gives the 
indicial equation 


agl[e(e — 1) +c]x° =0 (3.86) 


hence, we see c? = 0, so c, = c, = 0. Since we have removed a term from the 
first two series, we must rezero the summations by incrementing each upward by 
1 (replace n with n + 1) to get 


a ao 
La, (ntlte)(nt+e)x™*!+ Ya. (nt text 


n=0 n=0 


me Be Pe nee |) (3.87) 
n=0 


It is not yet possible to get a recurrence relation from this, since the first two 
series have lower powers than the last one. This situation suggests removing a 
term from each of the first two, and rezeroing again to get 


L lansa (n +2+c)(n+1+c)+a,,(n +2 +c) —a,]x"*er? 
cee (3.88) 


+a,{(c + 1)(c) + (c + 1)]x°*! =0 
It is clear that the coefficient of x°*! does not disappear when c = 0, so that we 


must set a, = 0. As we shall see, this implies that all odd coefficients become 
zero. We can now write the recurrence relation in general to find 


a,4.[n+2+c]} =a, (3.89) 
or for the case c = 0 
a 
Ane. = > 3.90 
+2 (n + ay? ( ) 
The general case, Eq. 3.89, shows that if a, = 0, then a, = a; =a; = + =0, 


so all odd coefficients are identically zero. Thus, we know at this point that both 
linearly independent solutions are composed of even functions. This suggests 
replacing n with 2k, so that the original form now reads 


y(x) = }, dogs (3.91) 
k=0 
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and the general recurrence relation is 


To find the first solution, set c = 0; hence, 


= 2 ak 
azk+2 = A2,/[2k + 2] CIF (3.93) 


We also see that a, = aọ/(2?), so that we write the series of products to 
attempt to relate a,,,,5 tO a 


A2k+2 _ f2k+2 a | „l2 (3.94) 
a ak k-2 ao 
hence 
rar 1 1 : (3.95) 


a (2k+2) (Qk 2 
To find a,,, replace k with (k — 1), so incrementing downward gives 


Aik te A te U I a, (3.96) 


4 (2k)? (Q2k-2% P? 


There are exactly k terms in the series of products (one term if k = 1, two 
terms if k = 2, etc). The factor 2? can be removed from each term, so that the 
sequence becomes more recognizable 


aw A 1 ies ae (3.97) 


a 2% ky? 2%k-1y 2-1 


Thus, 2? is repeated k times, and the factorial sequence k (k ~ 1)-(k — 
2)...1 is also repeated twice, so that we can write the compact form 


Ar, 1 1 
= —_ —_ 3.98 
ao = (22)* (kD)? en 
We can now write the first solution, for c = 0 
A (x\2* 1 
y(x) = a ¥ (3) (ke =aoh(x) (3.99) 


The series of terms denoted as [,(x) is the zero order, modified Bessel function 
of the first kind, to be discussed later in section 3.5.1. 
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To find the second linearly independent solution, we could form the product 
as taught in Chapter 2 


y(x) = v(x) I(x) (3.100) 


which will be linearly independent of I(x) if v(x) + constant. The reader can 
see this approach will be tedious. 

Another approach is to treat the index c like a continuous variable. We 
denote a function u(x,c), which satisfies the general recurrence relation, 
Eq. 3.89, but not the indicial relation, so that 


2 
eee + x0) —x?u(x,c) +byc?x°=0 (3.101) 


where 


u(x,c) =b} J l 1 ght 


lee a T. (3.102) 


We have replaced a, with b, to distinguish between the first and second 
solutions. Note, in passing, that if c > 0, then u(x,0) satisfies the original 
equation and is identical to the first solution y,(x). Now, if we differentiate 
u(x,c) partially with respect to c, we obtain 


21a 


We see in the limit as c — 0, the two residual terms disappear, and we conclude 
that 


ðu / ðc Je =0 
is another solution, which we can write as 


ðu( x, c) 


y(x) = Jc (3.104) 


c=0 


Now, it remains only to develop a systematic way of differentiating u(x, c). 
Inspection of Eq. 3.102 shows that u(x, c) is composed of a product of functions 
of c 


a(c) = file) ` fac) falc) ++ fle) fr Ce) (3.105) 
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where starting from the lowest: 


ef ee 
fic) ~ (c + 2} 
a: ae 
f(c) A. (c + 4)? 
sE t 
f3(¢) = (c +6) 
achk 
file) = (c + 2k)? 


fica s€e) = x2kte = exp[(2k + c)Inx] 


We can use the properties of logarithms to conveniently differentiate these 
product functions, since 


Ing =Inf, + Inf, + -++ In fg + (2k + c)Inx (3.106) 
and, since 
d d(in 
$- g Ang) (3.107) 


then we can differentiate one at a time to see 


E Sfi fa “Foote feni fe Ba the ins (3.108) 


since 
din fi 1 df, dinf, 1 df, 


de ~ f, de’ de ~ fy de> 








The tabulation of these derivatives are the following: 


fi _=2 e= 2 
fi (c + 2) 2 
fo —2 c=0 Z2 


f (c + 4) el 
(3.109) 


k 7 =2 c=0 pare 
fk (82k) 7 CK 


r 
k+1 


Hal |} 
ess 


3.3 Method of Frobenius 121 


Inserting these into 








ou 
ðc c=0 
gives 
ðu SE OEG | xk = —2 =2 
y(x) = =| =b a E st ++ ta Hl 
2( ) ðc c=0 od 22 42 (2k) 2 4 (2k) 
(3.110) 


Combining the k products of 2? with x?* gives 





= 1 x \2k = 1 1 1 1]/x\2* 
val) “È old) ae T + EC) 
(3.111) 
The summing function with k terms 
ee eee 3.112 
p(k) = 2 t3 t (3.112) 


takes values 


(0) = 0, ọ(1) = 1, (2) =1+ 5, (3) =1+ + 3 etc. (3.113) 


The solutions to this equation are tabulated and are called zero order, modified 
Bessel functions. We discuss them in the next section. Thus, the solution to 
Eq. 3.84 could have been written directly as 


y(x) = Aglo(x) + boKo(x) (3.114) 


where I,(x) and K,(x) denote the modified Bessel functions of the first and 
second kind. As with the Airy functions, the tabulated form of the second 
function is slightly different (within an arbitrary constant) from the series 
solutions worked out here, as can be seen by comparison with the terms given in 
the next section. It is also clear that the second solution tends to —œ as x tends 
to zero because of the appearance of In(x). Thus, for the present catalyst pellet 
problem, we would set b, = 0 to insure admissibility (continuity), so our final 


result is 
Cy [k 
y(x) = Cy. = toll D, | (3.115) 


Now, it can be seen from our first solution, y,(x) in Eq. 3.99, that J,(0) = 1, so 
that the present solution is finite at the centerline. At the outer edge of the 
pellet, where r= R, C,R) = C,, so evaluating ag gives a value 


| 
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1/Ip[ RY (k/D,) |, hence our final result for computational purposes is 
k 
Ca nl Da | 


Cas = k 
I Ry = 


We can use this to compute catalyst effectiveness factor, as we demonstrate in 
the next section. 





(3.116) 


DISTINCT VALUES OF C DIFFERING BY AN INTEGER (CASE IIIA) 





The following equation is satisfied by the confluent hypergeometric function of 
Kummer 


d’y 


d 
io + (a—x) > - py =0 (3.117) 


Use the method of Frobenius to find the two linearly independent solutions 
when a = B = 2. Introducing 
y= = axe re 


n=0 


and its derivatives yields 


x [a,(n +c)(n+c-—1)+2a,(n + c)]x”+e-! 
n=0 


æ% (3.118) 
- È [a(n +c) + 2a,|x"*° = 0 
n=0 
Removing the lowest power x°~! gives the indicial equation 
ale(c — 1) + 2c]x*"' =0 (3.119) 


so that c = 0, —1, which corresponds to Case III, since c, — c, = 1; thus be 
wary of a,. Since we removed one term from the first series, rezero this 
summation by incrementing n upward. This immediately gives the recurrence 
relation, since all terms multiply x”*° 


È [an(n t+ lte)(ntet+2)—a,(n +e + 2)]x"** =0 (3.120) 
n=0 
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Thus, the general recurrence relation is 
Qnuil(n+1t+e)(n+c+2)] =a,[n +c +2] (3.121) 


In Example (3.2), we foreshadowed a problem would arise in Case III for the 
term a,;, where c, — c, = j. Since we are alert to this problem, we shall give 
Eq. 3.121 a closer inspection, by writing the relation for a, (since j = 1 in the 
present case) 


a,(c + 1)(c + 2) =a {c + 2) (3.122) 


We see immediately that, when c = c} = —1, then a, ~ œ, which is inadmissi- 
ble. However, we can still proceed with the case c = 0, which gives a, = ay, and 


a 





Qn41 = SFT (3.123) 
or 
a, = “21 (3.124) 


n n n-1 a, 
— ee eee e — 3.125 
ao An-1 în-2 ao ( ) 
hence, 
a, 1 1 1 1 
ao 7 PEET TRI (3.126) 
This allows the first solution to be written 
w x” 
y(x)=a 2 nl = ag exp(x) (3.127) 
n=0 
Now, the case when c = —1 has a discontinuity, or singularity. We can also 


relate, in general, the coefficients a,, to ay as before, using Eqs. 3.121 and 3.122 


iter yh gt hs 
a (nt+c) n-1te (c+2) (c+1) or) 


From this, we can write the general solution u(x, c) (which does not yet satisfy 
the indicial solution), using b, to distinguish from the first solution 
ee | 1 1 
u(x,c) = by È Tay (c + 2) (n +c) 


n=1 


"© (3,129) 
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As it stands, this function satisfies the relation 


d’u(x,c du(x,c E 
ro) + (2 - x) Mo) — 2u(x,c) + bọc(c +1)x®7!=0 (3.130) 
since we have stipulated that the indicial equation is not yet satisfied. The 
singularity in Eq. 3.129 can be removed by defining the new function 
(c + 1)u(x,c), so that 


2 
xf (c + 1)u 


d(c + i)u 
dx? dx 


— 2(c + 1)u + boc(c + 1} x°! =0 
(3.131) 


+(2-x) 


It is now clear that the new function (c + 1)u(x,c) no longer blows up when 
c = —1, and it also satisfies the original defining equation. But is it linearly 
independent of the first solution? To check this, we use Eq. 3.129 to see 


(c + 1)u(x,c)|,--1 = bo x ao (3.132) 


n=1 


We increment the index by 1 (that is, replacing n with n + 1) to get 


o0 


(c + 1juf(x,c)le--1=b0 } Ja" (3.133) 


n=0 


But this is the same as the first solution (within an arbitrary constant) and is not 
therefore linearly independent! Our elementary requirements for the second 
solution are simple: It must satisfy the original ODE, and it must be linearly 
independent of the first solution. 

However, if we used the same procedure as in Example 3.3 (Case II) and 
partially differentiate Eq. 3.131, we see the appealing result 


d? a d ð 
x7 ae fF + 1)u + (2 — XR Ae le + 1)u 


- 22 (c + 1)u + bo(c + 1) x°! os) 


+ 2byc(c + 1)x°~! + boc(c + 1)?x°"! Inx = 0 


Taking limits as c > —1 thereby removes the residual terms and we see, 
indeed, that a new solution is generated 


ð 
Y2= (E+ 1)u(x,c)|n-1 (3.135) 
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so that we must perform the operations 


að 1 1 1 
Ya =bo E e[c F2 TF3 crn * 





n+e (3.136) 
1 


Since we have removed the (c + 1) term, there are n functions of c in the 
product 


1 1 
g(c) = = Sas eae ee Se (3.137) 


The differentiation of this product is done as before 





a _ fi hh n-1 
+ + Hll 3.138 
Pogo a ae Ge) 
where 
fi c+2°’ f c+3’ fra c +n’ 7 


Inserting these and taking limits as c > --1 


a al 1 1 - 
y(t) = bo LG ay Dil. 2s: aed 


n=l 





+Inx] (3.139) 


Replacing n of the above equation with n + 1 to get finally, 


oo x” o x” 
ya(*) =bolnx È žy -bo È Tr o(n) (3.140) 
= n=0 
where 
1 1 1 
e(n)=1+53+t3+ ta 


and as before 


(0) = 0, (1) = 1, o(2) = 1 + 3, ete. 


Again, the first term is zero, so that we could increment the second series 
upward and replace it with 


o: x”ti 
Eo 


We note, as in Example 3.3 (Case II), that In x occurs naturally in the second 
solution, and this will always occur for Case IIIa and Case II. This simply means 
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that at x = 0, these second solutions will tend to infinity, and for conservative 
physicochemical systems (the usual case in chemical engineering), such solutions 
must be excluded, for example, by stipulating bọ = 0. If x = 0 is not in the 
domain of the solution, then the solution must be retained, unless other 
boundary conditions justify elimination. In the usual case, the condition of 
symmetry at the centerline (or finiteness) will eliminate the solution containing 
In x. 


3.4 SUMMARY OF THE FROBENIUS METHOD 


The examples selected and the discussion of convergence properties focused on 
solutions around the point x, = 0. This is the usual case for chemical engineer- 
ing transport processes, since cylindrical or spherical geometry usually includes 
the origin as part of the solution domain. There are exceptions, of course, for 
example, annular flow in a cylindrical pipe. For the exceptional case, series 
solutions can always be undertaken for finite x) expressed as powers of 
(x — xo), which simply implies a shift of the origin. 

Thus, we have shown that any second (or higher) order, variable coefficient 
equation of the type 


vty + xP(x)% + O(x)y =0 (3.141) 
can be solved by writing 
y= Ya,x"** (a, #0) (3.142) 
n=0 


provided P(x) and Q(x) can be expanded in a convergent series of (nonnega- 
tive) powers of x for all |x| < R, and under such conditions the solutions are 
guaranteed to be convergent in |x| < R. The following procedure was consis- 
tently obeyed: 


1. The indicial equation was found by inspecting the coefficients of the lowest 

power of x. 

2. The recurrence relation was found by progressively removing terms and 
rezeroing summations until all coefficients multiplied a common power on 

x. 

3. Three general cases would arise on inspecting the character of the roots 

C=C), € = Cy, where c,- c =J: 

(a) Case I If the roots are distinct (not equal) and do not differ by an 
integer, then the two linearly independent solutions are obtained by 
adding the solutions containing c, and c,, respectively. 

(b) Case II If the roots are equal (c; =c,), one solution is obtained 
directly using c, in Eq. 3.142 and the second is obtained from 


Pe ee 


dc 


c=Cy 
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where 
oO 
u(x,c)} = } b x”*: 
n=0 


which does not in general satisfy the indicial equation. 

(c) Case III If the roots c} and c, are distinct, but differ by an integer 
such that c, — c, = j, then the coefficient a; will sustain one of the two 
behavior patterns: a; tends to © (a discontinuity) or a ; becomes 
indeterminate. These subsets are treated as follows. 

Case Illa When a, > ©, the singularity causing the bad behavior (the 
smallest root, c,) is removed, and the second solution is generated 


using 
ô 
y2 = zs (€ = cuf x, c)le=e, 


where u(x, c) is defined as in Case II. 

Case IIb When a, is indeterminate, then the complete solution is 
obtained using the smallest root c,, taking a, and a; as the two 
arbitrary constants of integration. 


3.5 SPECIAL FUNCTIONS 


Several variable coefficient ODE arise so frequently that they are given names 
and their solutions are widely tabulated in mathematical handbooks. One of 
these special functions occupies a prominent place in science and engineering, 
and it is the solution of Bessel’s equation 


ay +2 + (x? -p°)y=0 (3.143) 
or equivalently 
d{ dy 
GA + (x*— p’)y =0 


The solutions to this equation are called Bessel functions of order p; that is, 
J (x), J_,(x). Because of its importance in chemical engineering, we shall 
reserve a complete section to the study of Bessel’s equation. 
We mentioned earlier in Example 3.4 the confluent hypergeometric function 
of Kummer, which satisfies the equation 
2y 
a +(c — x) 2 -ay =0 (3.144) 


and which has tabulated solutions denoted as M(a,c; x). In fact, if c = 1 and 
a = —n (where n is a positive integer or zero), then one solution is the 
Laguerre polynomial, y = L,(x). 
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An equation of some importance in numerical solution methods (Chapter 8) 
is the Jacobi equation 


r(1-x) 2 + [a - (1 + b)x] È +n(b+n)y=0 (3.145) 


which is satisfied by the nth order Jacobi polynomial, y = J{®’Xx). This 
solution is called regular, since it is well behaved at x = 0, where J‘ (0) = 1. 

The Legendre polynomial is a special case of the Jacobi polynomial which 
satisfies (see Homework Problem 3.7) 


d? d 
(1 - x? aa -2x +n(n + l)y=0 (3.146) 


The nth Legendre polynomial is denoted as P,(x). 
The Chebyshev polynomial satisfies 


(1-x ai. x2 + n’?y =0 (3.147) 


The regular form we denote as y = T,(x), and n is a positive integer or zero. 


3.5.1 Bessel’s Equation 


The method of Frobenius can be applied to Eq. 3.143 (Bessel’s equation) to 
yield two linearly independent solutions, which are widely tabulated as 


y(x) =AJ,(x) + BI_,(x) (3.148) 


for real values of x. It was clear from Example 3.3 that different forms arise 
depending on whether 2p is integer (or zero), or simply a real (positive) 
number. 

Thus, if 2p is not integer (or zero), then the required solutions are expressed 
as 


~ (-"(fs) 


I(x) = D aap (3.149) 


where T(n +p + 1) is the tabulated Gamma function (to be discussed in 
Chapter 4). The second solution is obtained by simply replacing p with —p in 
Eq. 3.149. 

Now when p is zero, we can express the Gamma function as a factorial, 
T(n + 1) = n!, so the zero order Bessel function of the first kind is represented 
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by 


7 TES 2n Da i 
aaen o or eal (3.150) 


The reader can see, had we applied the method of Frobenius, the second 
solution would take the form 


( jmn w 
œ Ti hed 1 1 
Y2 = bol Jo(x) nx- X er Es a ce 


m=0 





(3.151) 


The bracketed function is called the Neumann form of the second solution. 
However, the most widely used and tabulated function is the Weber form, 
obtained by adding (y — In2)J,(x) to the above, and multiplying the whole by 
2/m. This is the standard form tabulated, and is given the notation 


Y)(x) = =[in( 5] + y|Jo(x) 


2 Za o (3.152) 
Face a D 
where as before, 
e(m+Ialt gee + 


The Euler constant y is defined as 


ya dim (1 P 3 Ei paw +2 - In(m)| = 0.5772 (3.153) 


moo 3 
Thus, the general solution when p = 0 is represented using symbols as 
y(x) = AJy(x) + BYo(x) (3.154) 


It is obvious that lim, _, oYoọ(x) = —, so that for conservative systems, which 
include x = 0 in the domain of the physical system, obviously one must require 
B = 0 to attain finiteness at the centerline (symmetry). 

When p is integer we again use the Weber form for the second solution and 
write (after replacing p with integer k) 


y(x) =AJ,(x) + BY, (x) (3.155) 
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Thus, J,(x) has the same representation as given in Eq. 3.149, except we 
replace T(n+kK4+)=(n+k)!. 


3.5.2 Modified Bessel’s Equation 


As we saw in Example 3.3, another form of Bessel’s equation arises when a 
negative coefficient occurs in the last term, that is, 


ott +x - (x? + p’)y = (3.156) 


This can be obtained directly from Eq. 3.143 by replacing x with ix (since 


i? = —1). The solution when p is not integer or zero yields 


y = AJ, (ix) + BJ_,(ix) (3.157) 
and if p is integer or zero, write 
y = AJ,(ix) + BY,(ix) (3.158) 


However, because of the complex arguments, we introduce the modified Bessel 
function, which contains real arguments, so if p is not integer (or zero), write 


y =Al (x) + BI_,(x) (3.159) 
or, if p is integer k (or zero), write 

y = Al, (x) + BK,(x) (3.160) 
The modified Bessel functions can be computed from the general result for 


any p 


2 


E (H) 
LO) = bart +) 


(3.161) 


If p is integer k, then replace T(n + k + 1) = (n + k)! The second solution for 
integer k is after Weber 


K,(x) = (- 1" [in( 5] $ y] AC) 
ey (- 1) "(k - moD 


A m! (3.162) 
k 1 2m+k 
o (1) |5x 
A iG +k) + o(m)] 


Plots of Jo(x), J,(x), YoCx), I(x), and Ko(x) are shown in Fig. 3.1. 


3.5 Special Functions 131 





Figure 3.1 Plots of Jo(x), J,(x), Yo(x), Ig(x), and 
Ko). 


3.5.3 Generalized Bessel Equation 


Very often, Bessel’s equation can be obtained by an elementary change of 
variables (either dependent, independent, or both variables). For the general 
case, we can write 


d?y dy 
x? — +. x(a + 2bx') 5 
dx? * * Vd (3.163) 


+[c + dx” - b(1 -a - r)x" + b’x”]y=0 


Representing Z ,(x) as one of the Bessel functions, then a general solution 
can be written 


= PCY az (E) + pz (s)| (3.164) 





where 





p=+ (454) =e (3.165) 


The types of Bessel functions that arise depend on the character of (d)'/7/s 


132 
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and the values of p 


1. If yd /s real and p is not integer (or zero), then Z, denotes J, and Z_, 
denotes J_.,,. 

2. If yd /s is real and p is zero or integer k, then Z, denotes J, and Z_, 
denotes Y,. 

3. If Vd /S is imaginary and p is not zero or integer, then Z, denotes 1, and 
Z_, denotes I_,. 

4. If vd /S is imaginary and p is zero or integer k, then Z, denotes I, and 
Z_, denotes K,. 





Pin-promoters of the type shown in Fig. 3.2a and 3.2b are used in heat 
exchangers to enhance heat transfer by promoting local wall turbulence and by 
extending heat transfer area. Find an expression to compute the temperature 
profile, assuming temperature varies mainly in the x direction. The plate 
temperature T,, fluid temperature T,, and heat transfer coefficient h are 
constant. 

We first denote the coordinate x as starting at the pin tip, for geometric 
simplicity (i.e., similar triangles). Heat is conducted along the pin axis and is lost 
through the perimeter of incremental area A, = 27ry As, so that writing the 
steady-state conservation law gives, where at any plane through the pin, the 
cross-sectional area is A = my? 


(4, A)|, (4A) p+ax — A27yAs(T — Ta) = 0 (3.166) 


Now, similar triangles show y/x = b/H and the incremental length As = 
Ax/cos B, so that replacing y and dividing by Ax yields 


_ 4(q,A) 2axbh 


noo Heng =O (3.167) 


Tp 


Figure 3.2a Pin-promoters attached to heat ex- 
change surface. 
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Figure 3.25 Geometry of a single pin. 


Replacing 
ae ar (By 
dy = a an = TX H 
gives 
tlet) -a| T-T) =0 (3.168) 
k( cos 6 


The equation can be made homogeneous by replacing (T — T,) = 6, and we 
shall denote the group of terms as 


2h 


[eB Jeo] 


so differentiating yields 


d? 
TG +T — x00 =0 (3.169) 


We now introduce a dimensionless length scale, z = Ax to get finally 


d’6 dé 
2. = 3.170 
z ye tE z6=0 ( ) 


Comparing this with the Generalized Bessel relation, Eq. 3.163, indicates we 


134 Chapter 3 Series Solution Methods and Special Functions 
should let 
b=0,a=2,c=0,d= -1,s=1/2 
and moreover, Eq. 3.165 suggests 
p=1 and lya = 2i (imaginary) (3.171) 


Comparing with Eq. 3.164, and item (4) in the list following, we arrive at 





1 
6 = g [Aoh ) + ByK,(2vz)| (3.172) 
We first check for finiteness at z = 0 (i.e., x = 0), using the expansion in 
Eq. 3.161 
3 
bd _ | 1 vz . 1 (vz) 
lim —J,(2 = | = =| + >= +: |=1 (3.173 
lim = 1,(2Vz ) Sue E A y 2 ( ) 


so we see that this solution is admissible at z = 0. It is easy to show for small 
arguments that K,(x) = 2"~n — 1)!x7”, hence approximately K(2Vz) = 
0.5/ Vz, so that in the limit 


lim 27 "/7K (2vz ) > o% 
z= 


Thus, this function is inadmissible in the domain of z = 0, so take B, = 0. This 
same conclusion would have been reached following a Frobenius analysis, since 
the series solution would obviously contain In(x) as taught in the previous 
sections. 

Whereas boundary conditions were not explicitly stated, it is clear in Fig. 3.2a 
that T(H) = T, or (AH) = T, — T,; hence, the arbitrary constant A, can be 


evaluated 
Ay = VAH (T, — T,)/1,(2VAF ) (3.174) 
In terms of x, the final solution is 
T(x) -T, _ [H M(x) (3.175) 
Ts ~ Ta x 1,(2VAH) 


The dimensionless temperature (T(x) — T,)/(T, — T,) arises naturally and can 
be computed directly from expansions for J, or from Tables (Abramowitz and 
Stegun 1965). 

We need the differential or integral properties for Bessel functions to 
compute the net rate of heat transfer. We discuss these properties in the next 
section, and then use them to complete the above example. 
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3.5.4 Properties of Bessel Functions 


It is easily verified that all Power Series presented thus far as definitions of 
Bessel functions are convergent for finite values of x. However, because of the 
appearance of In(x) in the second solutions, only Jx) and I(x) are finite at 
x = 0(p 2 0). Thus, near the origin, we have the important results: 


k = 0, Jo(0) = 1,(0) = 1 (3.176) 
k > 0 (integer), J,(0) = 1,(0) = 0 (3.177) 
p>0,J_,(0) = +1_,(0) > + (3.178) 


The sign in the last expression depends on the sign of T(m + p + 1), as noted 
in Eqs. 3.149 and 3.161. However, it is sufficient to know that a discontinuity 
exists at x = 0 in order to evaluate the constant of integration. We also 
observed earlier that In(x) appeared in the second solutions, so it is useful to 
know (e.g., Example 3.5) 


~Y,(0) = K,(0) > œ (3.179) 


hence only J,(x) and I,(x) are admissible solutions. 
Asymptotic expressions are also useful in taking limits or in finding approxi- 
mate solutions; for small values of x, the approximations are 


x? 
I(x) = a5 PRETI J(x)= Tap (x <1) (3.180) 
and for integer or zero orders, we have 


"n—1)! 
2"(n 1)! =n 
T 


y == (x <1,n #0) (3.181) 


Yo(x) = 2 in(x) (x <1) (3.182) 


The modified functions for small x are 


LENE 


L(x) = NE CEN L(x) = py (7< D (3183) 


K(x) = 2"-'(n-1)!x7"  (x<«1,n=#0) (3.184) 
K(x) = —In(x) (3.185) 


For large arguments, the modified functions sustain exponential type behavior 
and become independent of order (p may be integer or zero): 


I(x) = exp(x)/V¥27x (3.186) 


K,(x) = exp(—x) : Y 55 (3.187) 
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Table 3.1 Selected Values for Bessel Functions 
I of x ) 


1.0000 
1.266 
2.280 
4.881 
11.30 
27.24 
67.23 
168.6 
427.6 


x I(x) 

0 1.0000 
1 0.7652 
2 0.2239 
3 — 0.2601 
4 — 0.3971 
5 — 0.1776 
6 0.1506 
7 0.3001 
8 0.1717 
9 — 0.0903 


I(x) 


0.0000 
0.4401 
0.5767 
0.3391 
— 0.0660 
— 0.3276 
— 0.2767 
— 0.0047 
0.2346 
0.2453 


1094 


I(x) 


0.0000 
0.5652 
1.591 
3.953 
9.759 
24.34 
61.34 
156.0 
399.9 
1031 


However, for large arguments, J,(x) and Y,(x) behave in a transcendental 


manner: 


I(x) = JZ cos(x — Ş -p3) 
¥,(x) = (2 sin(x- F - pz) 


(3.188) 


(3.189) 


where p can be any real value including integer or zero. It is also clear in the 
limit x > œ that J,(x) and Y,(x) tend to zero. The oscillatory behavior causes 
J,(x) and Y,(x) to pass through zero [called zeros of J,(x)] and these are 
separated by a for large x. Values of several Bessel functions are tabulated in 
Table 3.1 and some zeros of J,(x) are shown Table 3.2. Table 3.2 illustrates the 
zeros for a type III homogeneous boundary condition. The transcendental 
behavior of I(x) plays an important part in finding eigenvalues for partial 
differential equations expressed in cylindrical coordinates, as we show in 


Chapter 10. 


Table 3.2 Zeros for J,(x); Values of x to Produce J,(x) = 0 


n=0 


2.4048 
5.5201 
8.6537 
11.7915 
14.9309 
18.0711 


n=1 


3.8371 
7.0156 
10.1735 
13.3237 
16.4706 
19.6159 


n=2 


5.1356 
8.4172 
11.6198 
14.7960 
17.9598 
21.1170 
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Table 3.3 Values of x to Satisfy: x -J,(x) = N - Jo(x) 


LN/x > x4 Xa X3 X4 X5 
0.1 0.4417 3.8577 7.0298 10.1833 13.3312 
1.0 1.2558 4.0795 7.1558 10.2710 13.3984 
2.0 1.5994 4.2910 7.2884 10.3658 13.4719 
10.0 2.1795 5.0332 7.9569 10.9363 13.9580 


It is easy to show by variables transformation that Bessel functions of 1/2 
order are expressible in terms of elementary functions: 


Jax) = Y sin(a) (3.190) 
Jal) = y cos(x) (3.191) 
I(x) = j Z sinh(x) (3.192) 
Iia(x) = y -Æ cosh(x) (3.193) 


3.5.5 Differential, Integral and Recurrence Relations 


The following differential properties may be proved with reference to the 
defining equations and are of great utility in problem solving (Mickley et al. 
1957; Jenson and Jeffreys 1977): 





d Ax?Z,_(Ax), Z=J,Y,I 
~| yP = 
q [*?Z,(Ax)] “Keres Bae (3.194) 
d —Ax~PZ, + (AX), Z=J,Y,K 
—— | yP £ 
T [xZ Ax)] | Ax?Z,,,(ax), Zeal (3.195) 
d AZ,_\(Ax) - 2Z,(ax), Z=J,Y,1 
ql Z(Ax)| = (3.196) 


Pp 
-AZ,-\(Ax) — EZ (àx), Z=K 


By applying the recurrence relations, these can also be written in the more 
useful form 


p 

d -ÀZ +1(àx) + 7 (AX), Z=J,Y,K 

T | Z(Ax)] = p (3.197) 
AZp+i(àx) + ZZ (Ax), Z= 
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Most tables of Bessel functions present only positive order values, so the 
recurrence relations are needed to find negative order values 


Z,(Ax) = Z [Zp (Ax) +Z,-Ax)], Z=J,Y (3-198) 
L(àx) = FF [hQe) —1,_(Ax)] (3.199) 
K,(Ax) = 55 [Kpei(A2) - K,-\(ax)] (3.200) 


Also, for n integer or zero, the following inversion properties are helpful: 


J_,(Ax) = (-1)"J,(Ax) (3.201) 
I_,(Ax) = 1,(Ax) (3.202) 
K_,(Ax) = K,(Ax) (3.203) 


Eqs. 3.194 and 3.195 are exact differentials and yield the key integral properties 
directly, for example, 


JxI,- (àx) dx = x”J (àx) (3.204) 
and 
frxPl,_Ax) dx = x?I,(Ax) (3.205) 


Later, in Chapter 10, we introduce the orthogonality property, which requires 
the integrals 


Í “Tl AE) Iq BEE dE 


(3.206) 
= Ae) IC Bx) = BLA) Ie (B2)] 





and if A = B, this gives the useful result 
x 2 1 ory 
S DAE Eag = 527[J2A2) = I-AA] (3.207) 


For k integer or zero, we saw in Eq. 3.201 that J_,(Ax) = (-1)*J,(Ax), so that 
if k = 0, the right-hand side of Eq. 3.207 may be written as 


Flex) +I2Ax)] 
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We were unable to complete the solution to Example 3.3 in order to find the 
effectiveness factor for cylindrical catalyst pellets. Thus, we found the expres- 
sion for composition profile to be 





epee aa (3.208) 


The effectiveness factor 7, is defined as the ratio of actual molar uptake rate to 
the rate obtainable if all the interior pellet area is exposed to the reactant, 
without diffusion taking place. Thus, this maximum uptake rate for species A is 
computed from 


Wax = WR*LKC 4, (3.209) 
and the actual net positive uptake rate is simply exterior area times flux 
dC, 
W,= 2mRL(+D,G") _, (3.210) 
We thus need to differentiate C} in Eq. 3.208, and we can use Eq. 3.197 to do 


this; we find 
andry x | 
É C4 Cis A 


7 a ir as al (3.211) 


and from Eq. 3.197 we see 


d [ k k k 
Solr D l = D; nfr Di | (3.212) 


so we finally obtain W, as 


k 
W, = 27RLC4,VkDy = (3.213) 
oly a, 


140 Chapter 3 Series Solution Methods and Special Functions 


Defining the Thiele modulus as 


A =Ryk/D, 


the effectiveness factor is 


_21(A) __W, 
a A hA) Wa, max 








(3.214) 


Curves for n4 versus A are presented in Bird et al. (1960). 





We were unable to express net heat flux for the Pin-promoters in Example 3.5, 
in the absence of differential properties of Bessel functions. Thus, the tempera- 
ture profile obtained in Eq. 3.175 was found to be expressible as a first order, 
modified Bessel function 


T(x) =T, + (1, — T,) a io (3.215) 
where 
2h 
A= 
k( = Joos 6 


To find the net rate of transfer to a single pin, we need to compute the heat 
leaving the base (which must be the same as heat loss from the cone surface) 


Q= (rb?) +E Ga (3.216) 


This will require differentiation of I(2y(àx)). To do this, define u(x) = 
2y(àx), so that from Eq. 3.196 








dI,(u dI (u) du À 1 
A a e de aE pe - Lu) (3.217) 
Thus, the net rate is 
krb? (T, — T,) R(2VAH) 
= p] -1 t AHO 3.218 
2 H 1,(2VAH ) (3:18) 





It is clear from Table 3.1 that x(x) > I(x), so that the net rate is positive as 
required. To find the effectiveness factor for Pin-Promoters, take the ratio of 
actual heat rate to the rate obtainable if the entire pin existed at temperature T, 
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(base temperature), which is the maximum possible rate (corresponding to œ 
conductivity) 


Qnar = +h Acone ` (Tp — T,) = habvb? + H? -(T,-—T,) (3.219) 


hence, we find 





se Q [k 1 VAHI,(2VAH) _ 


For large arguments (AH), we can obtain the asymptotic result, since I, ~ I, 
[Eq. 3.186] 


(3.221) 





Thus, the Biot number, defined as hb/k, and the geometric ratio (H/b) control 
effectiveness. Thus, for ambient air conditions, Bi ~ 2, and if H = b, then 
cos B = 1/ V2, hence an effectiveness is estimated to be 0.84 (84% effective- 
ness). Under these conditions, AH = 4V2, which can be considered large 
enough (see Table 3.1) to use the approximation Jy ~ J. 

For small values of (AH), we can use the series expansion in Eq. 3.161 to see 
that 


I(2VkH) =1+AH and (VAR) = VAH + (VAHY /2! 


so approximately 


1 
ZAH 
ae eae ee (3.222) 


U 
nay SAH y1+(H/b)y 


Moreover, since AH < 1, then we have finally that 7 — 1 for small AH (to see 
this, replace A = 2hH/(kb cos B) and cos B = H/ VH? + b°). 

This problem illustrates the usefulness of the asymptotic approximations 
given in Eqs. 3.186—3.189. 
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3.7 PROBLEMS 


3.1,. 


3.2. 


3.35. 


The Taylor series expansion of f(x) around a point x =x ), can be 
expressed, provided all derivatives of f(x) exist at xo, by the series 


wily) 0) i La 


y=f(x) =f(xo) + Se a 


=(=) + aT 


1 9"f( x9) 


n 
TAAR +a g (*¥ 7*0) 


Functions that can be expressed this way are said to be “regular.” 

(a) Expand the function y(1 +x) around the point x, = 0 by means of 
Taylor’s series. 

(b) Use part (a) to deduce the useful approximate result y(1 +x) = 1 
+ x/2. What error results when x = 0.1? 

(c) Complete Example 2.24 for the case n = 1/2 by Taylor expansion of 
exp(—E/RT) around the point To, retaining the first two terms. 
Determine the roots of the indicial relationship for the Frobenius method 

applied to the following equation: 


d*y id 
(a) E a. 
(b) 22 2B g0 
(c) PO 4x24 (2 -1y=0 


Thin, metallic circular fins of thickness b can be attached to cylindrical 
pipes as heat transfer promoters. The fins are exposed to an ambient 
temperature T,, and the root of each fin contacts the pipe at position 
r = R,, where the temperature is constant, 7|,. The fin loses heat to 
ambient air through a transfer coefficient h. The metallic fin transmits 
heat by conduction in the radial direction. 

(a) Show that the steady-state heat balance on an elementary annular 

element of fin yields the equation 


1 d{ dT 2h 
aal (se) - fe 
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(b) Define a dimensionless radial coordinate as 


_ fe 
x=r bk 


and introduce y = T — T,, and thus show the elementary equation 


2 
vt +x% —x*y=0 


describes the physical situation. 

(c) Apply the method of Frobenius and find the roots of the indicial 
equation to show that c, = c, = 0. 

(d) Complete the solution and show that the first few terms of the 
solution are 


rma (5) + (3) (ar) + 














3.4,. The Graetz equation arises in the analysis of heat transfer to fluids in 
laminar flow 





2 
e +2 + Wx2(1—x7)y =0 


Apply the method of Frobenius and show that the only solution that is 
finite at x = 0 has the first few terms as 


X) X Na 
vzali- ($) +l +7) pirr 


3.53. Use the method of Frobenius to find solutions for the equations: 
d*y _ dy 
(a) xQ1 — x) -2ġ + 2y=0 


d? d 
b) x53 + (1 - 2x) -y =0 


3.6,. Villadsen and Michelsen (1978) define the Jacobi polynomial as solutions 
of the equation 


xan +(B+1-(B+a+2)x]% 


+n(n+a+ß+1)y=0 
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3.8,. 


3.95. 


3.105. 
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Show how this can be obtained from the conventional definition of 
Jacobi’s ODE, Eq. 3.145. 

In the method of orthogonal collocation to be described later, Villadsen 
and Michelsen (1978) define Legendre’s equation as 


2 
x(1 -3 + (1 ~ 2x) 2 +n(n+1)y =0 


Use the change of variables u(x) = 2x — 1 and show this leads to the 

usual form of Legendre equation given in Eq. 3.146. 

(a) Show that the solution of Problem 3.3 can be conveniently repre- 
sented by the modified Bessel functions 


y = Al,(x) + BKo(x) 
(b) Evaluate the arbitrary constants, using the boundary conditions 


2h 
y=T,-T, @ x=R,) Fr 


- T =hy @ r=R, (outer fin radius) 


Rodriques’ formula is useful to generate Legendre’s polynomials for 
positive integers n 


1 d"(x?-1) 


Pi) = n der 





Show that the first three Legendre polynomials are 
1 2 
P(x) = 1; P(x) =x; P,(x) = 4 (3x° — 1) 


and then prove these satisfy Legendre’s equation. 

A wedge-shaped fin is used to cool machine-gun barrels. The fin has a 
triangular cross section and is L meters high (from tip to base) and W 
meters wide at the base. This longitudinal fin is 7 meters long. It loses 
heat through a constant heat transfer coefficient A to ambient air at 
temperature T4. The flat base of the fin sustains a temperature Ty. Show 
that the temperature variation obeys 


dy ay 2hLsecO\ _ 
IR? + P (a) =0 


3.7 Problems 


where 
x = distance from tip of fin 
y=T-T, 


T = local fin temperature 
T, = ambient temperature 

h = heat transfer coefficient 

k = thermal conductivity of fin material 
L = height of fin 

W = thickness of fin at base 

6 = half wedge angle of fin 
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(a) Find the general solution of the above equation with the provision 


that temperature is at least finite at the tip of the fin. 


(b) Complete the solution using the condition T = Ty at the base of the 


fin. 


(c) If a fin is 5 mm wide at the base, 5 mm high, and has a total length 
71 cm (28"), how much heat is transferred to ambient (desert) air at 
20°C? Take the heat transfer coefficient to be 10 Btu/hr-ft?-°F 
(0.24 x 107? cal/cm? - sec - °C) and the barrel temperature (as a 
design basis) to be 400°C. The conductivity of steel under these 
conditions is 0.10 cal/(cm - sec - °K). From this, given the rate of 
heat generation, the number of fins can be specified. Today, circular 
fins are used in order to reduce bending stresses caused by longitudi- 


nal fins. 


3.11,. Porous, cylindrical pellets are used in packed beds for catalytic reactions 


of the type A —> Products. Intraparticle diffusion controls the reaction 
rate owing to the tortuous passage of reactant through the uniform 


porous structure of the pellet. 


(a) Ignoring transport at the end caps, perform a steady material balance 
for the diffusion-reaction of species A to obtain for linear kinetics 


1d (8a 


Day a r) = k,a,C, =0 


where D, is pore diffusivity of species A, C4 is molar composition, 
k, is surface rate constant, and a, represents internal area per unit 


volume of pellet. 


(b) If the bulk gas composition is C4), and the gas velocity is so slow that 
a finite film resistance exists at the particle boundary (where r = R), 


then introduce the variables transformation 


~& nfs 
aes OP aoe D, 





and show the equation in part (a) becomes 


x ae tk 
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(c) Apply the boundary condition 











dC 
=D =p ke(Cal-=r — Cao) 
and show 
I | ka, 
r 
Cie ?. D4 
Cao 5 yD ka 
NA |g) ee anl e 
k. 1 D, D, 











Note: As k, > œ, the solution is identical to Example 3.3. 

3.12,. Thin, circular metal fins are used to augment heat transfer from circular 
pipes, for example, in home heating units. For such thin fins, heat is 
conducted mainly in the radial direction by the metal, losing heat to the 
atmosphere by way of a constant heat transfer coefficient h. In Problem 
3.3, we introduced the follow variables 


ya Ta, 


BNE 


to obtain for circular fins 


dy. dy 
24 Y Y 2, 
x he +x da I 0 
(a) If the pipe of radius R p takes a temperature T,, and the outer rim of 
the fin at position R exists at ambient temperature T4, show that the 
temperature profile is 


T-T _ I(x) Ko(*R) — Ko(*)Lo(*r) 
T,- Ta 7 Io(*,)Ko(Xp) — Io(*r)Ko( xp) 





where 


| 2h 
XR=R bk 


2h 
x= R; bk 
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(b) For small arguments, such that x, <x <x,z < 1, show that the 
temperature profile in part (a) reduces to 


r-1, _ (z) 
A ale 





R 


3.13*. Darcy’s law can be used to represent flow-pressure drop through uniform 
packed beds 


Voz = — n 2 (« is permeability) 


where Vo, is the superficial velocity along the axial (z) direction. The 
Brinkman correction has been suggested (Bird et al. 1960), so that pipe 
wall effects can be accounted for by the modification 


dp H Fal e) 





Sod k ter EN dr 


(a) For a constant applied pressure gradient such that —dp/dz = Ap/L, 
show that a modified Bessel’s equation results if we define 


AP Kk r 
= _ Vx. ee et tty): outs 
Y= Vo- Vos Vos Eu (Darcy velocity); x T 
hence, obtain 
2 
eo + x2 —x’y =0 


(b) Use the symmetry condition to show 
AP 
V(r) = Ta + Al,(r/V«k ) 


What is the remaining boundary condition to find the arbitrary 
constant A? 
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4.1 INTRODUCTION 


The final step in solving differential equations has been shown to be integration. 
This often produced well-known elementary functions, such as the exponential, 
logarithmic, and trigonometric types, which show the relationship between 
dependent (y) and independent variable (x). However, it frequently occurs that 
the final integral cannot be obtained in closed form. If this occurs often enough, 
the integral is given a name, and its values are tabulated. Such is the case with 
integral expressions such as the error function, the Beta function, and so on. It 
is important to know the properties of these functions and their limiting values, 
in order to use them to finally close up analytical solutions. We start with the 
most common integral relationship: the error function. 


4.2 THE ERROR FUNCTION 
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This function occurs often in probability theory, and diffusion of heat and mass, 
and is given the symbolism: 


erf(x) = F J exv(-B?) dB (4.1) 


Dummy variables within the integrand are used to forestall possible errors in 
differentiating erf(x). Thus, the Leibnitz formula for differentiating under the 
integral sign is written 


d (a) du du ulf (x, æ 
Fa SENE o) de = funa) Fe ~ Flug. a) Ge + S ARA aa 
ugla ola 
(4.2) 


Thus, if we wish to find 


L exf(x) 
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then 
d 2 dx 2 
—-erf(x) = >= exp ( —x?) = — exp ( —x? 4.3 


Fundamentally, erf (x) is simply the area under the curve of exp(— 8°?) between 
values of 8 = 0 and B = x; thus it depends only on the value of x selected. The 
normalizing factor 2/ Vr is introduced to ensure the function takes a value of 
unity as x > © (see Problem 4.10) 


erf (%) = 1 (4.4) 


4.2.1 Properties of Error Function 


While the erf(x) is itself an integral function, nonetheless it can also be 
integrated again, thus the indefinite integral 


ferf(x) dx =? (4.5) 
can be performed by parts, using the differential property given in Eq. 4.3 
du 
fert(x) de = fu(x) do = w - fvi ax (4.6) 


where we let u(x) = erf(x) and v = x, so that 


ferf(x) dx = x - erf (x) - J- exp (—x?°)xdx + K (4.7) 
T 
Now, since 2x dx = d(x?), we can write finally, 
fert(x) dr =x- erf (x) + ap (=?) +K (4.8) 
T 


where K is a constant of integration. 

For continuous computation, the erf (x) can be given an asymptotic expansion 
(Abramowitz and Stegun 1965) or it can be represented in terms of the 
Confluent Hypergeometric function after Kummer (e.g., see Example 3.4). A 
rational approximation given by C. Hastings in Abramowitz and Stegun (1965) is 
useful for digital computation 


erf (x) = 1 — (at + a,t? + azt?) exp (—x?) + € (4.9) 
where 
t=1/(1+ px) (4.10) 
p = 0.47047, a, = 0.34802, a, = —0.09587 
a, = 0.74785; e< 2.5- 1075 (4.11) 
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Table 4.1 Selected Values for Error Function: 


2 XxX 
erf(x) = Eh exp(— 6”) dp 


x erf (x) 
0 0 
0.01 0.01128 
0.1 0.11246 
0.5 0.52049 
1.0 0.84270 
1.5 0.96610 
2.0 0.99532 

eo 1.00000 


This approximation ensures erf (%) = 1. Occasionally, the complementary error 
function is convenient; it is defined as 


erfe(x) = 1 — erf(x) (4.12) 


Table 4.1 illustrates some selected values for erf(x). 


4.3 THE GAMMA AND BETA FUNCTIONS 
4.3.1 The Gamma Function 


The Gamma function was apparently first defined by the Swiss mathematician 
Euler. In terms of real variable x, it took a product form: 


I(x) = = ll eT (4.13) 


The notation Gamma function was first used by Legendre in 1814. From the 
infinite product, the usual integral form can be derived 


T(x) = feneta x>0 (4.14) 


It is clear from this that T(1) = 1, and moreover, integration by parts shows 
T(x +1) =x-T(x) (4.15) 
If x is integer, then since 


T(n) = (n—- 1) (" - 1) (4.16) 
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Table 4.2 Selected Values for Gamma Function: 


T(x) = force tat 
0 


x T(x) 
1.00 1.00000 
1.01 0.99433 
1.05 0.97350 
1.10 0.95135 
1.15 0.93304 
1.20 0.91817 
1.30 0.89747 
1.40 0.88726 
1.50 0.88623 
1.60 0.89352 
1.70 0.90864 
1.80 0.93138 
1.90 0.96177 
2.00 1.00000 


we can repeat this to I'(1) to get 
[(n) = (n - 1)(n - 2)...(2)()T(1) = (n - 1)! (4.17) 


The defining integral, Eq. 4.14, is not valid for negative x, and in fact tabula- 
tions are usually only given for the range 1 < x < 2; see Table 4.2 for selected 
values. These results can be extended for all positive values of x by using 
Eq. 4.15. Moreover, we can extend the definition of Gamma function to the 
realm of negative numbers (exclusive of negative integers) by application of Eq. 
4.15. For integer values, we can also see the requirement (—1)!= œ, since 
T(1) = 1 and from Eq. 4.16 


ri) =0-T(0) =0-(-1)! (4.18) 
It is clear that all negative integers eventually contain F(0), since 
T(n- 1) =T(n)/(n - 1) =T(n + 1)/[n(n — 1)], ete. (4.19) 


hence, T(n) is always infinite for negative integers. 
Occasionally, the range of integration in Eq. 4.14 is not infinite, and this 
defines the incomplete Gamma function 


r(x,7) = p i x>0,7>0 (4.20) 
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Prove that ['(1/2) = Vr. 
This can be done analytically as follows, starting with the definition 


P(1/2) = f re- at (4.21) 
0 
Let t = u? so dt = 2u du and Vt = u; hence, 
T(1/2) = f 2e du (4.22) 
0 


Thus the right-hand side is a form of the error function, and moreover, since 
erf (œ) = 1, then 


afew du = wef” du = yr (4.23) 
0 


This example allows us to write, for integer n 


r(x P 1) _ (Qn 1)(2n - DCs = 5). DAVE (494) 


4.3.2 The Beta Function 


The Beta function contains two arguments, but these can be connected to 
Gamma functions, so we define 


B(x, y) = [eva -4 ldt; x>0,y>0 (4.25) 


It is an easy homework exercise to show 
B(x, y) =T(x)T(y)/T(x +y) (4.26) 


From this, it is clear that B(x, y) = B(y, x). 


4.4 THE ELLIPTIC INTEGRALS 


In our earlier studies of the nonlinear Pendulum problem (Example 2.6), we 
arrived at an integral expression, which did not appear to be tabulated. The 
physics of this problem is illustrated in Fig. 4.1, where R denotes the length of 
(weightless) string attached to a mass m, @ denotes the subtended angle, and g 
is the acceleration due to gravity. Application of Newton’s law along the path s 
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Figure 4.1 Pendulum problem. 


yields 


2 
e +w sinb = 0 (4.27) 


where the natural frequency, œ = y(g/R). Replacing as before p = d0/dt 
yields 


p2 + w* sing = 0 (4.28) 
hence 
p? = 2w* cos@ +c, (4.29) 


If the velocity is zero; that is, 


do 
V=RĘ =0 


at some initial angle a, then p(a) = 0, so 
cı = —2w? cos(a) (4.30) 


We then have, taking square roots 


p= T = + y2w?(cos 6 — cos a) (4.31) 


hence for positive angles 


dé 


y 2w7(cos 6 — cos a) 


= dt (4.32) 
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If we inquire as to the time required to move from angle zero to a, then this is 
exactly 1/4 the pendulum period, so that 





T 1 fe dé 
z= — | 4.33 
4 wy2 Í vcos 0 — cosa (123) 
Now, if we define k = sin (a /2), and using the identities 
cos 0 = 1 — 2sin? (0/2 
(A (4.34) 
cos a = 1 — 2sin? (a/2) 
gives 
a dé 
T= 2 ieee (4.35) 
0 2 en2f 8 
k sin ( 7 ) 
Introducing a new variable o 
. 0 ; 
sin5 = k sin p (4.36) 
then ¢ ranges from 0 to 7/2 when @ goes from 0 to a. Noting that, 
0 
2/k? — sin? (5) 
2k d 2 
do = EET =§ —____— dg (4.37) 
we finally obtain 
T= 4? (4.38) 
9 y1- k?sin? 9 


The integral term is called the complete Elliptical integral of the first kind and is 
widely tabulated (Byrd and Friedman 1954). In general, the incomplete elliptic 
integrals are defined by 


af? dp 
F(k,¢) = Í P] (4.39) 


which is the first kind, and 


E(k,ọ) = [v Zk? sin? B -dB (4.40) 


which is the second kind. These are said to be “complete” if ¢ = 7/2, and they 
are denoted under such conditions as simply F(k) and E(k), since they depend 
only on the parameter k. 
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The series expansions of the elliptic integrals are useful for computation. For 
the range 0 < k < 1, the complete integral expansions are 














m LY wp otf A TEE EOT 
F(k) = F|1 + (5) k +(74] k + (373) & a (4.41) 
and 
T 1%, [1 3ōY k’ 1:3-5) Ko 
eœ) = Zli- (3) « ~ (34) z - (z7x) 5 +- | (4.42) 





Table 4.3 gives selected values for the complete integrals in terms of angle ¢ 
(degrees), where k = sin ọ. 

It is useful to compare the nonlinear solution of the pendulum problem to an 
approximate solution; for small angles, sin @ = 0, hence Eq. 4.27 becomes 


2 
- + 06 =0 (4.43) 


This produces the periodic solution 


8 =Acos(wt) + Bsin(wt) (4.44) 
Now, since it was stated 
dé 
a ~° 


at time zero, such that 9(0) = a, then we must take B = 0. Moreover, we see 


Table 4.3 Selected Values for Complete Elliptic Integrals: k = sin g 


o (degrees) F(k) E(k) 
0 1.5708 1.5708 
1 1.5709 1.5707 
5 1.5738 1.5678 

10 1.5828 1.5589 
20 1.6200 1.5238 
30 1.6858 1.4675 
40 1.7868 1.3931 
50 1.9356 1.3055 
60 2.1565 1.2111 
70 2.5046 1.1184 
80 3.1534 1.0401 


90 æ% 1.000 
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that A = a, so we find 
0 = acos(wt) (4.45) 


This can be solved directly for time 


wt = cos”'(6/a) (4.46) 
The time required for 6 to move from 0 to a is again T/4 (1/4 the period), so 
that 
T l(t 
7737) (A 


We can compare this with the exact result in Eq. 4.38, using the first two terms 
of the expansion in Eq. 4.41, since it is required k « 1 


Fighe ( e+] (4.48) 


Now, suppose a = 10°, so that sin a/2 = k = 0.087, hence the exact solution 
gives approximately 


a = ifii + 0.001899] (4.49) 


Thus, the approximate ODE in Eq. 4.43 sustains a very small error (per period) 
if the original deflected angle æ is small (less than 10°). Corrections for bearing 
friction and form drag on the swinging mass are probably more significant. 


4.5 THE EXPONENTIAL AND TRIGONOMETRIC INTEGRALS 


Integrals of exponential and trigonometric functions appear so frequently, they 
have become widely tabulated (Abramowitz and Stegun 1965). These functions 
also arise in the inversion process for Laplace transforms. The exponential, sine, 
and cosine integrals are defined according to the relations: 


Ei(x) = f H) gr (4.50) 
Si(x) = pee dt (4.51) 
Ci(x) = pre dt (4.52) 


The exponential integral for negative arguments is represented by 
-Ei(-x) = f woy = E(x) (4.53) 
x 


The behavior of these integral functions is illustrated in Fig. 4.2 
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Figure 4.2a Plot of Ei(x) versus x. 
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Figure 4.2b Plots of Si(x) and Ci(x) versus x. 
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Only the sine integral remains finite at the origin, and this information is 
helpful in evaluating arbitrary constants of integration. It is also important to 
note that Ei(x) is infinite at x > œ, hence Ei(—x) is also unbounded as 
x — —o, These boundary values are worth listing 


Si(0) = 0; Ci(0) = -œ; Ei(0) = -œ; E,(0) = +% 
Ei(@) = +0; E,(#*) = 0; E(-%) =» 


Useful recipes for calculating integral functions are available in Press et al. 
(1988). 
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4.7 PROBLEMS 


4.1,. One complementary solution of the equation 


2đd?y 


xz t (x- y(x<Z - y) = x7e7* 


is y, = xC, as seen by inspection. 
(a) Show that the second linearly independent, complementary solution 
can be constructed from the first as 


y2= Caxf e 





dx 


(b) Since the indefinite integral is not tabulated, introduce limits and 
obtain using a new arbitrary constant 


=f 


» e 
yp = —C3x J — dt 
po t 
Now we see that tabulated functions can be used 


y2 = ChxEi(-x) 
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so the complete complementary solution is 
Ye = Cix + ChxEi(—x) 


(c) Use the method of variation of parameters and prove that a particu- 
lar solution is 


=y 


Yp = -xe 
so the complete solution is finally, 
y(x) =x[C, + C)Ei(—x) — e~] 
4.2}. We wish to find the value of the sine integral 
: © sin (t 
Si(~) = Í, u dt 
A useful, general approach is to redefine the problem as 
= [e-e Sin (4) 
I(B) Í, e 7 dt 
Then produce the differential 
ee = — f e sin (t) at 
0 


(a) Use integration by parts twice on the integral expression to show 


a S 
dp 1+ p? 


Hence, 
(gp) = ~tan"'B+K 
where K is an arbitrary constant of integration. 


(b) Invoke the condition that [(~) = 0; hence, show that K = 7/2, and 
so get the sought-after result 


1(0) = Si(~) = 5 
4.3,. The complementary error function can be expressed as 


erfc(x) = fet du 
T “x 
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We wish to develop an asymptotic expression for erfc (x), valid for large 
arguments. 
(a) Use integration by parts to show 


Saeed 


fret du = =~ = f et du 


x x 4u 





(b) Repeat this process again on the new integral to get 


2-1 ee 3 pre” 
—y2 -E 2 2 Eoo 
f aes du = 4x3 rah ui du 


(c) Show that continuation finally yields 


iene + i 
x BE Ne BRE ose Cg) 








=x? $ .3. 
fre® du = E 1 1 1-3 1:3-5 


and thus for large arguments 


en? 


xv 





erfc (x) = 


4.4,. The Beta function can be expressed in alternative form by substituting 
t = sin? 0; 1 — t = cos? 0 
(a) Show that 


2 
B(x, y) = af" sin?! @ - cos?”—! @ d@ 


(b) Now, use the substitution t = cos? 0, repeat the process in (a) and 
thereby prove 


B(x, y) = Bly, x) 
4.5,. Use the method illustrated in Problem 8.2 to evaluate 


Ha) = free OO) a (9 


and thus obtain the useful result 


I(a) = 57 ef (a) (II) 


4.6. 


ATs. 
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(a) Apply two successive differentiations with respect to a and show that 


dI dI 
Ta? + 2a Ta =0 


(b) Replace dI/da with p and obtain 
p = Aexp(~a’) 
and then deduce that A = Vr. 
(c) Integrate again and show that 


I(a) = $r erf (a) +B 


Since the defining integral shows 1(0) = 0, then B = 0, hence obtain the 
elementary result in (II) above. 
Evaluate the derivative of the Gamma function and see 





I(x) = ats) = f neat 


and then show that at x = 1 
(1) = -y 
where y = 0.5772 is Euler’s constant 


; 1 1 1 1 

y= lim (1+ 5 +3 tg + +Š = In(n)) 

An approximation to F(x + 1) for large x can be obtained by an 
elementary change of variables. 


(a) Starting with 
P(x +1) = f tedi 
0 


change variables to 





and show that 


1S Ge oe 9 ea ca Ey y 
a a L2 (1+ | dr 
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(b) Rearrange the integral by noting 


bel oft 


then use the Taylor expansion for In(1 + 7/ Vx) around the point 
T = 0; that is, 


dIn(1 +x) 1 6? In(1 +x) 
ox or 


ax? 





In(1 + x) = In(1) + jane 





x=0 


G 


(this is called the Maclauren expansion) and thus shows 


T T? 
E = +: 


Ye 2% 








e*x 


T(x +1) VE 
“= JE e|- +x 


+ f” exp —ryx +xin(1 + dr 
ic 





=| 

vx 

(c) For large x, the second integral has a narrow range of integration, so 
ignore it and hence show 


T(x + 1) a 
e~™*x*t 1/2 = V2 
When x = n (an integer), we have P(n + 1) = n!, so the above yields the 


useful result 
n! = y2qre"n"t1/2 


This is known as Stirling’s formula. It is quite accurate even for relatively 
small n; for example, for n = 3, n!= 6, while Stirling’s formula gives 
3! = 5.836. 

4.8,. Evaluate the integral 


I= p dd 
o y1- 4sin?¢ 
and show that 
1/1 
r= 5F(3] 


4.9,. It is useful to obtain a formula to calculate elliptic integrals outside the 
range normally provided in tables (0 to 7/2 radians). Use the relations 


F(k, 7) = 2F(k) 
E(k, 7) = 2E(k) 
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to show 
F(k,ġ + ma) = 2mF(k) + F(k,¢) 
E(k,¢ + m7) = 2mE(k) + E(k,¢) 
m = 0,1,2,3,... 
4.10,. Show that 
7 r? > 1) 
a,—bx* ER 
fx á dx = cba + De 


and then use this result to show the important probability integral has 
the value 


Chapter 5 


Staged-Process Models: 
The Calculus 
of Finite Differences 


5.1 INTRODUCTION 


164 


Chemical processing often requires connecting finite stages in series fashion. 
Thus, it is useful to develop a direct mathematical language to describe 
interaction between finite stages. Chemical engineers have demonstrated con- 
siderable ingenuity in designing systems to cause intimate contact between 
countercurrent flowing phases, within a battery of stages. Classic examples of 
their clever contrivances include plate-to-plate distillation, mixer-settler systems 
for solvent extraction, leaching batteries, and stage-wise reactor trains. Thus, 
very small local driving forces are considerably amplified by imposition of 
multiple stages. In the early days, stage-to-stage calculations were performed 
with highly visual graphical methods, using elementary principles of geometry 
and algebra. Modern methods use the speed and capacity of digital computa- 
tion. Analytic techniques to exploit finite-difference calculus were first published 
by Tiller and Tour (1944) for steady-state calculations, and this was followed by 
treatment of unsteady problems by Marshall and Pigford (1947). 

We have seen in Chapter 3 that finite difference equations also arise in Power 
Series solutions of ODEs by the Method of Frobenius; the recurrence relations 
obtained there are in fact finite-difference equations. In Chapters 7 and 8, we 
show how finite-difference equations also arise naturally in the numerical 
solutions of differential equations. 

In this chapter, we develop analytical solution methods, which have very close 
analogs with methods used for linear ODEs. A few nonlinear difference 
equations can be reduced to linear form (the Riccati analog) and the analogous 
Euler-Equidimensional finite-difference equation also exists. For linear equa- 
tions, we again exploit the property of superposition. Thus, our general solu- 
tions will be composed of a linear combination of complementary and particular 
solutions. 


5.1 Introduction 165 


5.1.1 Modeling Multiple Stages 


Certain assumptions arise in stage calculations, especially when contacting 
immiscible phases. The key assumptions relate to the intensity of mixing and the 
attainment of thermodynamic equilibrium. Thus, we often model stages using 
the following idealizations: 


e CSTR Assumption (Continuous Stirred Tank Reactor) implies that the compo- 
sition everywhere within the highly mixed fluid inside the vessel is exactly 
the same as the composition leaving the vessel. 

e Ideal Equilibrium Stage Assumption is the common reference to an “ideal” 
stage, simply implying that all departing streams are in a state of thermody- 
namic equilibrium. 


As we show by example, there are widely accepted methods to account for 
practical inefficiencies that arise, by introducing, for example, Murphree Stage 
efficiency, and so on. 

To illustrate how finite-difference equations arise, consider the countercur- 
rent liquid-liquid extraction battery shown in Fig. 5.1. We first assume the 
phases are completely immiscible (e.g., water and kerosene). The heavy under- 
flow phase has a continuous mass flow L (water, kg/sec), and the light solvent 
phase flows at a rate V (kerosene, kg/sec). Under steady-state operation, we 
wish to extract a solute X, (e.g., acetic acid) from the heavy phase, and transfer 
it to the light phase (kerosene), using a nearly pure solvent with composition 
Yy+1 Since the solvent flows are constant, it is convenient in writing the solute 
balance to use mass ratios 


Y = mass solute /mass extracting solvent (5.1) 


X = mass solute /mass carrier solvent (5.2) 
The equilibrium relation is taken to be linear, so that 
Y, = KX,, (5.3) 


With a slight change in the meaning of the symbols, we could also use this 
model to describe countercurrent distillation; here V would be the vapor phase, 
and L would denote the downflowing liquid. We illustrate distillation through 
an example later as a case for nonlinear equations. 


V, Yı V, Yn V, Yn+1 V, YN+1 
B 
L, Xo L, Xn 1 L, Xn L, Xy 


Figure 5.1 Continuous countercurrent extraction cascade. 
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A material balance on the nth stage can be written, since accumulation is nil 
(steady state) 


LX,,_, + VY,4,, — LX, — VY, =0 (5.4) 
We can eliminate either X or Y, using Eq. 5.3. Since we are most concerned 


with the concentration of the light product phase (Y,), we choose to eliminate 
X; hence, 


(k)i + VY- (gln -7 =0 (5.5) 


Dividing through by V yields a single parameter, so we have finally, 


Yasi — (B + DY + BYn-1=0 (5.6) 
where 
L 
P = K 


This equation could be incremented upward (replace n with n + 1) to readily 
see that a second order difference equation is evident 


Y,+2 — (B + 1)Y¥,41 + BY, = 0 (5.7) 


Thus, the order of a difference equation is simply the difference between the 
highest and lowest subscripts appearing on the dependent variable (Y in the 
present case). Thus, we treat n as an independent variable, which takes on only 
integer values. 


5.2 SOLUTION METHODS FOR LINEAR FINITE DIFFERENCE EQUATIONS 


It was stated at the outset that analytical methods for linear difference equa- 
tions are quite similar to those applied to linear ODE. Thus, we first find the 
complementary solution to the homogeneous (unforced) equation, and then add 
the particular solution to this. We shall use the methods of Undetermined 
Coefficients and Inverse Operators to find particular solutions. 
The general linear finite difference equation of kth order can be written just 
as we did in Section 2.5 for ODE 
Yak + Qt) > Yageia + °° +a0(4)Y, = f(a) (5.8) 
It frequently occurs that the coefficients a, are independent of n and take 
constant values. Moreover, as we have seen, the second order equation arises 
most frequently, so we illustrate the complementary solution for this case 
Y, 


n 


+2 + 4Y,41 + aY, = 0 (5.9) 


Staged processes usually yield a negative value for a,, and by comparing with 
the extraction battery, Eq. 5.7, we require a, = —(B + 1) and ay = B. 
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5.2.1 Complementary Solutions 


In solving ODE, we assumed the existence of solutions of the form y = 
A exp (rx) where r is the characteristic root, obtainable from the characteristic 
equation. In a similar manner, we assume that linear, homogeneous finite 
difference equations have solutions of the form, for example, in the previous 
extraction problem 


Y, = A(r)” (5.10) 
where A is an arbitrary constant obtainable from end conditions (i.e., where 
n=0,n =N + 1, etc.). Thus, inserting this into this second order Eq. 5.9, with 
a, = —(B + 1) and a, = B yields the characteristic equation for the extraction 
battery problem 

r?>—-(B+1)r+Bp=0 (5.11) 
This implies two characteristic values obtainable as 
(B+ 1)+V(B +1) - 46 +1)+ (6-1 
ae _ 5 oa (B ) 7 (B ) (5.12) 
which gives two distinct roots 
r, =ß; n=1 


Linear superposition then requires the sum of the two solutions of the form in 
Eq. 5.10, so that 


Y, = A(r,)" + B(r2)" = A(B)" + BCA)" (5.13) 
We can now complete the solution for the extraction battery. Thus, taking the 
number of stages N to be known, it is usual to prescribe the feed composition, 


Xo, and the solvent composition Y,,,. From these, it is possible to find the 
constants A and B by defining the fictitious quantity Yọ) = KX,; hence 


KX, = A(B)° + B(1)? =A +B (5.14) 
Yy+ı = A(B)"*' +B (5.15) 


so we can solve for A and B 


KX — Ynai 
A ae (5.16) 
and 
— KX N+1 
B= Yue — KXoB (5.17) 


1- pyr 
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The general solution then becomes 





KXo — Yn 1 n Yy 1 — KX B~"! 
and the exit composition is obtained by taking n = 1; hence, 
KX, B(1 — BY) +Y, 1- 
T [KXoB(1 - BY) + Yy, (1 - B)] Gai 


[1 = pyr | 


It is possible, if Y,, Yy,, and £ are specified, to rearrange Eq. 5.19 to solve for 
the required number of stages to effect a specified level of enrichment. Thus, 
rearranging to solve for B+! gives 


Yy, KX, 
h -30-0 - Fee] À 


p^t = | RX, (5.20) 


1- =~ 


Y, 
If we denote the ratio on the right-hand side as #, then taking logarithms gives 


(N+1)= ee (5.21) 





In the case just considered, the characteristic roots r} were distinct. However, 
it is also possible for the roots to be equal. For this case, with r} = r, =r, we 
proceed exactly as for continuous ODE, and write the second linearly indepen- 
dent solution as nr”; hence, 


Y, = (A + Bn)r” (5.22) 


It is also possible for the roots to take on complex values, and these will always 
occur in conjugate pairs 


r, =o+ io; r,=a-iw (5.23) 


As we illustrate more fully in Chapter 9, such complex numbers can always be 
written in polar form 


ri =o + iw = |rlexp (ig) (5.24) 
r, =o — iw = |rlexp(—ig) (5.25) 
where 


Ir|= Ve? +o’; g =tan (w/c) 
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Here, |r| is called the modulus, and ¢ is the phase angle. It is now clear that the 
Euler formula can be used to good effect 


Irjexp (ig) = Irl[cos(g) + isin(¢)] (5.26) 
so we insert the two complex roots and rearrange to get 


Y, =Ir|"[ A cos (ne) + Bsin(ng)] (5.27) 


since 


exp (ing) = cos(ng) + isin (nọ) 





It is desired to find the required number of ideal stages in the extraction 
cascade illustrated in Fig. 5.1. Take the feed-to-solvent ratio (L/V) and 
equilibrium distribution constant (K) to be unity, then B = L/(KV) = 1. Pure 
solvent is specified, so Yy,, = 0 kg solute /kg solvent, and the feed is Xo = 1 kg 
solute /kg carrier. It is desired to produce a rich extract product such that 
Y, = 0.9 kg solute /kg solvent. 

This problem can be solved by classical methods, using graphical construction 
as illustrated in Fig. 5.2. The stage-to-stage calculations require linear connec- 
tions between equilibrium line (i.e., departing streams) and operating line. The 
passing streams are related by way of a material balance between any stage n 
and the first stage, and this relationship is called the operating line; thus, we 





n 


Figure 5.2 Graphical stage-to-stage calculations. 
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write the material balance: 


VY, ,, + LX, = VY, + LX, (5.28) 


and rearrange to find Y, ,, = f(X,,) which is the operating line 


Y, = (F)%, + (x, -XF ) (5.29) 


with slope L/V and intercept (Y, ~ Xo L/V ). This line is plotted along with 
the equilibrium curve (Y, = KX,„) in Fig. 5.2, and stages are stepped-off as 
illustrated to yield N = 9 stages. 

A direct computation could have been performed using Eq. 5.21. However, 
since B = 1, a difficulty arises, since 


log (4)/log (8) = log (1) /log (1) = 0/0 


which is indeterminate. To resolve this difficulty, we can perform the limiting 
operation 





(N+1)= im cere (5.30) 


To perform this limit, we can use the series expansion for logarithms 
log(x) =(x-1)- 3 (2-1? + (5.31) 


so for x ~ 1, use the first term to get 


Yuis(B = 1) KX)(B a 1) 


(N+) mL Y KNE - 1) Poe 
This gives a finite limit, since (8 — 1) cancels and we finally get 
(N+ 1) = Sao (5.33) 
valid for B = 1. Inserting the given parameters yields 
(Wei = 20 wN=9 (5.34) 
(1 - 0.9) 


We could also have resolved this indeterminacy using L’H6pital’s rule. 

In Section 2.4.2, we illustrated how to reduce a certain class of variable 
coefficient ODE to an elementary constant coefficient form; such equation 
forms were called Equidimensional or Euler equations. The analog of this also 
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exists for finite difference equations; for example, 
(n + 2)(n + 1)Y,,,+A(n + 1)Y¥,4, + BY, =0 (5.35) 


This can be reduced to constant coefficient status by substituting 


N 


y= (5.36) 


= 


hence, we have in terms of z 


Zn+2 tAZn4, + Bz, =0 (5.37) 





Find the analytical solution for a, in the recurrence relation given in Eq. 3.9, 
subject only to the condition a, is different from 0 


an(n + 2)(n + 1) — 2a,,\(n +1) +a, =0 (5.38) 
As suggested in Eq. 5.36, let 
a, =% (5.39) 
so we get a relation for a,, 
An+2 — 24,4, +a, = 0 (5.40) 
Now, assume a solution for this constant coefficient case to be 
a, = Ar” (5.41) 
so the characteristic equation is 
r?—-2r+1=0 (5.42) 
Hence, we have equal roots: r; = r, = 1. According to Eq. 5.22, the solution is 
a, =(A + Bn)r" =(A+ Bn) (5.43) 
and so from Eq. 5.38, 


(A + Bn) 
a 


a (5.44) 


n 


Now, the only boundary condition we have stipulated is that a, is different from 
0, so one of the constants A or B must be set to zero. If we set A = 0, then we 
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would have 


B 


ns m-i! (5.45) 


a 


But when n = 0, then (—1)!= œ. This says ay = 0. Thus, we must set B = 0 
and write a„ = A/n!. Now, since a, is different from zero, set n = 0 to see that 
A = ap, since 0!= 1. This reproduces the result given by Eq. 3.10, with r = 1 


a,= > (5.46) 


5.3 PARTICULAR SOLUTION METHODS 


We shall discuss two techniques to find particular solutions for finite difference 
equations, both having analogs with continuous ODE solution methods: 


1. Method of Undetermined Coefficients 
2. Method of Inverse Operators 


A Variation of Parameters analog was published by Fort (1948). 


5.3.1 Method of Undetermined Coefficients 


Under forced conditions, the constant coefficient, second order finite difference 
equation can be written, following Eq. 5.8 

Yata + Yanai + aoY, = f(n) (5.47) 
where f(n) is usually a polynomial function of n. Thus, if the forcing function is 
of the form 


f(n) = by + bin +b? + °°: (5.48) 
then the particular solution is also assumed to be of the same form 
Y? =a +t an +a +: (5.49) 


where a, are the undetermined coefficients. The particular solution is inserted 
into the defining equation, yielding a series of algebraic relations obtained by 
equating coefficients of like powers. Difficulties arise if the forcing function has 
the same form as one of the complementary solutions. Thus, linear indepen- 
dence of the resulting solutions must be guaranteed, as we illustrated earlier, 
for example, in Eq. 5.22 (for the occurrence of equal roots). We illustrate the 
method by way of examples in the following. 





Find the particular solution for the forced finite difference equation 


Yn+1 7 2y, Fi 3Yp-1 = (n + 1) (5.50) 
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Inserting an assumed solution of form 
Vy = Ay t+ ayn (5.51) 
into Eq. 5.50 yields 
ag + a(n + 1) — (ay t+ ayn) — 3[agt+a(n-1)] =n +1 (5.52) 
Equating coefficients of unity and n gives, first for coefficient of unity 
ay + a, — 2a — 3a + 3a, = 1 (5.53) 
hence, 
4a, — 4a) = 1 (5.54) 
Next, coefficients of n give 
a, — 2a, — 3a, =1 a, = | (5.55) 


We can now solve Eq. 5.54 for a 


ay = -3 (5.56) 
The particular solution can now be written 
y= 7 = in (5.57) 


To check linear independence with the complementary parts, first find the 
characteristic roots from the homogeneous equation to see 


r—-2r-3=0 «7,2. =3,-1 (5.58) 
yo = A(3)” + B(-1)” (5.59) 


and these are obviously independent of the particular solutions. The general 
solution is written as before: y, = yf + y? . The coefficients A and B are found 
for the general solution using end conditions. 





Repeat the previous problem, except the forcing function, f(n) = B)". 
It is clear that an assumed solution of the form 


y? = a(3)" (5.60) 


will not be linearly independent of one of the complementary solutions. 
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Therefore, we assume a solution form, which is clearly independent 


yp = Bn(3)" (5.61) 
Inserting this gives 
B(n + 1)3"*! — 2Bn3” — 3B(n — 1)3"7! = 3” (5.62) 
Dividing through by 3” gives 
3B(n + 1) — 2Bn — B(n—-1) = 1 (5.63) 


Equating coefficients of unity allows the undetermined coefficient B to be found 








3B+B=1 «B= i (5.64) 
Coefficients of n are exactly balanced, since 
3Bn — 2Bn — 1Bn =0 (5.65) 
as required. Thus, the linearly independent particular solution is 
yen Gb (5.66) 
and the general solution is 
Y, = A(3)" + B(-1)" +n Ol (5.67) 


5.3.2 Inverse Operator Method 


This method parallels the Heaviside operator method used in Chapter 2. We 
first define the incrementing operator as 


Eyo =, (5.68) 
E(Yn-1) Sa (5.69) 
E( Eyn-2) = E°Yn-2 = Yn (5.70) 
In fact, operating n times shows 
Yn = E"Yo (5.71) 


The exponent n can take positive or negative integer values; if n is negative, we 
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increment downward. The equivalent of Rule | in Chapter 2 for arbitrary c is 
Ec" = c"*! = ¢c" (5.72) 
Ec? = emt = ce" (5.73) 

and as before, for any polynomial of E, Rule | is 
P(E)c" = P(c)c" (5.74) 


This has obvious applications to find particular solutions when f(n) = c” . The 
analogous form for Rule 2 is 


P(E)(c"f,) = c"P(cE) fr (5.75) 


Here, we see that cE replaces E. This product rule has little practical value in 
problem solving. 
Thus, we can rewrite Eq. 5.47 as 


(E? + a,E + ay)y, = f(n) (5.76) 
Now, if f(n) takes the form Kc”, then we can solve directly for the particular 


solution 


1 


= (E+ aE +4,)" (5.77) 


yp 


With the usual provision that the inverse operator can be expanded in series, we 
have, using Rule 1, 


Kc” 





Ya raetal (5.78) 
provided c? + a,c + ag is different from zero. 
Find the particular solution for 
Yn42 T 2Yns1 — BY, = e” (5.79) 
Writing in operator notation, we have in one step 
l i ge a oe (5.80) 


Pe. ee = 
Ya = TE?-2E—8] | [e?—2e—8] 


This would have required considerably more algebra using the method of 
undetermined coefficients. To check for linear independence, the roots of the 
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homogeneous equation are 
r—2r-8=0 «r= 4,-2 (5.81) 
so the general solution is 


e” 


Yn = A(4)" + B(—2)" + [22 2e— 8] 


(5.82) 


5.4 NONLINEAR EQUATIONS (RICCATI EQUATION) 

Very few nonlinear equations yield analytical solutions, so graphical or trial- 
error solution methods are often used. There are a few nonlinear finite 
difference equations, which can be reduced to linear form by elementary 
variable transformation. Foremost among these is the famous Riccati equation 
Yn+1Yn TA aT By EC SB (5.83) 

We translate the coordinates by letting 
Yn =z, +6 (5.84) 

Inserting this into Eq. 5.83 yields 

Zn41Zn + (A + 8)z,4, + (B+ 8)z, + 67+ (A+B)5+C=0 (5.85) 


We use the last group of terms to define 6 





8° +(A+B)5+C=0 (5.86) 
The remainder can be made linear by dividing by z,,,,z,, and introducing a new 
variable 
1 1 
Uv, = Zz, = y,— 65 (5.87) 
(B+ 6)u,4, + (A+ 6)vu,+1=0 (5.88) 


This is an elementary first order linear equation with forcing by a constant. The 
characteristic root is simply 





A+é6 
r=- $55 (5.89) 
and the particular solution, taking f(n) = —1- 1”, is simply (using inverse 
operators) 
vP = — ee eee (5.90) 
n [A +B +258] 
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so the general solution is, replacing v, = 1/Ly, — ô] 


ATOE ooe Mo 
B+ô [A +B+28] 


1 


A k|- (5.91) 


where K is an arbitrary constant. 





The cascade shown in Fig. 5.1 could also represent a plate-to-plate distillation 
operation if we denote y, as solute mole fraction in vapor and x, is the fraction 
in liquid. For constant molar flow rates, L and V are then constant. Now, Yy+1 
represents hot vapor feed, and x, represents desired product recycle, which is 
rich in the volatile solute. For the high concentration expected, the relative 
volatility (a) is taken to be constant, so the equilibrium relation can be taken as 


ax, 
= T+ (a a] re 


This is obtained from the usual definition of relative volatility for binary systems 
Yn 
Xn 
G = Yn) 
qd = Xn) 


The material balance between the nth and first plate is the same as in Eq. 5.28, 
except replace Y, with y,, and so on 


Ynti = (L/V )x,, + Yı = xXoL/V) (5.94) 


(5.93) 


This equation represents a general plate in the enriching section of a binary 
distillation column. In the usual case, a total condenser is used, so V = L + D, 
and L/D = R is the recycle ratio, D being the distillate product removed. In 
the present case, it is the liquid composition that is monitored, so we proceed to 
eliminate y,, using the equilibrium relation, Eq. 5.92 


AXn+1 


Testi Peten) 598 


Since a total condenser is used, y} =x) and L/V = R/(R + I), so the inter- 
cept term becomes x,/(R + 1). Multiplying through by [1 + (æ — 1)x,,,,] yields 
a form of the Riccati equation 





R (a —1)x 
i (eee | pa age 


Xo 
+Re1™* R+1 9 een) 
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Rearranging this to the familiar form gives 





X,Xn4, tAX»s, + Bx, +C=0 (5.97) 
A= Se ey (5.98) 
a Ran 1) 
The solution has already been worked out in Eq. 5.91, so write 
-a E (5:9) 


The parameter 6 can be found by solving the quadratic in Eq. 5.86. However, a 
geometric basis was presented in Mickley et al. (1957) by the following expedi- 
ent. Let the intersection of the operating and equilibrium curve be denoted by 
y, x. Thus, ignoring subscripts, we search for the intersection 


__R Xo 
y= RFI” + Ril (5.100) 
and 
ax 
y= [tex] re ae | (5.101) 
Eliminating y, one can obtain 
x*+(A+B)x+C=0 (5.102) 


which is identical to the equation for ô. Thus, the parameter 6 represents the 
x-value of the point of intersection for the operating line and the equilibrium 
curve. The arbitrary constant K can be found if the composition x, is known 
(corresponding to n = 0). Thus, it is seen that 


1 1 


A =. a EO 


(5.103) 


To find the number of stages N in the upper (enriching) section, the composi- 
tion yy}; Or xy must be known. Rearrangement, followed by taking logarithm 
(as in Eqs. 5.20 and 5.21) allows N to be computed. 
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5.6 PROBLEMS 


5.1,. Find the analytical solutions for the following finite difference equations 


(a) Yn+3 Z 3Yn +2 + 2Yn+1 =0 
(b) Yn+3 T 9Yn42 + Llyn — OY, = 0 
(c) Yn+2Yn = Vat 


Hint: Use logarithms 


(d) Re, Rx, = VSX , 
when 

ar Xo 

Xo — s 


is initial state. 
5.2*. A continuous cascade of stirred tank reactors consists of N tanks in series 
as shown below. 


Vy V2 Va Vu 
L L L L 
Co Cy C2 Cn-1 Ch CN-1 Cy 


The feed to the first tank contains Cy moles/cc of component A. Each 
tank undergoes the irreversible reaction A — B so that the reaction rate 
is R, = kC,, (moles/cc/sec). The volume rate of flow in the cascade is 
constant at a value L (cc/sec). 
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(a) Show that the material balance for the (n + 1)th tank yields, at steady 
state 


C 


n 


Casi = kð, +1 


where 6, = V,/L is residence time. 
(b) Show that the relationship between first and last stages is 


eae eee eee 
N (k0, + 1)(k@, + 1) +++ (kên + 1) 

(c) If the rate constant k is invariant, show that the highest concentration 
of B, which may be produced by the cascade, occurs when all volumes 
are equal: V, = V2 = Vy, with only the provision that total volume 
(V7; =V, +V, + +++ +V,) remains constant. 

Hint: The maximum in B occurs when A is minimum, so search for 
the minimum in C,, using 


ac 
aS 96, da = =0 


n=1 


with the constraint that 
N 
L 4, = 
n=1 


5.3,. Pigford et al. (1969) developed a simple equilibrium model to predict 
separations in a closed packed column. The process, called “parametric 
pumping,” uses the synchronization of fluid motion and adsorption to 
effect a separation. Thus, on upflow the column is made hot (low adsorp- 
tion on solid), while on downflow the column is made cold (high adsorp- 
tion on solid). The bottom and top compositions depend on cycle number 
n according to 


(yen = Yeal ire <1 
(yen = Ordai + ens TPB] 


where the dimensionless parameter b reflects the difference in adsorption 
between hot and cold conditions. The starting conditions were given as 


(Yn n=0 = Yo 
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Show that the separation factor for this process is 


(Yn _ 2b \(1+b\" (14+6)?. 
Cyan =a, = (2+ Folt +) alra pan 





2b 
(yr) = vo(1 + s] 


Is the separation factor bounded as n > œ? 

5.4*. A gas-liquid chemical reaction is carried out in a cascade of shallow 
bubble columns, which are assumed to be well mixed owing to the mixing 
caused by gas bubbles. Each column contains H moles of liquid com- 
posed mainly of inert, nonvolatile solvent with a small amount of dis- 
solved, nonvolatile catalyst. Liquid does not flow from stage to stage. Pure 
gas A is fed to the first column at a rate G (moles/sec). The exit gas 
from stage one goes to stage two, and so on. On each stage, some A 
dissolves and reacts to form a volatile product B by way of the reversible 
reaction 


A linear rate law is assumed to exist for each pathway. The B formed by 
reaction is stripped and carried off by the gas bubbling through the liquid 
mixture, Overall absorption, desorption efficiencies are predictable using 
Murphree’s vapor rule 


Ea oe ae 

Fees ee 
Yai = a) 

E; = Vent Y 


yka > (y? y 
where the equilibrium solubilities obey Henry’s law 
(vi y“ = maxi 
(vZ) = mpx? 
Here, y, and x, denote mole fractions, for the nth stage, and in the 
vapor phase, only A and B exist, so that y4 + y? = 1. 


(a) The moles of A or B lost to the liquid phase can be represented in 
terms of stage efficiency; thus, for component A 


G(yA, RT yf) = GE,| y4, = (y4 ] = GE, yf, = m 4x7) 


Write the steady-state material balances for the liquid phase and show 
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that 
xí =ByA ,+a 


where 





_1( kH 

*=F\ GE, 
k,HA 

-ms + -G 
F E 





Eg an E, 
E4Eg 


k,H 
+ GE, (-m, + 


A= 


k,HA 
G 


kH 
Bajo GR 


k HA 
- GE; | 


F= |m 


(b) Find the relationship to predict y/ as a function of n, where y(4 = 1. 

(c) The statement of the problem implies mp > m4 (B is volatile) 
Ep = E, (volatiles have higher efficiencies), and k4 > kp. Are these 
the appropriate conditions on physical properties to maximize produc- 
tion of B? Compute the composition y,, leaving the 5th stage for the 
following conditions: 


m,=10; m,=1; r = 0.1 sec™!; E4 = Ep = 0.5; 


1 


k4 =2sec™'; kg=1sec 


Ans: 0.92 

A hot vapor stream containing 0.4 mole fraction ammonia and 0.6 mole 
fraction water is to be enriched in a distillation column consisting of 
enriching section and total condenser. The saturated vapor at 6.8 atm 
pressure (100 psia) is injected at a rate 100 moles/hour at the bottom of 
the column. The liquid distillate product withdrawn from the total con- 
denser has a composition 0.9 mole fraction NH,. Part of the distillate is 
returned as reflux, so that 85% of the NH, charged must be recovered as 
distillate product. 

(a) Complete the material balance and show that x, = 0.096 (mole 
fraction NH, in liquid leaving Nth tray) and that the required reflux 
ratio is R = 1.65. 

(b) The NH,-H,O system is highly nonideal, and hence, the relative 
volatility is not constant, so that the assumption of constant molar 
overflow is invalid. Nonetheless, we wish to estimate the number of 
ideal stages necessary, using the single available piece of vapor—liquid 
equilibria data at 6.8 atm pressure: y(NH) = 0.8 when x(NH;) = 0.2. 
This suggests a = 16. Use this information and the results from 
Example 5.6 to find the required number of ideal stages (an enthalpy- 
composition plot shows that exactly two stages are needed). 
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5.6,. Acetone can be removed from acetone—air mixtures using simple counter- 
current cascades, by adsorption onto charcoal (Foust et al. 1980). We wish 
to find the required number of equilibrium stages to reduce a gas stream 
carrying 0.222 kg acetone per kg air to a value 0.0202 kg acetone per kg 
air. Clean charcoal (X, = 0) enters the system at 2.5 kg/sec, and the air 
rate is constant at 3.5 kg/sec. Equilibrium between the solid and gas can 
be taken to obey the Langmuir-type relationship 


KX, 
Y, = TFK K=0.5 
where 
Y, = kg acetone /kg air 
X, = kg acetone/kg charcoal 
(a) Write the material balance between the first stage (where X, enters) 
and the nth stage, and use the equilibrium relationship to derive the 
finite difference equation for X,,. 
(b) Rearrange the expression in part (a) to show that the Riccati equation 


arises 
X,Xn+1 + AXn4, + BX, + C =0 


What are the appropriate values for A, B, and C? 
(c) Use the condition X, = 0 (clean entering charcoal) to evaluate the 
arbitrary constant in the general solution from part (b) and thus obtain 
a relationship to predict X,, = f(n). 
(d) Use an overall material balance to find Xy and use this to calculate 
the number of equilibrium stages (N) required. 
Ans: (d) 3.5 stages 


Chapter 6 


Approximate Solution 


Methods for ODE: 
Perturbation Methods 


In Chapters 2 and 3, various analytical techniques were given for solving 
ordinary differential equations. In this chapter, we develop an approximate 
solution technique called the perturbation method. This method is particularly 
useful for model equations that contain a small parameter, and the equation is 
analytically solvable when that small parameter is set to zero. We begin with a 
brief introduction into the technique. Following this, we teach the technique 
using a number of examples, from algebraic relations to differential equations. 
It is in the class of nonlinear differential equations that the perturbation method 
finds the most fruitful application, since numerical solutions to such equations 
are often mathematically intractable. 

The perturbation method complements solution of ordinary differential equa- 
tions by numerical methods, which are taught in Chapters 7 and 8 for initial and 
boundary type of problems, respectively. 


6.1 PERTURBATION METHODS 
6.1.1 Introduction 


184 


Modeling problems nearly always contain parameters, which are connected to 
the physicochemical dynamics of the system. These parameters may take a 
range of values. The solution obtained when the parameter is zero is called the 
base case. If one of the parameters is small, the behavior of the system either 
deviates slightly from the base case, or it can take a trajectory that is remote 
from the base case. The analysis of systems having the former behavior is called 
regular perturbation, whereas that of the latter is referred to as singular 
perturbation. 

Perturbation methods involve series expansions, which are called asymptotic 
expansions in terms of a small parameter. This is sometimes called parameter 
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perturbation. The term asymptotic implies that the solution can be adequately 
described by only a few terms of the expansion, which is different from the 
power series taught in Chapter 3. Moreover, perturbation schemes can be 
applied to nonlinear systems, where they find their greatest utility. 

The perturbation method can be applied to algebraic equations as well as 
differential equations. For example, we may wish to find an approximate 
solution for the algebraic equation containing a small parameter 


ey? -y+a=0 (6.1) 
An example of a differential equation containing a small parameter is 


d 
F + ey =0 (6.2) 


In the above two examples, e is the small parameter and the perturbation 
method will be carried out in terms of this small parameter. For a general 
problem, there are many parameters, but we assume that at least one of them is 
small and the rest are of order of unity and we denote that small parameter 
as £. 

If the equation in question is a differential equation, there must exist 
boundary or initial conditions. For example, conditions may take the following 
form 


d 
yO)=1 Fl =O (6.3) 


These conditions may also contain the parameter e€ in the general case such as 
dy(1 
y(1) +e 2D ~ 1426 (6.4) 


Let us further assume that the solution to the problem posed is not possible by 
analytical means for a nonzero value of the parameter £, but an analytical 
solution is readily available when that parameter € is equal to zero. If this is the 
case, we will endeavor to find a solution (asymptotic form) in terms of £ using 
the following series expansion 


y(x3€) =Vo(x) + ey,(x) + e*y(x) +-+ te"y,(x) + (6.5) 


Thus, if all the coefficients yx) are of the same order of magnitude, then it is 
quite clear that the higher order terms are getting smaller since £” becomes 
increasingly smaller. This is, however, not always the case in some practical 
problems, since it is possible that the higher order coefficients could become 
larger than the leading coefficients. Usually one stops the expansion with a few 
terms, generally with two terms, and as we will see the asymptotic expansions 
with two terms can often describe the solution very closely, relative to the exact 
solution. 
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To start, we substitute the series expansion (Eq. 6.5) into the governing 
equation and the boundary condition (if the equation is a differential equation), 
and then apply a Taylor expansion to the equation and the boundary condition. 
Now, since the coefficients of each power of £ are independent of £, a set of 
identities will be produced. This leads to a simpler set of equations, which may 
have analytical solutions. The solution to this set of simple subproblems is done 
sequentially, that is, the zero order solution y(x) is obtained first, then the next 
solution y,(x), and so on. If analytical solutions cannot be obtained easily for 
the first few leading coefficients (usually two), there is no value in using the 
perturbation methods. In such circumstances, a numerical solution may be 
sought. 





To demonstrate the elementary concept, let us first study the simple nonlinear 
algebraic equation 


y=a + ey? (6.6) 


where £ is a small number. The solution for this problem when € is zero 
(hereafter called the base case) is simply 


Yor" (6.7) 
Now, we assume that there exists an asymptotic expansion of the form 
y=yotey, +e y +: (6.8) 
Substituting this into the original equation (Eq. 6.6) yields 
Yotey, te2y, + =a + elyo teyit T (6.9) 
Expanding the squared function gives 


Yo tey, tery) + =a +eygl1 + Ze + (6.10) 
0 


Matching the coefficients of unity and each of the powers of e yields 


0(1): yo=a (6.11) 
O(e): yi = y6 (6.12) 
O(€7): ya = 2Y1 Yo (6.13) 


Hence, solutions for the coefficients of the asymptotic expansion (Eq. 6.8) are 
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obtained sequentially, starting with the zero order solution 


Yo a (6.144) 
ya (6.145) 
ya = 20? (6.14c) 


Thus, the required asymptotic expansion is 

y(e) =a + ea? + 2e°a? +- (6.15) 
Inspection of the original solution, which is a quadratic, suggests there must 
exist two solutions to the original problem. The asymptotic solution presented 


above assumed that the base solution is finite. There is, however, another 
asymptotic expansion of the form 


y(e) = Liw +eu +] (6.16) 


which indicates the second solution is of order of 1/2. Substituting this expan- 
sion into Eq. 6.6 yields 


Fluo + eu, +: ] = a + ef Sup + eu, + aef) 


Next, matching multiples of 1, £, e”, and so on gives 
Uy = U2 Ug = 1 (6.17) 
u; =a + uo, (6.18) 
Knowing uy = 1, the solution for u, is 
u = -a (6.19) 


Thus, the second solution has the following asymptotic form 
1 
y(e) =z -eat sew] (6.20) 


We have two asymptotic solutions, given in Equations 6.15 and 6.20. Now we 
know that the exact solution to the original quadratic equation is simply 


1 + V1 —-4ea 
y= cas, as (6.21) 
It is not difficult to show that the two asymptotic expansions above (Eqs. 6.15 
and 6.20) are in fact the Taylor series expansions in terms of £ around the point 
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e = 0; that is, 
1 1 
Y= zg (E) = oral +vl —4ea | 


e? g? 
= x f(0) + f'(O)e + f"(0) a7 + £"(0) 37 Be ee 


for the two exact solutions. 

The asymptotic solution (6.15) differs only slightly from the base solution, 
which is the solution when e = 0. This is the regular perturbation solution. The 
asymptotic solution (6.20) deviates substantially from the base solution; it is the 
singular perturbation solution. 

This algebraic example illustrates the salient features of the perturbation 
method. In the next example, we apply the method to an elementary differential 
equation. 





The basic principles underlying perturbation methods can be taught using the 
elementary first order equation discussed in Chapter 2 


7 +ey = 0; y(0) = 1; e<l (6.22) 


The complete analytical solution is known to be 


22 
y = exp(-ex) = 1 - ex + +: (6.23) 


Suppose we search for an approximate solution of the form 
Y =Yo(x) + eyi(x) + e°y (x) + (6.24) 
Inserting this into the defining equation (Eq. 6.22) yields 


dy dy dy 
[Be + ot + A | Helo + evi ety +] =0 (6.25) 


Next, we stipulate the following identities, by matching like multiples of unity, €, 
e”, and so on. 


d 

= = 0... yo = Ko (6.26a) 
dy, _ . = 

ak = Yo °. Y= -Kox + K, (6.26b) 
dy Kax? 

T = =y y= 5 —K,x+K, (6.26c) 





where Ky, K,, and K, are constants of integration. 
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Obviously, the solution y,(x) corresponds to the base case (when £ = 0), so 
we Shall stipulate that 


y(0) = ya(0) = 12.Ky = 1 (6.27) 


This is a critical component of regular perturbation methods, since only the base 
case carries the primary boundary conditions; hence, by implication, we must 
have for the other solutions 


y,(0) =y(0)= =: =0 (6.28) 
This allows the determination of K,, K,, K3, and so on in sequence 
K, =0; K, = 0; etc. (6.29) 
We finally see to the order €? 


x? 


2L 2 
y(x) =l-—exte 7 


tee (6.30) 
This is identical to the first three terms of the analytical solution (Eq. 6.23), as 
one may have expected if the technique is to be useful. This example illustrates 
regular perturbation. The power of the method is most useful for nonlinear 
systems, where an analytical solution is not easily obtainable. The method is also 
quite useful in providing a simplified form of an unwieldy analytical solution. 
We take up the issue of singular perturbations for differential equations in the 
next section following some preliminary concepts. 


6.2 THE BASIC CONCEPTS 


Over the years, users of perturbation methods have evolved a shorthand 
language to express ideas. This reduces repetition and allows compact illustra- 
tion. We first present the gauge functions, which are used to compare the size of 
functions, and then we present the order concept, which is convenient in 
expressing the order of a function (i.e., the speed it moves when e tends small). 
Finally, we discuss asymptotic expansions and sequences, and the sources of 
nonuniformity, which cause the solution for € + 0 to behave differently from the 
base case. 


6.2.1 Gauge Functions 


Let us consider a function f(e) containing a small parameter £. There are three 
possible behavior patterns that f(e) can take as £ tends to zero. These are 


fle) 70 
fle) >a 
f(e) >% 


where a is finite. The second possibility needs no further explanation. The 
other two require careful inspection. Mainly, we need to analyze how fast the 
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magnitude of f(e) moves as g tends to zero. To help us with this, we use 
so-called gauge functions, that is, we compare f(e) with known functions called 
gauge functions. Examples of a class of gauge functions are 


n —nt+l1 
ne 


= n 
ge Se 


-1 2 
E ad E EE a ES 


In some cases, the following gauge functions are useful (mostly in fiuid flow 
problems) 


log(e~'), log(log(e~')),... 


Other classes of gauge functions are discussed in Van Dyke (1975) and Nayfeh 
(1973). 

To compare the behavior of a function f(e) relative to a gauge function, we 
need to define the order symbols, O and o. 


6.2.2 Order Symbols 


The notation 


f(e) = O(g(e)) (6.31) 
expresses boundedness, and implies the sense of a limit 
. f(e) 
lim —— < œ 6.32 
Bm e(e) se?) 


For example, 
sin(e) = O(e) 
cos(e) = O(1) 
coth(e) = O(e7') 
The first simply expresses the fact that 


sin € 





lim 
6-0 


=1 (bounded) (6.33) 


that is, the function f(e) = sin(e) behaves like £ for small values of e. 
The o notation 











f(e) = o(g(e)) (6.34) 
implies a zero limit 
| fle) 
l =0 6.35 
Hm fg) oy 
This means that f(e) decreases to zero faster than the function g(e). For 


example, 


sin(e) =0(1) ~ lim SS) =0 
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In summary, the O implies finite boundedness, while the o implies zero in the 
limit £ > 0. 


6.2.3 Asymptotic Expansions and Sequences 


In the presentation of an asymptotic expansion, we need not restrict ourselves 
to power series (i, £, £?, £, etc.), such as the previous examples, but we could 
also use a general sequence of functions {6,,} such that 


Bye) = 0(8,(€)) = lim 224). o (6.36) 


as € approaches zero. Such a sequence is called an asymptotic sequence. Using 
this asymptotic sequence, we can write the asymptotic expansion 


yle) =YoSq(e) + yE) +t = y;5;(€) (6.37) 


Ets 


as € approaches zero, where y; are independent of e. We could truncate the 
series and form the asymptotic expansion as 


N 
y(e) = È y8(2) + O[dn+i(€)] (6.38) 


The second term in the RHS of Eq. 6.38 means that the error of the result of 
the series truncation to N terms has the order of magnitude as the sequence 
6n413 that is, 


N 
y(e) - L vêle) 


i j= 
lim —————————_- < œ% 
670 by4i(€) 


A function y can have many asymptotic expansions simply because there are 
many sets of asymptotic sequences {ô,} that could be selected. However, for a 
given asymptotic sequence, the asymptotic expansion is unique, and the coeffi- 
cients y; are determined as follows. First divide Eq. 6.37 by 6, to see 


E ~ oe 
7 T a py »; o oy 








Now take the limit of the above equation when € approaches zero, and make 
use of the asymptotic sequence property (Eq. 6.36), so we have 





Yo = lim xe) (6.40) 
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since 


ô (£ 
lim if ) 


Lae eS S forj >1 


Knowing yọ, we can rearrange the asymptotic expansion as follows 





y(€) — YoSo(e) = ô(e) 
5,(e) : 2 18 (€) ( ) 
Taking its limit when € approaches zero, we have the following expression 
for y, 
E y(£) — Yoôo( £) 
y= lim aE ia (6.42) 
Similarly, we can prove that 
n-1 
y(e)- Y yj6;(e) 
E j=0 
= TT E a 4 
Yn lim 5,(€) (6 3) 


In solving practical problems, the function y usually involves another variable in 
addition to the small parameter £. If we denote that variable as t, then the 
asymptotic expansion for a given asymptotic sequence {5,(«)} is 


Er A (6.44) 
j=0 


where yt) is only a function of t. This asymptotic expansion is said to be 
uniformly valid over the entire domain of definition of ¢ if 


N 
y(t;£) = LY y(t)5,(e) + Ry+1(6;€) (6.45) 
j=0 
and 


R t; 
Ry+i(t3€) = O[6y4:(e)] or lim Se l = 


00 6.46 
220 Oy+i(€) ( ) 


for all t in the domain of interest. Otherwise, the asymptotic expansion is said 
to be nonuniformly valid (sometimes called a singular perturbation expansion). 

For the uniformity condition to be valid, the next term in the asymptotic 
expansion must be smaller than the preceding term; hence, 





5 Ôn 
6,41(€) =0[6,(e)] or lim 5 70 (6.47) 
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and we require that the coefficient y,,,(¢) be no more singular than the 
preceding coefficient y,(t). In other words, each term is a small correction to 
the preceding term irrespective of the value of t. 


6.2.4 Sources of Nonuniformity 


There are several sources of nonuniformity that might give rise to the singular 
perturbation expansions. Some of these are the following: 


1. Infinite domain (either time or space). 

2. Small parameter multiplying the highest derivative. 

3. Type change of a partial differential equation (e.g., from parabolic to 
hyperbolic equation). 

4. Nonlinearity (e.g., the algebraic equation of Example 6.1). 


Examples of the nonuniformity source for infinite domain come from problems 
involving cos(t) and sin(t) functions, and the higher order terms involve ¢ sin(t) 
or t cos(t), which would make the higher order terms more secular (i.e., more 
unbounded) than the preceding term. 

The second source of nonuniformity may seem obvious. For example, when 
the highest derivative is removed (i.e., when the small parameter is set to zero) 
the differential equation is one order less, and hence, one boundary condition 
becomes redundant. To invoke this boundary condition, there must exist a 
boundary layer wherein a boundary condition becomes redundant when the 
parameter £ is set to zero. 





To demonstrate sources of nonuniformity, let us study the following simple 
second order differential equation with a small parameter multiplying the 
second order derivative 


eiZ +Ptyn0; ext (6.48) 

subject to 
x=0; y=a (6.49a) 
x=1; y=B (6.49b) 


This problem has been treated by Latta (1964). 
Now, if we formally attempt the following asymptotic expansion 


y(%3€) =Yo(x) +ey(x) +: (6.50) 


by placing it into the differential equation (Eq. 6.48), equate the coefficients of 
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like powers of £ to zero, then we obtain the following first two subproblems: 





d 

O(1): F2 +yo=0 (6.51) 
dy d’y 

Ole): G+ = - rr (6.52) 


The first subproblem is a first order differential equation, which is one order 
less than the original differential equations (Eq. 6.48), and therefore, it cannot 
satisfy two boundary conditions. So one condition must be dropped. It will be 
argued later that the boundary condition at x = 0 must be dropped. The 
solution for yọ which satisfies y(1) = £, is 


Yo(x) = Be'™ (6.53) 


Substitute this into the equation for y, and solve for y, where as before we 
require all cases beyond zero order to have null boundaries; that is, y,(1) = 0, 
y,(1) = 0, and so on. 


y(x) = B(1 —x)e™ (6.54) 
Therefore, the asymptotic expansion is 
y(x;e) = Be!™* + eB(1 — x)e'* + O(e7) (6.55) 
At x = 0, the above asymptotic expansion gives 
y(0;e) =B(i+e)e'#a (6.56) 


which is, in general, different from a. Thus, the asymptotic expansion is not 
uniformly valid over the whole domain of interest [0,1]. Figure 6.1 shows 
computations for the asymptotic and the exact solutions for £ = 0.05. The exact 
solution takes the following form: 


(ae! — B)e’" + (B — ae®?)e%* 
Yexact = Se est” 


(6.57) 


where 


macn a (6.58) 
The zero order asymptotic solution (Eq. 6.53) agrees reasonably well with the 
exact solution over most of the domain [0, 1] except close to the origin. The first 
order asymptotic expansion (Eq. 6.55), even though it agrees with the exact 
solution better, also breaks down near the origin. This suggests that a boundary 
layer solution must be constructed near the origin to take care of this nonuni- 
formity. We will come back to this point later. 
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x 


Figure 6.1 Plots of the exact solution and the zero order outer 
solution (Eq. 6.53) and the first order outer solution (Eq. 6.55); 
a= 0, B = 2. 


6.3 THE METHOD OF MATCHED ASYMPTOTIC EXPANSION 


There are a number of variations for the perturbation technique. Among them, 
the method of matched asymptotic expansion is the easiest to apply. The 
method is useful for obtaining expansions from separate domains of validity. 

Using the straightforward expansion, such as the last example, we have 
obtained what is called the outer solution; that is, the solution that is valid over 
most of the domain of interest. This solution, however, fails in a small region, 
which we call the boundary layer. In this thin boundary layer, there is a sharp 
change from a boundary point to the outer solution. To study this sharp change 
in the boundary layer, we need to magnify the scale; the choice of this 
magnified variable changes from problem to problem. We will demonstrate this 
procedure in the example of Eqs. 6.48 and 6.49. 


Outer Solutions 


Let us consider the problem in the last section (Eq. 6.48). The straightforward 
expansion we obtained is the outer solution (Eq. 6.55); that is, it is valid 
over most of the domain, except close to the origin (see Fig. 6.1). The outer 
solution is 


y (x50) = P(x) + ey (a) + (6.59) 

where the superscript (0) denotes outer solution and we have already found 
yP(x) = Be'™* (6.60) 
yO = B(1 — x)e!™ (6.61) 
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Inner Solutions 


The previous section clearly indicated that this outer solution is not valid near 
the origin. So there is a sharp change in the solution behavior as the trajectory 
moves away from the outer region. To describe this sharp change, we need to 
magnify the variable as follows 


x 
* = —_ 
x zr (6.62) 


where e” represents the thickness of the boundary layer. In terms of this new 
magnified variable, the differential equation (Eq. 6.48) becomes 





y=0 (6.63) 


Note that n is unknown at this stage, since we have no preconceived notion of 
the thickness of the boundary. Next, we assume that y(x*; £) has the following 
asymptotic expansion (called inner solution) 


yOCx* e) = P(x") + eyP(x*) + (6.64) 


where the superscript (i) denotes inner solution. 

Since the second order derivative did not appear in the zero order equation 
of the outer expansion (Eq. 6.51), we must ensure that it appears in the leading 
order equation of the inner solution (i.e., the zero order inner solution must be 
second order). Observing the differential equation, we have two possibilities. 
One is that the second order derivative term balances with the first order term, 
and the second possibility is that the second order derivative term balances with 
the remaining third term. 

First, let us balance the second order derivative term with the third term. To 
do this, we insert Eq. 6.64 into 6.63 and by inspection select 


2n-1=0; ie, n= 5 (6.65) 
With this value of n, the original differential equation becomes 


d*y +e? se 


d(x*)? dx* 





+y=0 (6.66) 


So, when we substitute the inner expansion into the above equation, the zero 
order equation is 


dy® 
or =0 (6.67) 


which means that y{(x*) is a constant. This is not acceptable because the 
boundary layer solution must sustain sharp behavior from the boundary point to 
the outer solution. Also, it is clear that our aim of getting a second order ODE 
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for y was not accomplished. This then leads us to the second possibility, that 
is, we balance the second order derivative term with the first order derivative 
term. This implies setting 


n-1=0; ienn = 1 (6.68) 


Thus, the region of nonuniformity near the origin has thickness of order of e. 
With n = 1, the differential equation becomes 


d*y 


dy 
d(x*)’ f 


€ Pr +ey=0 (6.69) 





Substituting the inner expansion (Eq. 6.64) into the above equation, we have the 
following two leading subproblems 


d’y® dy® 














d*y + 7 0 (6.70) 
and 
dy dy® ; 
Ht Ge aw =a com 


Let us have a look at the zero order subproblem. Because this solution is valid 
in the boundary layer around x = 0, it must satisfy the condition at x = 0; that 
is, 


x=0; y?(0) =e (6.72) 
The solution of this leading order subproblem is 
y2=C+(a-C)e* (6.73) 


where C is the only constant of integration since we have used the condition 
(6.72). 


Matching 


The inner solution obtained in Eq. 6.73 still contains a constant of integration. 
To find a value for this constant, we need to match the inner solution (Eq. 6.73) 
with the outer solution (Eq. 6.60). The matching principle is (Van Dyke 1975) 


The inner limit of the outer solution must match with the outer limit of the 


inner solution. 
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The matching principle is mathematically equivalent to 
lim yOxse) = lim y(x*; 2) (6.74) 
x> x* >00 


Therefore, for the zero order solution, we have 


yy(0) = yE (e) (6.75) 
From Eq. 6.73, this gives 
yP) = C (6.76) 
and from Eq. 6.60 
yg(0) = Be’ (6.77) 


Therefore, substitution of Eqs. 6.76 and 6.77 into Eq. 6.75 gives 
C = Be! (6.78) 
Hence, the leading order inner solution is 


yP(x*) = Bel + (a a Be')e™*" (6.79) 


Composite Solutions 


What we have done so far is to obtain an inner expansion and an outer 
expansion. Each is valid in their respective regions. We now wish to find a 
solution that is valid over the whole domain. This solution is called the 
composite solution. It is found simply by adding the inner solution and the outer 
solution and subtracting the common parts of the two solutions (because we 
don’t want to count the common parts of the two solutions twice). The common 
parts are simply the terms that arise in the matching process. For the zero order 
solution, this common part is Eq. 6.77 


Voom = Be! (6.80) 
Thus, the composite solution is 
y = Be'* + (a — Be')e*/" + O(e) (6.81) 


Figure 6.2 shows computations of the zero order composite solution for a value 
of £ = 0.05. The exact solution is also shown, and it is seen that the agreement 
is fairly good. Note that this composite solution is the zero order composite 
solution, that is, it has an error of order of £. We next inspect the first order 
composite solution, which has an error of order °. But before we can achieve 
this goal, we have to develop a matching principle in general, beyond the 
principle we have in Eq. 6.75, which is applicable for only zero order solutions. 
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y Composite solution 
(Eq. 6.81) 





x 


Figure 6.2 Plots of the exact solution and the zero order 
composite solution (Eq. 6.81). 


General Matching Principle 


The success of the matching is due to the existence of the overlapping region. In 
this overlapping region, one could define an intermediate variable as 


x 


X = Sle) (6.82) 
where 
lim d(e) = 0 (6.83) 
and 6(¢) is such that 
lim Sle) = 0 (6.84) 
e-0 £ 


This means that the overlapping region lies between the boundary layer (which 
has a thickness of order of £) and the outer region (which has a thickness of 
order of unity). In this overlapping region, the intermediate variable is of order of 
unity. Now, we write the outer variable x and the inner variable x* in terms of 
this intermediate variable 


x= 5(€)X5 (6.85) 


and 





els. (6.86) 
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Thus, in the overlapping region (intermediate region), x is of order of unity, 
and when £ approaches zero, we will have 


x70; x* > œ% (6.87) 


Equation 6.87 simply states that for a very large distance from the origin (outer 
solution), the intermediate region appears to have zero thickness, whereas the 
intermediate region would appear to be extremely far away when viewed from 
the origin. This proves Eq. 6.74. 

Note, we previously obtained both the inner and the outer solutions for the 
zero order solutions. Hence, the composite solution obtained has an error of 
order of £. To find a composite solution, which has an error of the order of &€°, 
we need to find the first order inner solution, as we did for the outer solution 
(Eq. 6.61), and then we make use of the matching principle using the intermedi- 
ate variable of Eq. 6.82 to achieve our goal of composite solution having an 
error of €7. 


Composite Solution of Higher Order 


Solving Eq. 6.71 for the first order inner solution we obtain 
yP(x*) = C1 - e™) — [a — (æ — Be')(1 + e-*")|x* (6.88) 


in which we have used the boundary condition at x = 0, y{(0) = 0. Thus, the 
inner solution order having error of 0(¢7) is 


yO(x*; e) = yO(x*) + eyP(x*) + O(e7) (6.89) 


To solve for the constant C,, we resort to the matching principle and utilize the 
intermediate variable x. The inner and outer variables are related to this 
intermediate variable as shown in Eqs. 6.85 and 6.86. Thus, in the intermediate 
region, the inner solution (Eq. 6.89) and the outer solution (Eq. 6.59) behave 
like 


y(x5) = Be! — Be'dx, + eC, + o(e) + o(8) (6.90) 
y( x5) = Be! — Be'dx, + eBe' + o(e) + 0(5) (6.91) 


In the intermediate region, these two solutions match. Hence, the constant C, 
must take the value 


C, = Be! (6.92) 
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Hence, the inner solution that has an error of order of ° is 


y(x*) = Be! + (a — Be')e™ 


+ e{Be'(1 -e*)- [ Be! —(a- Be')e-*"| x*} + O(e*) 
(6.93) 


The composite solution having an error of the order of £? is the summation of 
the inner and outer solutions minus the common parts, which are the matching 
terms given in Eq. 6.91; that is, the composite solution is 


Yoomp = BIL + e(1 — x)Je** + [(@ — Be'\(1 +x) - eBe'|e-*/* + O(&) 
(6.94) 


Equation 6.94 is the composite solution including the first order correction 
terms, in contrast to the composite solution (Eq. 6.81), which only includes the 
zero order terms. The zero order composite solution (Eq. 6.81) has an error of 
order of £, whereas the first order composite solution (Eq. 6.94) has an error of 
order °. Figure 6.3 shows plots of the composite solution (Eq. 6.94) and the 
exact solution for e = 0.05. It is remarkable that these two solutions practically 
overlap each other. Even when the parameter e is increased to 0.2, these two 
solutions agree very well. 


y Composite solution 


(Eq. 6.94) 





x 


Figure 6.3 Plots of the exact solution and the first order 
composite solution (Eq. 6.94). 
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6.3.1 Matched Asymptotic Expansions for Coupled Equations 


We have shown the basic steps for the method of matched asymptotic expan- 
sion. The matching principle is based on the use of the overlapping region and 
an intermediate variable in that region. In what follows is another simple 
method of matching for a class of problems, which takes the following form 


dx 
eG ~F(% ye) (6.95) 
and 
d 
= = g(x, y;e) (6.96) 


subject to the initial conditions 
t=0; x(0;¢) =a(e); y(0;e) = Ble) (6.97) 


These types of coupled first order equations arise frequently in chemical 
engineering, where there are two dependent variables and their dynamics are 
coupled through the nonlinear functions f and g, but the dynamic evolution of 
one variable is faster than the other (in this case, x is faster). 

The outer variable for this problem is ¢, which is sometimes called slow time 
in the literature. The appropriate measure of the change of the dependent 
variable in the initial short period is an inner variable (sometimes called fast 
time), which is defined as 


t 
Hi a, a 
t=: (6.98) 


In effect, the time variable is broken into two regions, the outer region and the 
inner region. In the inner region, the evolution of the x-variable is observed, 
whereas the evolution of the variable y is only seen in the outer region. The 
expansions associated with the inner and outer regions are called the inner and 
outer expansions, respectively. 


Outer Expansion 


First, let us construct the outer expansion with the independent variable t. The 
outer asymptotic expansions are assumed to take the following form 


x(t; £) = x(t) + ex(t) +> (6.99a) 
YOt; 6) = YPC) + ey) + (6.99b) 


where the superscript (o) denotes the outer solution. 
Next, we substitute the above expansions into Eqs. 6.95 and 6.96 and equate 
coefficients of the like powers of £’. We then obtain a set of subproblems; the 
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zero-order for these are 





f(x®, yO;0) = 0 (6.1004) 
and 

dy® 

A = g(x, y;0) (6.100b) 


The curve (expressed as y versus x) defined in Eq. 6.100a relates the algebraic 
relationship between the two state variables, that is, if y takes some value, x 
then responds instantaneously to the value of y according to the algebraic 
relationship. Let us now assume that we can solve the subproblems for the outer 
region, that is, y® are obtained. There are constants of integration carried by 
outer solutions, simply because the outer solutions are not valid in the inner 
region, and hence, they do not satisfy the imposed initial conditions (Eq. 6.97). 


Inner Expansion 


In terms of the inner variable t* (Eq. 6.98), the governing equations (Eqs. 6.95, 
6.96) can be seen to be 


dx 
g ~f(% ye) (6.1012) 
and 
W eg(x,y;e) (6.1015) 


Now we assume that the inner expansions take the following forms 
BOP e) = ary + exP(t*) +- (6.102a) 
yO e) = yO(t*) + ey PU + (6.1025) 


where the superscript (i) denotes inner solution. 
We assume that the initial conditions also have expansions 


t*=0; x(0;£) =aytea,+°°: (6.103a) 
t*=0; y(0;¢)=By+eB,+-°- (6.1035) 


Now, the corresponding initial conditions for the coefficients of the inner 
expansions are 


= 0; xPO) =a; y0) =£; (6-104) 
for j = 1,2,.... 


If we substitute the inner expansions (Eq. 6.102) into Eqs. 6.101 and then 
equate the coefficients of like powers of £7, we obtain a set of subproblems, and 
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we shall assume that their solutions can be obtained by some analytical means. 
The inner expansions are completely known because their initial conditions are 
given (Eqs. 6.104). Unlike the inner expansions, the outer expansions still 
contain unknown constants of integration. These must be found from the 
matching between the inner expansions and the outer expansions. 


Matching 


To carry out the matching procedure between the inner and outer expansions, 
the outer solutions are first written in terms of the inner variable, t*, and then 
are expanded using a Taylor series with respect to ¢* around the point ¢* = 0. 
The final stage is to equate to the Taylor expanded outer solution to the inner 
expansions in the limit when ¢* tends to infinity. The terms that are matched 
between the inner and outer expansions are called the common parts. 

The matching of the derivatives in the Taylor expansions is straightforward 
and yields the following common parts (Vasileva 1963) 


j dixn(0) ) 











yaar a? ee 
n t* i diy@ 
yee a) = y(t*) (6.1055) 


jo (D! aey 


as t* > œ. 

The terms given in the above equations are the common parts and will be 
used in the construction of the composite solution. 

The initial conditions for the outer solution in terms of the completely 
determined inner solutions are 


yn (0) = lim |y £ OC) + = (ty Sead (6.1062) 
x0) = im [ace + E E a | (6.106b) 





To illustrate the procedure for coupled equations, we apply the above technique 
to a CSTR problem experiencing a slow catalyst decay, so that the deactivation 
rate is proportional to the reactant concentration (parallel deactivation). Let x 
be the reactant concentration and y be the catalyst activity. The reaction rate 
is represented by the product xy and the rate of catalyst decay is given by 
exy (e < 1), which is taken to be slower than the main reaction rate. 
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The mass balance equations are 


dx 
gr ee 
and 
d 
ae = ew 
subject to 


We can take the inner solutions to have the following expansions 


xO(t*; e) = xP(1*) + exP(t*) + 


yO(*; e) = yP(t*) + eyPU*) + 


(6.107a) 


(6.107b) 


(6.108) 


(6.109a) 
(6.109b) 


When we substitute these expansions into Eqs. 6.107 and follow the usual 
procedure, we obtain a set of subproblems. Solving the first two, we have 


: i ns e72t" 


yO(t*) = 
ude Ee ES Vets 
xy (t ) = g + T e = 8g e 
1 See -ar (1 — e7?" 
-(g)a-e 2") — e 2 GQ-e") Ea ) 


1- e7?" 
y(t*) = =E l 7 ) 


We see that the inner solutions are completely defined. 


(6.1104) 


(6.110b) 


(6.1lla) 


(6.111b) 


Now we turn to the outer solutions. The time variable for the outer region is 


taken as 


t = et* 
the mass balance equations (Eq. 6.107) become, in terms of t, 


dx 
ea 


dy _ 
“ae 


1—x —xy 


(6.112) 


(6.1134) 


(6.1135) 
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We can write the outer expansions in the following form 


xO(ts e) =xO(t) + exO(t) + (6.1142) 
yO (tse) = y(t) + eyO(t) +- (6.1145) 


The substitution of these expansions into Eqs. 6.113 will yield a set of subprob- 
lems. To find the initial conditions for y((0) we apply Eq. 6.106, and get 


y(0) = lim y§(t*) =1 (6.115a) 
t* 90 
ay (t* 
yP(0) = lim heen- Oe) |= 4 (6.1155) 


Knowing the initial conditions, the outer solutions can be completely obtained 


1 


(0) Z 
xP = (1+) (6.1164) 
(1 —y®) + in S| = t (6.116b) 
(0) (0) 
pea NE E (6.117a) 
(+y) (+y) 
yy 
yO =| —-? (6.1175) 


(1 + yy 


Now that the inner and outer solutions are known, the composite solutions can 
be obtained by adding the inner and outer solutions and subtracting the 
common parts, which are given in Eq. 6.105. The first order composite solutions 
are 


A T = (ie + O(e?) (6.1182) 


(mga = SA a i -20t* 
cae E + yO (z)! | 








; A (6.118b) 
+e (F) = (Jer + (5) = ev (1 = grey 
4 8 8 16 
(0) 
= CR ae + O(e°) 
(1 + y) 
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Figure 6.4 Plots of the numerically exact solution (con- 
tinuous line) and the first order composite solutions 
(Eqs. 6.118) for £ = 0.5. 


Figure 6.4 shows the comparison between the composite asymptotic solution 
and the numerically exact solution for « = 0.5. It is useful to note that the 
asymptotic solution agrees quite well with the exact solution even when e = 0.5. 

We have shown, using the method of matched asymptotic expansions, that in 
the outer domain there is an adjustable variable, and in the inner region there is 
another such variable. The composite solution is, therefore, a function of these 
two variables. Exploitation of this function is the essential idea behind the 
Multiple Time Scale method. Interested readers should refer to Nayfeh (1973) 
for exposition of this technique. 
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6.5 PROBLEMS 


6.1,. To solve the heat conduction problem for a slab geometry in Example 
11.4 by the method of finite integral transform (or alternately by the 
Laplace transform or the separation of variables method), it was neces- 
sary to find eigenvalues for the transcendental equation given by Eq. 
11.88b, rewritten here for completeness 


é tan(é) = Bi 


where Bi is the Biot number for heat transfer, and é is the eigenvalue. 
(a) For the small Biot number (Bi « 1), assume that £ has the asymp- 
totic expansion, 


E = éo + Bié, + Bi*é, + BPE, +> 


Then substitute this expansion into the transcendental equation and 
make use of the following Taylor series for the trigonometric tan 
function 


3 
tan(x) =x ++ Gad + Heald forx <1 


to show that the zero order solution is 


tan(é)) = 0 


hence, é = nr. 
(b) Solve for the higher order subproblems to show that € has the 
asymptotic solution, 


Z - zi) + OCB) 


+ Bi? 
& 36 








{1 ; 1 
é= Éo + Bil 2} + B(-J, 


This asymptotic expansion works for all eigenvalues (nm), except the 
first one, that is, é = 0. For this eigenvalue, the second and subse- 
quent terms are more singular than the first one. This problem of 
growing in singularity is a common problem in perturbation methods 
and will be dealt with in the next homework problem. 

6.2. The solution to the last homework problem works well for all eigenvalues 
except the first one. This homework will consider the solution to this first 
eigenvalue. For small values of Bi, it is expected that the first eigenvalue 
is a small number as indicated by Problem 6.1. 

(a) To solve for the first eigenvalue when the Biot number is small, set 


é = Bi”£o 


where £ has an order of unity and Bi” represents the magnitude of 
the smallness of the first eigenvalue. Subsitute this into the transcen- 
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dental equation, ¢ tan(é) = Bi, to show that v = 1/2 and ¿= 1. 
This means that the leading order solution for the first eigenvalue is 


E = Bi'/?? 


(b) To obtain the asymptotic solution for the first eigenvalue beyond the 


(c) 


leading order solution given in part (a), assume that it has the 
asymptotic expansion in terms of the small parameter Bi 


é = Bi'/?[1 + Big, + BE, + BE, +--> | 


Again substitute this asymptotic expansion into the transcendental 
equation, and equate the like powers of Bi, and then show that 


1 11 17 
f= GF $= 369) $= -30 


Compute the approximate first eigenvalue for Bi = 0.01, 0.1, and 1. 
To compare the approximate solution with the “exact” solution, we 
wish to solve the transcendental equation numerically using 
Newton-—Raphson to obtain the exact solution. Rewrite the transcen- 
dental equation in terms of sin and cos as 


f = &sin(é) — Bicos(é) = 0 


We do this because the sin(e) and cos(e) functions do not tend to 
infinity, as does the tan(e) function. Use the Newton—Raphson 
formula given in Appendix A to show that the iteration equation to 
obtain the “numerically exact” solution for the eigenvalue is 


k 
EaD = é® = bila 
fi? 


where ¿° and é**" are the kth and (k + 1)th iterated eigenval- 
ues, respectively, and 


fr = E cos(E) + (1 + Bi)sin(€) 


Write a program and perform the computations for the “numerically 
exact” solutions to give values of the first eigenvalue for Bi = 0.01, 
0.1, and 1 equal to 0.099833639, 0.3110528, and 0.86033, respectively, 
using relative percentage error of less than 1.d-06, that is, the Nth 
iterated solution will be accepted as the “numerically exact” solution 
when 


EM pm EN- 1) 


zany | X 100 < 0.000001 








210 Chapter 6 


6.33. 


6.45. 


Approximate Solution Methods for ODE: Perturbation Methods 


(d) Compare the “numerically exact” solution obtained for Bi = 1 and 
the approximate solution obtained in part (b) to show that the 
relative percentage error is 0.02%. This demonstrates that the 
asymptotic solution, derived for small Bi, can be useful even when Bi 
is of order of unity. 

(e) Calculate the approximate solution when Bi = 5. Use the approxi- 
mate solution obtained in part (b) as the initial guess in the 
Newton-—Raphson scheme to show that the “numerically exact” 
solution can be achieved within two iterations! 

The last two problems solve the asymptotic solution for the transcenden- 

tal equation ¿ tan(é) = Bi when Bi is a small number. 

(a) To deal with the same transcendental equation when Bi is a large 
number, use the usual perturbation approach with the asymptotic 
expansion 


1 1 1 
E= fot Beit Baba t abst U 


and substitute this expansion into the governing equation to show 
that the coefficients are 


é= (n+ 5): f= -ġo é= $o; 


e- (E3), p _ _ £0465 -3) 
3° 3 3 


š 45> 


(b) Use the Newton—Raphson program of Problem 6.2 to compute the 
first eigenvalue when Bi = 100, 10, and 1, and compare the asymp- 
totic solutions obtained in part (a) with the corresponding exact 
solutions. 

Repeat Problems 6.1, 6.2, and 6.3 with the transcendental equation 


Ecot(€) — 1 = —Bi 


obtained when solving the heat conduction problem in a spherical object 
by the method of separation of variables. 
Show that for small Bi number, the first eigenvalue is 


E? = Bi(3 - Big +) 


Hint: The following Taylor series expansion for cot is useful: 


1 3 
oe) =z- Set 
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6.5,. Use the perturbation method to find the root of the cubic equation 


ez? =a -z 
where a is a constant of order of unity, and e is a small number (e < 1). 
(a) Use the asympotic expansion for z 


Z =z +ez +e7z,4+ °°: 


and substitute it into the cubic equation to show that the coefficients 
are 


The regular perturbation yields only one real root to the cubic 
equation. The other two roots are not found because of the simple 
fact that the cubic term was not retained in the solution for the 
zero-order coefficient, zọ, explaining why the regular perturbation 
method fails to locate the other two roots. 

(b) To find the other two roots, it is essential to retain the cubic term in 
the zero-order subproblem. To do this, start with the expansion 


z= lvo te", ++] 
where 1/e” represents the magnitude of the two missing roots. At 
this stage, the exponents n and m are unknown. Substitute this 
expansion into the cubic equation and show that in order to keep the 
cubic term in the zero-order solution, which is essential to find the 
two missing roots, the exponents n and m must be 


N| eR 


n=m= 


(c) Solve the zero-order and first-order subproblems to show that the 
coefficients yọ and y, are to take the form 


: a 
Yo = +1; Yı = — 7 
where i is the imaginary number, i = v— 1. 
Thus, the missing two roots are complex conjugates. 


(d) Compare the asymptotic solutions with the exact solutions' for 
a = 2, e = 0.01 and 0.1. Discuss your results. 


lFor the cubic equation of the form (Abramowitz and Stegun 1964) 


z? +a,z?+az+a=0 
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6.6,. Repeat Problem 6.5 with the cubic equation 


3 


ez =z-a (£ <1) 


and show that the three roots to this cubic equation have the following 
asymptotic expansions: 


z, =a + e(a?) + €7(3a°) +- 


gb+e(-3)+e] 


Z2 
z= -[-1+ ve(-5) + | 


6.7,. Modeling of diffusion coupled with a reaction of order p inside a catalyst 
particle poses difficulties owing to the nonlinear reaction term (e.g., see 
Example 2.7). 

(a) If the particle has a slab geometry, set up the coordinate frame with 
the origin being at the center of the particle. Show that the differen- 
tial mass balance equation for the reactant is 

d?C 
DE — kc? =0 


where C represents reactant concentration 


C E Products 


If the external film resistance surrounding the particle is negligible 





let 
_ 4 a x (4142 — 349) a3 Kagir? 
ee DEE 6 AE as 


If A > 0, we have one real root and a pair of complex conjugate roots. 
If A = 0, all roots are real and at least two are equal. 
If A < 0, all roots are real. 


The three roots are 


a2 
z= (5, +2) — = 


(8, +52) a i3 


z= ~ S15) _ 4 Mis = s2) 


where 


s=[r+ va]; s.=[r- va]? 
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compared to the internal diffusion, show that the boundary condi- 
tions for the above mass balance equation are 


ac 
dr 


r=R; C=C, 


0 


where R is the half thickness of the slab catalyst and Cy is the 
external bulk concentration, which can be assumed constant. 

(b) Convert the mass balance equation and its boundary conditions to 
the following nondimensional form 


d? 

P — dy? =0 
= dy _ 

x=0, 3 = 


What are the required definitions of the nondimensional variables x, 
y, and $? 

(c) The quantity of interest in analyzing the relative importance between 
diffusional resistance and chemical reaction is called the effectiveness 
factor, 7, which is given by 


1 dy 


z p? dx lx=1 


The effectiveness factor is the ratio between the actual reaction rate 
per unit catalyst particle and the ideal reaction rate when there is no 
diffusional resistance. Derive the above expression for the effective- 
ness factor. 

(d) For a first order (linear) reaction, show the following solutions for y 
and ņ are obtained 


_ cosh( dx) . _ tanh(¢) 
A cosh(¢)’ " © 


(e) For a general reaction order, the explicit analytical solution for the 
effectiveness factor is not possible, but perturbation methods can be 
applied here to derive asymptotic solutions when ¢ is either small or 
large. When ¢ is small, the problem can be handled by the regular 
perturbation method. Assume that the solution for y possesses the 
asymptotic expansion 


y(x; $) = y(x) + y(x) + pyx) +: 
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(f) 


(g) 


Show that the effectiveness factor for a reaction of order p is 


2p? - 
n=1- $+ pP ArU D) 54 + O(¢5) 


When the parameter œ is large, a singular perturbation problem 
arises. This is caused by the small parameter multiplying the second 
derivative term in the mass balance equation, which is a source of 
nonuniformity, as discussed in Section 6.2.4. Let 


at 
=F 


so the mass balance equation will become 


Show that the straightforward application of the expansion 
y(x;e) = yo teyit: 
will yield the solution 
Yo=y,=0 


This solution clearly does not satisfy the boundary condition at the 
particle surface. However, the above solution is valid for most of the 
interior region of the catalyst, except for a thin zone very close to the 
particle surface. This solution, therefore, is called the outer solution. 
To find the solution that is valid close to the particle surface, the 
coordinate must be stretched (magnified) near the surface as 


1-x 
¿= n 


E 





where e” is the boundary layer thickness, and n is unknown at this 
stage and must be deduced based on further analysis. In terms of the 
new stretched variable, show that the new mass balance equation is 





Since the inner solution is valid near the particle surface, it is 
essential to retain the second order derivative term in the zero order 
solution; this means we must select n = 1. The new equation now 
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becomes 


d’y 
ae” 


Show that the proper boundary conditions for this new equation valid 
in the boundary layer are 

é=0; y=1 

é> eo; y= 2 =0 


Hint: The second boundary condition is a result of matching between 
the inner and the outer solution. 
(h) If the solution valid in the boundary layer is to have the expansion 


yle) = yP) reyes) + 
then show that the equation for the leading order solution is 


2,,0) 

d Yo = [yey]? 
dé? 0 

and its associated boundary conditions are 
f=Q yp=1 


dy® 
DP eae =o 


(i) Integrate the relation in part (h) (use the method in Example 2.7) 
and show that the solution for the effectiveness factor for large ¢ is 


12 
1~@Vpti 


6.8,. If the catalyst particle in Problem 6.7 is cylindrical, and if the transfer to 
end caps is ignored, 
(a) Show that when the reaction is first order, the solutions for the 
concentration distribution and the effectiveness factor are (c.f. Exam- 
ples 3.3 and 3.6) 


Io( x) 
I,(¢) 


_ 21(¢) 
= $19) 





y(x) = 
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(b) When the reaction is of order p, show that the solutions for effec- 
tiveness factor for small and large ¢ are 





pd Bee Re i, dee 
and 
2 2 
7 O@Vpti 
respectively. 


6.9,. If we redo Problem 6.7 for spherical particles, show that the solutions for 
the effectiveness factor for small ¢ and large ¢ are 





parap ye EED ga oe 
and 
3 2 
1" OV pti 
respectively. 


6.10,. Apply the regular perturbation method to solve the following first order 
ordinary differential equation 


(itey)2+y=0 


subject to 


(a) Show that the asymptotic solution has the form 
y= el-* + ele! ~= = eXl—x)] tree 


(b) Compare the approximate solution with the exact solution for 
€ = 0.01 and 0.1 


In(y) + ey = -x+(1 +e) 


6.11,. Modeling of mass transport through a membrane with variable diffusivity 
usually gives rise to the nondimensional form 


FoF] =o 


6.12;. 
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subject to the following boundary conditions: 
x = 0; y=0 
x=1; y=1 


(a) For f(y) = 1 + e(y — 1), show by the method of regular perturba- 
tion that the asymptotic solution is 


er Cee ae 
YE EL 


(b) Compare this asymptotic solution with the following exact solution 
for « = 0.01 and 0.1, 


y(1 -«) + 5y? 
=e 


2 


Use the regular perturbation method to solve the nonlinear ordinary 
differential equation 


(x+ey)Z +y=0 


subject to 


(a) Show that the asymptotic solution is 


-$4+-(551)+e(-554)+ 
‘a 2x? 2x5 


(b) The exact solution is given by 








w=1+53(1-y?) 


Compare the asymptotic solution obtained in part (a) with the exact 
solution for £ = 0.1. Discuss the diverging behavior of the asymptotic 
solution near x = 0. Does the asymptotic solution behave better near 
x = 0 as more terms are retained? Observing the asymptotic solution, 
it shows that the second term is more singular (secular) than the first 
term, and the third term is more singular than the second term. 
Thus, it is seen that just like the cubic equations dealt with in 
Problems 6.5 and 6.6, where the cubic term is multiplied by a small 
parameter, this differential equation also suffers the same growth in 
singular behavior. 

If the equation is now rearranged such that x is treated as the 
dependent variable and y as the independent variable, that is, their 


(c 


N 
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roles are reversed, show that the governing equation is 


dx 
Jp ee ey) 


Applying the regular perturbation to this new equation to show that 
the asymptotic solution will have the form 


2 
pd ye SAE) 
y 2y 
which is in fact the exact solution, a pure coincidence. 

6.13,. The differential equation having the type dealt with in Problem 6.12 can 
be solved by a variation of the regular perturbation method, called the 
strained coordinates method. The idea was initially due to Lighthill 
(1949). Basically, this idea is to expand the dependent as well as the 
independent variables in terms of a new variable. The coefficients of the 
expansion of the independent variable are called the straining functions. 
Regular perturbation is then applied by substituting the two expansions 
of the independent and dependent variables into the equation, and the 
crucial requirement in finding the straining function is that the higher 
order terms are no more singular than the preceeding term. This is called 
Lighthill’s rule, after Lighthill (1949). Let us now reinvestigate the 
equation dealt with in Problem 6.12 and expand the independent vari- 
able as 


Here, we allow the first coefficient, xg, to behave as the new independent 
variable, and the subsequent coefficients will be a function of x; that is, 
the independent variable x is strained very slightly 


X =Xq + €X,(Xp) +: 


If x, is set to zero, the strained coordinates method will become the 
traditional regular perturbation method. 

Assume that the dependent variable y has the following asymptotic 
expansion with coefficients being the function of the new independent 
variable xp; that is, 


Y =Yo(Xo) + EY(Xo) +7: 


(a) Show by the chain rule of differentiation that the derivative will have 
the asymptotic expansion 


6.5 Problems 219 


(b) Substitute the expansions for x, y, and dy/dx into the governing 
equation and equate like powers of € to show that the zero-order 
and first-order subproblems are 


dy 
2°: Xoe, +y =0 
and 
dy dyo dx 
1. 1 = 0 
E: ra +y; = (x1 + yo) $2 +x tide: de. 


(c) In principle, we can solve for yọ and y, from the above two 
subproblems with x, chosen such that the coefficient y, is not more 
singular than the preceding coefficient yọ. To completely solve for yo 
and y,, we need to find their conditions. Use the given initial 
condition x = 1, y = 1 to the expansion for x to show that 


1 =x + ex,(xG) 


The value xj is the value of x, at x = 1. Since xj is very close to 
unity, assume xj to have the asymptotic expansion 


=l+ea 
and substitute this into the initial condition to show that 
a = —x,(1) 
Hence, 
= 1-ex,(1) 


(d) To find the condition for yọ and y,, use the initial condition and 
then substitute it into the expansion for y to show that 


aan 





yo(1) = 1 and y,(1) = x,(1) 


Note that the initial condition for y, depends on the straining 
function x,, which is still unknown at this stage. This will be deter- 
mined during the course of analysis, and the Lighthill’s requirement 
is that the subsequent term not be more singular than the preceeding 
term. 

(e) Show that the solution for yọ is 


1 


Yo = Yo 
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(£) Use this solution for yọ into the first-order subproblem to show that 
the equation for y, takes the form 


then show that the solution for y, is 


-K_ 1f, 12 
L Xa 1 2X0 


where K is the constant of integration. 
(g) Show that the simplest form of x,, taken to ensure that the function 
y, is not more singular than the function yo, is 


x= 
1 2X0 
then show that the initial condition for y, is 


y,(1) = 5 


and then prove that the complete solution for y, is 
ae i 
1" 2X9 
Thus, the complete solutions are 
eee x=x Sees 
0 2Xo 


which are implicit because of the presence of xg. 
(h) Eliminate x, between the two solutions in part (g) to show that the 
final implicit asymptotic solution is 


2 
ARETE ET, 
Compute this solution for « = 0.1 and 1 and compare the results with 
the exact solution. Discuss your observations especially in the neigh- 
borhood of x = 0. 
Further exposition of this method of strained coordinates can be 
found in Nayfeh (1973) and Aziz and Na (1984). 

6.14*. A well-stirred reactor containing solid catalysts can be modelled as a 
perfect stirred tank reactor, that is, concentration is the same everywhere 
inside the reactor. When such catalysts are very small, the diffusional 
resistance inside the catalyst can be ignored. The catalyst is slowly 
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deactivated by the presence of the reactant (this is called parallel 
deactivation). The rate of the reaction per unit volume of the reactor is 
taken to follow a second order kinetics with respect to the reactant 
concentration as 


R=kC?a 


where C is the reactant concentration, k is the reaction rate constant, 
and a is the catalyst activity, which is unity (.e., fresh catalyst) at t = 0. 
(a) Show that the mass balance equation for the reactant is 


VEE = F(C, - C) - VkC?a 


where F is the volumetric flow rate, V is the reactor volume, and Co 
is the inlet reactant concentration. 

The catalyst activity declines with time, and the equation describ- 
ing such change is assumed to take the form 


da 


where k, is the rate constant for deactivation. 


(b) Show that the mass balance equations in nondimensional form can 
be cast to the following form 


d 
S =a(1-y) -ya 


and 


where y is the nondimensional concentration and 7 is the nondimen- 
sional time given as 


C 
and e (small parameter) and a are 


ka F 
ea Ep Sh @* irc, 


(c) With respect to the time scale 7, use the perturbation method to 
obtain the solutions for y and a, given below 


a(7) =1 
m,|1-exp(-rVa? + 4a)] 
aj + (Fis Jeol- v/a? +40) 


y(t) = 
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where m, and m, are given by 
m,=Va?+4a-a; m,=Va?+4a+a 


This represents the start-up problem (inner solution), that is, the 
catalyst is still fresh (a = 1). 

(d) To obtain the solution behavior beyond the start-up period, define a 
slower time scale, which is slower than the time scale 7, as 


t= 


and show that the mass balance equations in terms of this new time 


scale are 
dy _ 2 
eT =a(1-—y)-y*a 
and 
oes, 
di” 


(e) Apply the perturbation method on this new set of equations to show 
that the solutions for the slow time scale are 


0 alt - xP] Ei yọ] 
Oo eT 
and 
vP [1 - y¥P0)] 1 Aie 
POL IPA] | ° Fo yP(0) PO soi 


where y{?0) is the initial condition of the zero order outer solution. 
This initial condition is found by matching the inner solutions ob- 
tained in part (b), and shows that 


y(0) = [Va + 4a -a] 


(f) Knowing the inner solutions in part (b) and the outer solutions in 
part (d), obtain the composite solutions that are valid over the whole 
time domain. 


PART TWO 


With them the seed of wisdom did I sow, 

And with my own hand wrought to make it grow; 
And this was all the Harvest that I reap’d— 

“I came like water, and like Wind I go.” 


Rubdiydt of Omar Khayyam, XXXI. 


Chapter 7 





Numerical Solution 
Methods 


(Initial Value Problems) 


In the previous chapter, we discussed analytical and approximate methods to 
obtain solutions to ordinary differential equations. When these approaches fail, 
the only remaining course of action is a numerical solution. This chapter and 
the next consider numerical methods for solving ODEs, which may not be 
obtainable by techniques presented in Chapters 2, 3, and 6. ODEs of initial 
value type (i.e., conditions are specified at one boundary in time or space) will 
be considered in this chapter, whereas ODEs of boundary value type (condi- 
tions are specified at two boundary points) will be considered in Chapter 8. 


7.1 INTRODUCTION 


Modeling of process equipment often requires a careful inspection of start-up 
problems that lead to differential equations of initial value type, for example, 
modeling of chemical kinetics in a batch reactor and modeling of a plug flow 
reactor. For the first example with two reactions in series 


ky ky 
A—-B—->C 
the model equations for constant volume are 


Sdn ee 
dC 
He 7 tkci — k2Ce 
and 
dC 
Fe = thee 


225 
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The batch reactor is initially filled with A, B, and C of concentrations C4, Cgo» 
and Cc. Mathematically, one can write: 


t=0; C4 = Cao Cy = Cso Co = Ceo 


The last equation is the condition that we impose on the differential condition 
at t = 0, that is, before the reactions are allowed to start. These are called the 
initial conditions, and the mathematical problem attendant to such conditions is 
called the initial value problem (IVP). 

The plug flow reactor also gives rise to an IVP. If we write down a mass 
balance equation for the thin element at the position z with a thickness of Az 
(see the control volume of Fig. 1.15) and then allow the element thickness to 
approach zero, we obtain the following equations for the two reactions in series: 


dC. 

us = -k,Cy 
dC 

uae = tka — k Ce 
dC. 


dee ad = +k,CF 


where u is the superficial velocity. The conditions imposed on these equations 
are the inlet concentrations of these three species at the entrance of the reactor; 
that is, 


z=0; C4 = C40; Ce = Cro, Co=Ceo 


Again, in the second example the conditions are specified at one point (the 
entrance), and hence the problem is the initial value problem. The similarity of 
the two systems can be seen more readily if we introduce the local residence 
time to the plug flow problem, 7 = z/u, we thus see the above equations are 
identical to the batch start-up problem, except ¢ is replaced by r. 

Noting the form of the model equations of the last two examples, we can 
write the standard form for first order ODE as follows: 


dy; 
Gr TSiO Yao--- Yn) (7.1) 


for i = 1,2,..., N, and where N is the number of equations. The independent 
variable ż does not appear explicitly in Eq. 7.1; such a system is called 
autonomous. Otherwise, the system is called nonautonomous [see Eq. (7.3a)]. 

The initial conditions for the above equations are values of yi = 1,2,..., N) 
for an initial instant of time (usually, t = 0) 


t=0; y,(0) =a; (known) (7.2) 


Equation 7.1 includes all first order nonlinear ODEs, provided the independent 
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variable t does not appear in the RHS. Equations of the last two examples fall 
into the general format of Eq. 7.1. 

If the argument in the RHS of the coupled ordinary differential equations 
contains f, such as 


dy; ; 
He SY Yar Ynot) for i=1,2,...,N (7.3a) 


t=0; y(0) =a; (known) (7.36) 


we can nonetheless redefine the problem such that the relation of the form of 
Eq. 7.1 is recovered. 

For such a case, we simply introduce one more dependent variable by 
replacing ¢ with yy}, a new dependent variable, for which the differential 
equation is defined as 


Dus =] (7.4a) 
and 
t=0; Yy (0)=0 (7.4b) 
or in the general case, 
t=to Ynailto) = to (7.4c) 


Thus, we see that the new “dependent variable” is exactly equal to t. 
With the introduction of the new dependent variable y,,,,, Eq. 7.3a can now 
be cast into the form 


dy; 
dt = fil Yis Y2- -+ YN YNa1) (7.5) 


for i = 1,2,..., N. 

The new set now has N + 1 coupled ordinary differential equations (Eqs. 7.5 
and 7.4). Thus, the standard form of Eq. 7.1 is recovered, and we are not 
constrained by the time appearing explicitly or implicitly. In this way, numerical 
algorithms are developed only to deal with autonomous systems. 





We illustrate this with an example of heating of an oil bath with a time-depen- 
dent heat source. Let T and Q(t) represent the bath temperature and heat rate, 
respectively. We shall take the bath to be well mixed so the temperature is 
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uniform throughout. A heat balance on the bath gives 


VpC Ea = Ah(T — T,) — VQ(t) 
where V is the bath volume and 4 is the heat transfer area for heat loss to 
ambient air at temperature T,,. 

The initial temperature of the bath is T), before the heater is turned on; that 
is: 


The balance equation has a time variable in the RHS, so to convert it to the 
format of Eq. 7.1 we simply define 


y,=T 
y2=¢ 
As suggested by Eq. 7.4a, the differential equation for y, is 


dy, are 
y7! = y2 =t 


and the equation for y, is simply the heat balance equation with ¢ being 
replaced by y, 


dy, 
Vpc, ea = Ah(y, ~ Ta) — VQ( y2) 
The initial conditions for y, and y, are 


t= 0; yı = Tos y,=0 


Thus, the standard form of Eq. 7.1 is recovered. 

Occasionally, we encounter problems involving higher order derivatives. To 
render the governing equations for these problems to the standard form of Eq. 
7.1, we can proceed as follows. For illustrative purposes, we shall consider a 
second order differential equation, but the procedure is general and can be 
applied to higher order systems. If the governing equation contains second 
derivatives of the general form 


y” + F(y’,y) =0 (7.6) 
we can recover the form of Eq. 7.1 by simply defining, as discussed in 
Chapter 2 

Ja = (7.7a) 
dy 
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With the definition (7.7), Eq. 7.6 becomes 


Ba = -F(Y y1) (18) 


Thus, the new set of equations written in the format of Eq. 7.1 is 


dy 

T =y, = f(y Y2) 

p (7.9) 
Y 

a = —F( y2, Y1) = fa( Y1; Y2) 


Thus, any order equation can be expressed in the format of Eq. 7.1. We next 
address the issue of initial conditions. If the initial conditions of Eq. 7.6 are 


H;(y'(0), y(0)) =0; i=1,2 (7.10) 


then we can use the definition of Eq. 7.7 to convert this initial condition (7.10) 
in terms of the new dependent variables 


H;(y(0), y(0))=0; i=1,2 (7.11) 


Equation 7.11 represents a set of two possibly nonlinear algebraic equations in 
terms of y,(0) and y,(0). This algebraic problem can be solved by trial and 
error, using for example the Newton—Raphson technique (Appendix A). This 
will yield y,(0) and y,(0), which will form the initial conditions for Eq. 7.9. At 
this point, we need to assume that the numerical (approximate) solution of Eq. 
7.11 will give rise to an initial condition, which will produce a trajectory that is 
arbitrarily close to the one with the exact initial condition. 





Convert the following second order differential equation 


2 
ay, E3 +b.) % + c(y,t)y = f(t) 


to the standard format of Eq. 7.1. 

This is a challenging example, since the equation is second order and 
nonlinear. We first take care of the independent variable time by introducing y, 
as the time variable; that is, 


with the initial condition 
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To account for the second order derivative, we define 


dy 
yo =y and Y3 7 ar 


With these definitions the original differential equation becomes 
dy, 
Yo, Vi) Ge + (Ya Vi) ¥3 + C(¥2 Vi) ¥2 = FO) 


Next, we rearrange the differential equations for y,, y., and y, as follows 


dy, 


a? 

dy, = 

a ~ %3 

Ws WAV). CORI IO) 
dt A(¥2,¥1)° >  a(Y2,Yı) ?  a(y2, 1) 


provided that a(y,, y,) is not equal to zero. Now, we see that the standard form 
of Eq. 7.1 is recovered. 

The same procedure presented above for second order differential equations 
can be extended to an nth order differential equation and to coupled nth order 
differential equations, as the reader will see in the homework problems. 

Thus, no matter whether the independent variable, t, is in the RHS of the 
differential equation or the governing equation involves higher order deriva- 
tives, we can perform elementary transformations, as illustrated in the last two 
examples, to convert these equations to the standard form of Eq. 7.1. The 
compact language of vector representation could also be used to express Eq. 7.1 


d 
& = f(y) (7.12a) 
and 
t=0; y=a_ (known vector) (7.126) 


where the vectors are 


y = [yi y2- Yy] 
f= [fi ff] (7.13) 


a= [a a,.n] 


7.2 TYPE OF METHOD 


Arranging equations in a systematic format is time well spent, before the act of 
computation takes place. The computation methods are generally of two types: 
explicit and implicit. By explicit methods, we mean that if we know the value of y 
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at the instant of time ¢,, the calculation of the vector y at the next time ¢,,, 
requires only the known values of the vector y and its derivatives dy/dt = f(y) 
at the time ¢, and previous times. The implicit methods, however, involve 
solving equations for the unknown value of the vector y at the time ¢,,,,. 

The simplest example of the explicit type is the Euler method (unfortunately, 
it is unstable and the most inaccurate method), in which the recursive formula 
to calculate the vector y at time f¢,,,, is 


Winar) = Itn) + AE(¥(t,)) (7.14) 
Here, we have represented the differential with 


dy Ma V(tn+1) — y(¢t,,) 
F a Re (1.15a) 


where 
At=h (7.156) 


and the average value for f over the interval h is taken as f(y(t,,)). 

Thus, we see that the evaluation of the vector y at ¢,,, only requires the 
known vector y at ¢, and its derivatives at t,, that is, f(y(¢,,)). It is the simplest 
method and unfortunately it is unstable if the step size h is not properly chosen. 
This problem justifies more sophisticated methods to ensure numerical stability, 
a topic that will be discussed later. 

Note that Eq. 7.14 is basically the Taylor series of y(t,,,,), where y,., = 
y Cta + 9) 


Wini) = 10n) + AZG + O(n?) 


= y(t,) + f(y(4,)) + OCh?) 


where the order symbol O is defined in 6.2.2, and simply means that “left-out” 
terms have a size magnitude of order h? (the smaller h, the better). Comparing 
the above Taylor series and Eq. 7.14, the explicit Euler equation has a local 
truncation error of O(h7), with the local truncation error being the error 
incurred by the approximation over a single step. As time increases, the overall 
error increases. Since the number of calculations is inversely proportional to the 
step size, the actual accuracy of the explicit Euler method is O(h). 

To simplify the notation of the recursive formula, we denote the numerical 
value of y at the times ¢, and ¢,,, as y(t,) =y, and y(t,,,) = Yp} and the 
explicit Euler formula (7.14) is rewritten 


Yn+1 = Yn + hf(y,,) (7.16) 


The implicit method, to be introduced next, alleviates the stability problem 
inherent in the explicit method. An example of the implicit formalism is the 
trapezoidal method. Here, the derivative dy/dt at the time t, is calculated using 
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the Trapezoidal rule; that is, 


a hee = Flon) + f(y,+1)] (7.17) 


where the RHS is simply the average f at two successive times. 
The recursive formula for y(t,,,) for the Trapezoidal rule is obtained by 
replacing as before 


dy = Yn+1 — Yn 
dt h 


so that: 
h 
Yn +1 = Yn + 5 lEn) T f(y,+1)] (7.18) 


Equation (7.18) represents a set of N nonlinear algebraic equations, which must 
be solved by a trial and error method such as Newton—Raphson or successive 
substitution for y,,, ,; (Appendix A). This is the characteristic difference between 
the implicit and explicit types of solution; the easier explicit method allows 
sequential solution one at a time, while the implicit method requires simultane- 
ous solutions of sets of equations; hence, an iterative solution at a given time 
t,41 is required. 

The backward Euler method yields a simpler implicit formula, and its recur- 
sive relation to calculate y, ,, is given as 


Yn+1 = Yn + hf(y,, +1) (7.19) 


where the average f over the interval h is taken to be fly,,,). Again, the 
recursive formula is a set of nonlinear algebraic equations. 

In terms of stability, the explicit Euler method is unstable if the step size is 
not properly chosen. The implicit methods, such as the backward Euler and the 
trapezoidal methods, are stable, but the solution may oscillate if the step size is 
not chosen small enough. The illustrative example in the next section reveals the 
source of the stability problem. 


STABILITY 


Numerical integration of a problem usually gives rise to results that are unusual 
in the sense that often the computed values “blow up.” The best example of 
this so-called stability problem is illustrated in the numerical integration of 
dy /dt = —y using the Euler method with a very large step size. 
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Let us investigate the phenomena using the following decay equation 


dy 
a — ly (7.204) 
with 
t=0; y=1 (7.205) 


If we denote y, as the exact solution, then the numerically calculated solution y 
can be expressed as a deviation from this exact value 


y=yete (7.21) 


where « represents the error, which is a function of time. Substitution of Eq. 
7.21 into Eq. 7.20a gives 


de 


ap 7 7E (7.22) 


The method is considered to be stable if the error decays with time. 
If the explicit Euler method is applied to Eq. 7.22 from t, to t„,}ı, we obtain 


Ena, = En + h(—àÀE,) =6,(1 — hà) (7.23) 


If stability is enforced, we need to have the error at t,,,, to be smaller than that 
at t„; that is, 


——|<1 (7.24) 








Substituting Eq. 7.23 into Eq. 7.24, we have 


1 —AAl <1 (7.25) 
This implies 


O<haA <2 (7.26) 


The step size for the explicit Euler method must be smaller than 2/A to ensure 
stability. 
If we apply the trapezoidal rule (Eq. 7.18) to Eq. 7.22, we find 


En+1 = En + A (ae, a AE, 41) (7.27) 


from which 


En+1 1 — hà /2 


€,  1¥hi/2 (729) 
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Table 7.1 Comparison of Stability Behavior 


Stable and No Stable and 
Method Oscillation Oscillation Unstable 
Euler 0<hA <1 1<haA <2 hrx>2 
Trapezoid 0<haA <2 2<hdA < none 
Backward Euler 0<hrA<o none none 


Now, to ensure stability for this case, we conclude the criterion is |e, ,,/e,| < 1 
is satisfied for any step size h(h > 0). Thus, the trapezoidal rule is always stable. 
Nonetheless, the error oscillates around zero if hA > 2. 

If we next apply the backward Euler method (Eq. 7.19) to Eq. 7.22, we have 


En+1 = En + h( —AEns1) (7.29) 
which yields 


En+1 _ 1 
e  1+ha 





(7.30) 


n 


It is clear from Eq. 7.30 that the method is always stable, and moreover, the 
problem of oscillation around the exact solution disappears. 

Table 7.1 highlights behavior of the three techniques. 

The explicit Euler method is stable only when the absolute value of hA is less 
than 2, and is not stable when it is greater than or equal to 2. The backward 
Euler is always stable and does not oscillate, but it is not particularly accurate 
(because it is a first order method). The trapezoid method is of second order, 
but it oscillates for large |hA|. Analysis of the Order of Errors in the various 
numerical schemes will be discussed in Section 7.6. 





To illustrate the Euler and trapezoidal methods, we apply them to the following 
problem of chemical decomposition of nitrogen dioxide in a plug flow reactor. 
The chemical reaction rate is second order with respect to the nitrogen dioxide 
concentration; that is, 


Reg, = KC? (7.31) 


The rate constant at 383°C is 5030 cc/mole/sec. 

Here, we assume that there is no axial diffusion along the reactor, and the 
velocity profile is taken to be plug shaped. We wish to study the steady-state 
behavior at constant temperature. With these assumptions, we can set up a mass 
balance around a thin element having a thickness of Az (Fig. 7.1). 
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| 
z=0 zzt+Az z=L 


Figure 7.1 Schematic diagram of the plug flow 
reactor. 


The mass balance equation is 
SuC|, — SuClz+az — (SAz)R,,, = 0 (7.32) 


where u is the velocity, and S is the cross-sectional area of the reactor. 

Dividing Eq. 7.32 by SAz and allowing the element to shrink to zero, we 
obtain the following ordinary differential equation describing the nitrogen 
dioxide concentration variation along the reactor 


UE = -Rua = — KC? (7.33) 


This equation is a first order ordinary differential equation; hence, one bound- 
ary condition is needed for the complete formulation of the problem. This is 
known since the concentration of nitrogen dioxide at the entrance is given as 
Cy. Mathematically, we write 


z=0; C=C, (7.34) 


This set of problems can be solved analytically using the methods of Chapter 2. 
The analytical solution is 


[Spain ee ee (7.35) 
Co f E (ee J] 





which we shall use as a basis for comparison among the several numerical 
integration schemes. If we denote the bracketed term in the denominator of Eq. 
7.35 as 


O KCal _ kCoLS _ kCV 


B= us F 





(7.36) 


where V is the reactor volume and F is the volumetric flow rate, Eq. 7.35 then 
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becomes 
C 1 
[aA = FB (7.37) 
Hence, the conversion is 
C B 
Leal "IFB (7.38) 


Thus, the reactor performance is governed by a simple equation (Eq. 7.37), or in 
terms of design, it is governed by a simple parameter group B. If we wish to 
design a reactor with a given conversion, the parameter group B is then 
calculated from Eq. 7.38. For example, to achieve a 50% conversion, we need to 
have the design parameter group B to be 1. So, if the rate constant is known 
(k = 5030 cc/mole/sec at 383°C), the group C,V/F can be calculated 


CV 
Sas Oa ees E ee 


F k © k 5030 cc/mole/sec cc 


Therefore, if the inlet concentration, Cy, and the volumetric flow rate are 
known (which is usually the case in design), the reactor volume then can be 
calculated. So, for example, if 


= -g mole | cc 
Cyo=2x10°— > F = 72,00 


the reactor volume is 

V = 199 liters 
Now let us return to the original equation and attempt to solve it numerically. 
First, we multiply the numerator and denominator of the LHS of Eq. 7.33 by the 


cross-sectional area, S, to obtain 


FI = - kc? (7.39) 


We can define the following nondimensional variables to simplify the form for 
numerical integration 


Se ya (“) (7.40) 


ee oF F 
Equation 7.39 then becomes 


dr = ay (7.41) 
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with the initial condition 
7=0; y=1 (7.42) 


If we use the explicit Euler formula (Eq. 7.14), the recurrence formula for this 
problem (Eq. 7.41) is 


Yn+1 = Yn + h(—yzZ) (7.43) 


where h is the step size (to be chosen) in the numerical integration; also we 
note yp = 1. 

Using the implicit formulas (the backward Euler and the trapezoidal), we find 
the following recursive equations; first, the backward Euler 


Yni = Yn + h(—-y241) (7.44) 


and the trapezoidal is 


EERS] u2 
Ynt1 = Yn th (oy) + (yee) aa) M (7.45) 


We note again that the recurrence formula for the implicit methods are 
nonlinear algebraic equations. This means that at every time step, ¢,,,,, these 
nonlinear algebraic equations (Eqs. 7.44 or 7.45) must be solved iteratively for y 
at that time. Appendix A reviews a number of methods for solving nonlinear 
algebraic equations, and here we use the Newton—Raphson to solve the nonlin- 
ear algebraic equations. Let us begin the demonstration using the backward 
Euler formula (Eq. 7.44). 

We rearrange the recurrence formula for the backward Euler formula (Eq. 
7.44) to the following standard format, suitable for the application of the 
Newton-—Raphson trial-error technique 


F = hy? 44 + na) — Yn = 0 (7.46) 


Although this equation is a solvable quadratic (owing to the second order 
reaction), we will solve it nonetheless by numerical means to demonstrate the 
general procedure of the implicit integration method. The iteration scheme for 
the Newton—Raphson procedure is (Appendix A) 


k+1 k EH. 
Yai? = Ya GFO (7.47) 





Ynt 


hence, performing the indicated differentiation 


yED w= yl — hyt + y y, (7.48) 
n+1 n+l 1 + 2hy®, 


where the superscript k denotes the iteration number. 
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With this iteration equation, at any time ¢,,, the unknown y,,, must be 
solved iteratively using Eq. 7.48 until some, as yet unspecified, convergence 
criterion is satisfied. The following relative error is commonly used to stop the 
iteration process 








OO; 

nt n+ 

— an <e (7.49) 
Yn+1 

The initial guess for y,,,, is taken as 
ean = Vn (7.50) 


For small step sizes, this is a prudent initial guess. Alternatively, one can use the 
explicit Euler formula to provide a better initial guess for the iteration process 
for y,,,, in the implicit scheme; that is, 


yO. =y, + h(-yz) (7.51) 


Now, we consider the trapezoidal rule. We rearrange the recurrence formula for 
the trapezoidal rule (Eq. 7.45) as 


h h 
F= FY FIr + FY -y, (7.52) 
Again, we use the Newton—Raphson formula for this implicit procedure 


h h 
BINT + Ine + Tn In 


53 
1+ hy, US) 


k+l) (kK) 
yi = wih 


As in the case of the backward Euler method, the initial guess for y,,,, is either 
chosen as in Eq. 7.50 or Eq. 7.51. 

We have now laid the foundation for a numerical computation using three 
schemes. First, let us study the worst case, which is the explicit Euler formula 
(Eq. 7.43). The calculation for y, ,, at time ¢,,,, = nh is explicit in Eq. 7.43. For 
example, if we use h = 0.2, the value of y, at time ¢, = 0.2 is 


Yı = Yo + A(—y3) = 1 — (0.2)(1)* = 0.8 (7.54) 

and similarly, the value of y, at t, = 0.4 can be obtained as 
y2 = y, + (0.2)(—y?) = 0.8 - (0.2)(0.8)° = 0.672 (7.55) 
The same procedure can be carried out sequentially for t = 0.6, 0.8, and so on. 
This can be done quite easily with a hand calculator, which makes it attractive. 


Figure 7.2 illustrates computation of y versus 7 for several step sizes, 0.1, 0.2, 
0.5, 1, and 2. The exact solution (Eq. 7.37) is also shown in the figure. We see 
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Numerical solution h 


Exact solution 





“0.0 0.5 1.0 1.5 2.0 
T 


Figure 7.2 Plots of numerical solutions using the explicit Euler method. 


that the explicit Euler integration scheme starts to fail (i.e., the integration 
becomes divergent) when h = 1. To apply the stability theorem from the earlier 
decay equation (Eq. 7.20a), it was necessary to linearize the nonlinear equation 
(Eq. 7.41) around the point y = 1 (i.e., at zero time). The linearized version of 
Eq. 7.41 is obtained by applying the Taylor series around yọ; so if f(y) = y? 


of 


fly) =f) + 3y $ 


a9 T Yo) +7 = 0 + (2¥0)(¥ = Yo) 


so the linearized equivalent to the decay equation is given by 


on 


Ge = y- (2yo) ~ Yo) = -1 - (3 (1)(y = 1) = -2y +1 (7.56) 


This means that the decay constant A is equal to 2 at zero time. For nonlinear 
systems, the decay constant changes with time. So with the decay constant of 2 
at zero time, the step size that will make the explicit Euler integration unstable 
is 


and so we observe such instability in Fig. 7.2, where the numerical solutions 
became unstable when we used h = 1 and 2. 

Thus, we see problems arise when we apply a step size criterion based on 
linear analysis to a nonlinear problem, leading to a time-variable decay 
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constant. Let us choose the step size as 0.2 (less than 1, so that the solution 
integration from time zero is stable), so the numerical solution for y at t = 0.2 
is 0.8 (Eq. 7.54). Now we linearize the nonlinear function (Eq. 7.41) around this 
point (t = 0.2, y = 0.8), and the governing equation becomes 


d 
> = -y? - (2y:)(y - y1) = —1.6y + 0.64 (7.57) 


The decay constant at time ¢ = 0.2 is now 1.6 instead of 2 calculated earlier (at 
time zero). This simply implies that the maximum step size for the explicit Euler 
formula to be stable at time ż = 0.2 is 


instead of the value h = 1 computed at zero time. This is a typical pattern for 
systems exhibiting decay behavior; that is, the maximum allowable step size 
increases as time progresses. This is, indeed, a salient feature utilized by good 
integration packages on the market, that is, to vary the step size in order to 
reduce the total number of steps to reach a certain time. This increases 
computation speed. 

Up to now, we have placed great emphasis on the maximum allowable step 
size to ensure integration stability. Good stability does not necessarily mean 
good accuracy, as we observed in Fig. 7.2, where we saw that a step size of 0.5 
gave a stable integration, but the accuracy was not very good. To this end, we 
need to use smaller step sizes as we illustrated using h = 0.2 or h = 0.1. But 
the inevitable question arises, how small is small? In practice, we usually do not 
possess analytical solutions with which to compare. 

We next consider an implicit formula, the backward Euler formula (Eq. 7.44). 
The value y,,, at time ¢,,,, is obtained iteratively using the Newton—Raphson 
equation (Eq. 7.48). This can also be done with a personal computer or a 
programmable calculator. To demonstrate this iteration process, we choose a 
step size of 0.2, so that the next calculated value for y, is at t, = 0.2. The 
Newton-Raphson iteration equation for y, is 


ODP + yf = 1 
1 + 2(0.2) y 


A(y) + yP = yo 


(K+) = yO) — 
i l 1 +2hyP 


y = y() (7.58) 


If we now choose the initial guess for y, as yọ = 1, the first iterated solution for 
y, is 


2 
0.2)(y) +y -y (0.2)? +1-1 
M œ DU) +91" -yo 1 1 SE A EE 
yP =y) 1+ 20.2) 1 1+ X02)1 0.857142857 


Using this first iterated solution for y,, we then calculate its second iterated 
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solution as 


2 
y = yO — (0.2)(yP) + YP = Yo 
: 1 + 2(0.2)y® 
Sogge: — £0:2)(0.857 +++)" + (0.857 +++) - 1 
ra 1 + 2(0.2)(0.857 --- ) = 0.854103343 
We can see that the solution converges very quickly. The third iterated solution 
is calculated in a similar way, and we have 


y® = 0.854101966 
Thus the relative error calculated using Eq. 7.49 is 


(0.854101966) — (0.854103343) 


Rel. Error = 0.854101966 


= 0.000001612 


This error is indeed small enough for us to accept the solution for y,, which is 
0.8541. The few iterations needed show the fast convergence of the 
Newton—Raphson method. 

Knowing the solution for y, at £; = 0.2, we can proceed in a similar fashion 
to obtain y,, y3, and so on. Figure 7.3 illustrates computations for a number of 
step sizes. No instability is observed for the case of backward Euler method. 






Numerical 
solution 


0.2 Exact solution 


Figure 7.3 Plots of the numerical solutions for the backward 
Euler method. 
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Figure 7.4 Computations of the numerical solutions for the trape- 
zoidal method. 
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Figure 7.5 Relative errors between the numerical solutions 
and the exact solution versus 7. 
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Notice also that the solution does not oscillate, as one might expect in light of 
the stability analysis in the previous section. 

Again, we use Newton—Raphson in Eq. 7.53 to obtain the numerical solution 
for the trapezoidal rule, and Fig. 7.4 illustrates these computations for various 
step sizes. We note that oscillation of the numerical solution occurs around the 
exact solution for h = 1.5 and 2. This arises because the decay constant (A) at 
time zero is 2 and for the two step sizes (h = 1.5 and 2) producing oscillation, 
we see that hà > 2. Under such circumstances, oscillations will always occur for 
the trapezoidal rule. 

To summarize the comparison of methods, we illustrate in Fig. 7.5 the 
percentage relative error between the numerical solutions and the exact solu- 
tion for a fixed step size of 0.5. With this step size all three methods, explicit 
Euler, backward Euler, and trapezoid, produced integration stability, but the 
relative error is certainly unacceptable. 


7.4 STIFFNESS 


A characteristic of initial value type ordinary differential equations is the 
so-called stiffness. It is easiest to illustrate stiffness by considering again the 
simple decay equation (or first order kinetics equation) 


d 
Z = Ay (7.59a) 


t=0; yY=YVo (7.59b) 
The exact solution for this equation is 
y= Yoe ™ (7.60) 


Let us assume that we would like to solve Eqs. 7.59 by an explicit method from 
t = 0 to a time, say ¢,. The step size that we could use to maintain numerical 
stability is 


AAt <p (7.61) 


If the explicit Euler method is used, the value of p is 2 (see section 7.3 on 
stability for more details), and hence the maximum step size to maintain 
numerical stability is 


(At)max = = (7.62) 
Thus, to integrate the problem up to time ¢,, the number of steps needed is 


At 
Number of steps = SE (7.63) 


It is clear from Eq. 7.63 that the number of steps required for numerical 
stability increases with the constant A (which is sometimes called the character- 
istic value). 
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Next, we consider the following coupled ordinary differential equations, 
represented in vector form (see Appendix B for a review of this subject) 


aoli -wsha (7.640) 
with 
y(0) = [2,1]" (7.646) 
The solutions of Eqs. 7.64 are 
y, = 1.5e™ + 0.5e7 10 (7.65a) 
ya = 1.5e™ — 0.5e7 10% (7.655) 


The characteristic values (roots) or eigenvalues for this system of equations are 
A, = —1 and A, = —1000. The corresponding time constants are simply the 
inverse of these eigenvalues. To ensure the stability of an explicit method (such 
as the explicit Euler), one needs to ensure that the step size should be less than 


2 


At < 
lA maxl 


(7.66) 


where À max is the maximum eigenvalue for the matrix A. Thus, the step size has 
to be less than 0.002 to achieve integration stability. 

Inspection of the exact solution (7.65) shows that the problem is controlled by 
the smallest eigenvalue, in this case A = — 1. The curves of y, and y, versus 
time are shown in Fig. 7.6. 
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Figure 7.6 Plots of y, and y, (Eqs. 7.65) versus time. 
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A logarithmic time scale is used to illustrate the importance of the two 
distinctly separate eigenvalues, A, = —1 and A, = —1000. The fast change of 
yı and y, occurs over a very short time scale. We therefore have a situation 
where the step size is controlled by the maximum eigenvalue (i.e., very small 
step size), whereas the full evolution is controlled by the smallest eigenvalue. 
This type of problem is called a stiff problem. This occurs when small and large 
time constants occur in the same system. The small time constant controls 
earlier response, whereas the large one controls tailing. 

To measure the degree of stiffness, one can introduce the following stiffness 
ratio: 


max |A| 


SR = min |A| 





(7.67) 


When SR < 20 the problem is not stiff, when SR = 1000 the problem is 
classified stiff, and when SR = > 1,000,000 the problem is very stiff (Finlayson 
1980). 

The example we used to demonstrate stiffness is a linear problem. For a 
nonlinear problem of the following type 


B) (7.68) 


we linearize the above equation around time ¢,(y,,) using a Taylor expansion, 
retaining only the first two terms 


dy 


ae ~ En) + In) (Y Ya) (7.69) 
where 
J(t,) = (a, = [4o | (7.70) 


which is the Jacobian matrix for the problem at t =1,. The definition of 
stiffness in Eq. 7.67 utilizes the eigenvalues obtained from the Jacobian, and 
since this Jacobian matrix changes with time, the stiffness of the problem also 
changes with time. 





In this example, we illustrate computations using the Jacobian with a system of 
two coupled differential equations 


Dı 
dt 


d 
dt 


(1 —y,) — 10yiy, 


= -0.05y?y, 
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The initial conditions are 
t=0; y, = 0.2, y2=1 


For a pair of coupled differential equations, the Jacobian will be a 2 X 2 matrix. 
For the above problem, the four elements of the Jacobian are computed to be 


af, _ Phe 2 
m —1— 20y, y2; ay, > —10y; 
Of, _ . 2h 2 
Fy = Oyy; Fz = ~ 0.059} 


To find the Jacobian at time t = 0, we simply replace y, and y, by their values 
at t = 0, that is, the four elements will be 


oa = —0.2 — 20(0.2)(1) = -4.2 
a = —10(0.2)? = -0.4 

£ = —0.1(0.2)(1) = —0.02 
£ = —0.05(0.2)” = —0.002 


The eigenvalues of this Jacobian are seen to be — 4.2019 and 9.52 x 10~°. The 
absolute ratio of these eigenvalues is 44,140, which indicates that the present 
problem is quite stiff at time ¢ = 0. 


In the next two sections, we discuss the basic theories underlying the essential 
differences between explicit and implicit methods. To help with this, we need to 
recall a few elementary steps such as the Newton interpolation formula. Details 
on the various interpolation theories can be found elsewhere (Burden and 
Faires 1981). 


7.5 INTERPOLATION AND QUADRATURE 


To facilitate the development of explicit and implicit methods, it is necessary to 
briefly consider the origins of interpolation and quadrature formulas (i.e., 
numerical approximation to integration). There are essentially two methods for 
performing the differencing operation (as a means to approximate differentia- 
tion); one is the forward difference, and the other is the backward difference. 
Only the backward difference is of use in the development of explicit and 
implicit methods. 

Let us assume that we have a set of data points at equally spaced times, ..., 
ta-o bns nyp- and let y(t,) = y, (ie. y, are values of y at those equally 
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spaced times). The forward difference in finite difference terms is 
Ay, =Yn+1— Yn (7.71) 


which can be related to the first order differentiation 


d a ko (1.72) 
For second order differentiation, we shall need 
Ayy = AYnat — AYn = (Yna2 — Yat) — (Ynti — Yn) 
that is: 
My, = Yng T Yna + Yn (7.73) 


To see this, write 


d’y A’y A(y, = Yn) 1 
dt = At? < aa a = ga n+ = 2Yn+t + y,) (7.74) 


The same procedure can be applied for higher order differences. 
The backward difference is defined as 


Vn = Yn — Yn-1 (7.75) 
From this definition, the second and third order differences are 
Vy, = Vy, — VV asi 
= (Yn — Yn-1) > (Yn-1 T Yn-2) (7.76) 


V’y, = Yn 2Yn+1 + Yn-2 


and 
Vn = Yn — 3Yn-1 + 3Yn-2 — Yn-3 (7.77) 


Having defined the necessary backward difference relations, we present the 
Newton backward interpolation formula, written generally as 


ce 1) 25. yeas e+): (a+j-1) Viy, 


y(a) =y, +aVy, + 7! 


(7.78) 


where 


t-t 
a= (tr te), h=At (7.79) 
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Since n in Eq. 7.78 is arbitrary, one can write another equation similar to 
Eq. 7.78 by replacing n by n + 1. 


yla) =Yn41 taVYn 41 + 


alfa+ 1 
se TD yy 


piotr Dery eti iy 


Yn+ı (7.80) 


where 


2 (t — taai). 
A ae 


h=åt (7.81) 


The polynomials (7.78) or (7.80) are continuous and can be differentiated and 
integrated. 

If we keep two terms in the RHS of Eq. 7.78, the resulting formula is 
equivalent to a linear equation passing through two points (t„,y„) and 
(t,,-1, Yn-1) Similarly, if three terms are retained, the resulting formula corre- 
sponds to a parabolic curve passing through three data points (t,, y,), 
Ca- Yn—1) and (t, > Y,—2). Note that these latter points are prior to (t,, Yp). 

The polynomial (7.78) is a continuous function in terms of ¢ (through the 
variable a defined in Eq. 7.79; hence, it can be differentiated as well as 
integrated. Taking the derivative of Eq. 7.78 and evaluating at t = t„ (ie., 
a = 0), we obtain 


dy 1 
Bi lint, = (Pe Yn-1) — Fn — Waa HYn-2) t+ (7.82) 
Equation 7.82 simply states that knowing the values of y,, ¥,~1, Yn—29+++> We 


can calculate the derivative at t = ¢,, using just these values. 

Similarly, we can use Eq. 7.78 to evaluate higher order derivatives at t = t„, 
and also perform integration. 

Also, if the data points are composed of derivatives of y at equally spaced 
times (i.e., Yh, Yh-1» Yh-2»--), We can write the backward interpolation formula 
in terms of derivatives 


y'(a) =y, +aVy, + ater) Vy + ala + Dla +2) vy! 


4 aati) (ati-b 


+ se. 7 


Viy, (7.83) 
where 


pe Uata, h= At (7.84) 


Since n in Eq. 7.83 is arbitrary, one can write a relation similar to Eq. 7.83 by 
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replacing n by n + 1 


a(a + 1) ; 
g V 


y'(a) =Yn+1 taVY 4 + Yn+1 


. a + Ia +2): (a +j-1) y 


+> j! 


Vier (7.85) 


where 
t-t 
a= (f= few), h= At (7.86) 


The above expansions now allow representation for functions and derivatives to 
a higher order than previously used. 


7.6 EXPLICIT INTEGRATION METHODS 


The interpolation formula (Eqs. 7.83 and 7.85) presented in the previous section 
can be utilized to derive a method for integration. Let us consider a single scalar 
ODE: 


® = f(y) (7.87) 


subject to some known initial condition, say y(0) = yo. 
A straightforward integration of Eq. 7.87 with respect to t from ¢, to t,4, 
would yield 


tnt 
Yasi ~ Yn = | f(y) at (7.88) 
tn 
or: 
tn+ , 
Yn+1 = Yn + Í 'y' dt (7.89) 
ta 
By defining a = (t — t,)/h, where h = (t,,,, — t,,), Eq. 7.89 becomes 
1 t 
Ynti = In thf y'(a) da (7.90) 


Now, we will show how integration schemes can be generated. Numerical 
integration (quadrature) formulas can be developed by approximating the inte- 
grand y’(a) of Eq. 7.90 with any interpolation polynomials. This is done by 
substituting any of several interpolation formulas into Eq. 7.90. For example, if 
we use the backward interpolation formula using values from ¢,, going backward 
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(Eq. 7.83) into the RHS of Eq. 7.90, we have 
Ynti = Yat af’ +aVy, + Se V?y! + | da (7.91) 
0 . 


Note that y),,,,V¥,41,--- are numbers; hence, they can be moved outside the 
integration sign, and we have 


1 1 la(a + 1) 
Yn =y, + hly, da + Vy} | ada + V?y', AED da t- | 7.92 
In simplifying, the integration becomes a sum 


M 
Yne1 =Y, +h È} ô; Viy! (7.93) 
i=0 


where M is an arbitrary integer, and ô; is defined by the following relation 


ô; = pet eri da (7.94) 
0 L! 
Explicit evaluation of ô; from Eq. 7.94 and substitution of the result into Eq. 
7.93 gives 
1 5 2 , 
Yasi =n HAL + 3Y + 3Y Hasli (7.95) 


Keeping only the first term in the bracket, we have 
Yn+1 = Yn + hyn + O(h?) (7.96) 
but y, = f(y,), so we get 


Yn+1 © Yn T hf (yn) T O(h?) (7.97) 


This formula is simply the explicit Euler method. The local truncation error is of 
order of O(h7), that is, the error is proportional to k? if all the previous values, 
Yn» Yn—19--+ are exact. However, in the integration from time ¢ = 0, the error of 
the method at time ¢,,, is accurate up to O(h) because the number of 
integration step is inversely proportional to h. 

The explicit Euler integration method is simply the linear extrapolation from 
the point at ¢ = t, to t,,, using the slope of the curve at ¢,. Figure 7.7 shows 
this Euler method with the local and global errors. 

If we now keep two terms in the bracket of Eq. 7.95, we have 


1 
Ynt1 In t a{ tz vy; (7.98) 
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Global truncation 
truncation error 













error Exact solution 


Dail ee et Obtained using 
exact slope 
at Yq 1 


Exact solution 


passing through 
Yn-1 


yO 
n-2 -1 ta n+l 


Figure 7.7 Graphical representation of Euler method, and 
local and global truncation error. 


and since the backward difference is defined as Vy), = y} — y,_,, we have 


1 
Yasa = In thle + FO = yam) (7.99) 


or 
<O = Ls, 
Yari = Yr T h| 3v = TAR (7.100) 


Using y’ = dy/dt = f(y), Eq. 7.100 becomes 


Yasa = In + AL FFO) — FfOn] (7.101) 


This formula is sometimes called the second-order Adam-—Bashford method, and 
it requires two values of the function f at t, and ¢,_,. The accuracy of the 
method is O(h?). 

If four terms are retained in Eq. 7.95, we obtain the following fourth order 
Adams-—Bashford method. 


Yast = Ya + Sp l55fOn) — S9F(In-1) + 37Fn-2) ~ IOn -3)] + OCF) 
(7.102) 


The accuracy of the method is O(h*). The Adams—Bashford method is among 
the most attractive methods used for solving nonstiff, coupled ordinary differen- 
tial equations. 

It is noted that using the higher order Adams—Bashford methods, we must 
have previous points other than the current point, y,, to execute the RHS of 
Eq. 7.101 or Eq. 7.102. At the starting point (i.e., t = 0), only one point is 
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available (y,); hence, lower order methods such as the Euler method or 
Runge-Kutta methods (which are presented later), which require only one 
point, must be used to generate enough points before higher order methods can 
be applied. 


7.7 IMPLICIT INTEGRATION METHODS 


Section 7.6 gave a number of explicit integration formulas, and in this section 
we present implicit methods, which are more stable than the explicit formula 
because they utilize the information about the unknown point, ¢,,,,, in the 
integration formula. 

To derive implicit integration methods, we start with the Newton backward 
difference interpolation formula starting from the point ¢,,, backward (Eq. 
7.85) rather than from the point t,, backward as used in the generation of the 
explicit methods. With a single equation of the type shown by Eq. 7.87, we have 


Yn+1 Ser f "tiy dt (7.103) 
tn 
or 
0 A 
Yuri = In +A] y'(a)da (7.104) 


where a = (t — t,,,)/h with h =t,,, — t,- Using the incremented interpola- 
tion formula for the function y’ (Eq. 7.85), we substitute it into Eq. 7.104 and 
carry out the integration with respect to a to obtain 


1 1 1 
Yn+1 7 Yn + A(t pa zV F gv j av FARN Jn (7:103) 


If we keep the first term in the bracket of Eq. 7.105, we have 
Yni = Yn + hyni + OCh?) (7.106) 


Since y),,, = f(Yn+1), Eq. 7.106 becomes 


Yn+1 = Yn + hf(Yna1) (7.107) 


Equation 7.107 is the implicit Euler method, which is in a similar form to the 
explicit Euler method, except that the evaluation of the function f is done at 
the unknown point y,,,,. Hence, Eq. 7.107 is a nonlinear algebraic equation and 
must be solved by trial to find y,,,. Example 7.1 demonstrated this iteration 
process in solving nonlinear algebraic equations. 

We proceed further with the generation of more implicit schemes. If the 
second term in the RHS of Eq. 7.105 is retained, we have 


1 
Ynti = Yn + (1 a 3¥) Yas (7.108) 
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Using the definition of the backward difference, Vy, ,, = Yh+1 — Yp we have 


1 
Ynti = Yn + Al na Z ZO nsi T Yn) (7.109) 


that is, 


Yasi = In + BLO) + f£Oned] (7.110) 


in which we have used Eq. 7.87. Like the implicit Euler method (Eq. 7.107), Eq. 
7.110 is a nonlinear algebraic equation and it must be solved by trial methods to 
find y,,,. This representation in Eq. 7.110 is called the trapezoidal method or 
Crank—Nicolson method, and is also sometimes called the second order implicit 
method. For simple problems, this method is very attractive, and as we have 
shown in Example 7.1, it is more accurate than the implicit Euler scheme. This 
is because the trapezoidal technique has an accuracy of O(h), whereas for the 
implicit Euler, it is O(A). 

If we truncate up to the fourth term in the RHS of Eq. 7.105, we obtain the 
following fourth order Adams—Moulton method. 


Yat = Yn + AS nea) + 19O) — 5fOner) + £On-2)) (TAN) 


The common factor in the implicit Euler, the trapezoidal (Crank—Nicolson), and 
the Adams—Moulton methods is simply their recursive nature, which are nonlin- 
ear algebraic equations with respect to y,,,, and hence must be solved numeri- 
cally; this is done in practice by using some variant of the Newton- 
Raphson method or the successive substitution technique (Appendix A). 


7.8 PREDICTOR-CORRECTOR METHODS AND 
RUNGE-KUTTA METHODS 


7.8.1 Predictor-Corrector Methods 


A compromise between the explicit and implicit methods is the predictor-cor- 
rector technique, where the explicit method is used to obtain a first estimate of 
Y„+1 and this estimated y,,, is then used in the RHS of the implicit formula. 
The result is the corrected y, ,,, which should be a better estimate to the true 
y,+1 than the first estimate. The corrector formula may be applied several times 
(i.e., successive substitution) until the convergence criterion (7.49) is achieved. 
Generally, predictor-corrector pairs are chosen such that they have truncation 
errors of approximately the same degree in h but with a difference in sign, so 
that the truncation errors compensate one another. 

One of the most popular predictor-corrector methods is the fourth order 
Adams-—Bashford and Adams—Moulton formula. 
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Adams-—Bashford (for prediction) 


Yn+1 = Yn + A [55f9,) = 59f(Yn-1) F 37f (Yn—2) “a 9f(yn-3)] (7.112a) 


Adams-Moulton (for correction) 
Yn+1 = 94 t 19f(n41) + 19f(y,) a 5f(Yn-1) + f(Yn-2)] (7.1125) 


7.8.2 Runge-Kutta Methods 


Runge-Kutta methods are among the most popular methods for integrating 
differential equations. Let us start with the derivation of a second order 
Runge-Kutta method and then generalize to a pth order method. The second 
order Runge-Kutta integration formula for integrating equation 


d =f(t,y) (7.113) 
takes the form 
Yn+1 = Yn + Wiki + waka (7.114a) 
where k, and k, are given by 
ki = hf (tas Yn) = hf, (7.114b) 
kı =hf(t, + ch, y, + akı) (7.114c) 


where w,, W2, c, and a are constants. 
First, we apply the Taylor series to y,,, = y(t, + h) 





Ynti =V(tn4i) =V(ty + h) = y(t) + ova) + 1 ENa) pa +e 
(7.115) 
Noting that 
A = f(t, y) (7.116a) 
and 
ay (7.116b) 


ðt? ot" dy ðt 
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then Eq. 7.115 becomes, using the notation of/dt = f,, df/dy = f,, and so on 


Yass =n + hf, + Of, + AEE (7.117) 

Next, we take the Taylor series for k, and k, and obtain 
k, =hf, 
kz = hf, + h?[cf, + aff], + °° (7.118) 
Next, substitute Eq. 7.118 into Eq. 7.114a, and obtain 
Yni = Yn + (Wy + Wa)hf, + Woh? (cf, + aff), + 
Comparing this equation with Eq. 7.117 yields the following equalities 
w,+w,=1 


cw, = 0.5 


aw, = 0.5 


Here, we have four unknowns but only three equations. So, we can specify one 
constant and solve for the other three. If we take c = 0.5, we have 


w, = 0; w,=1; a=05 


the integration formula then becomes 


Yn+1 = Yn + itt, + a Yn F sha} (7.119) 


This integration is basically the midpoint scheme, where the midpoint is used to 
calculate the unknown point at ¢,,,,. Note that the argument y, + (h/2)f,, is 
the slope at t, + (h/2), the midpoint between t, and t„ 41. 

One can also choose c = 1, from which we calculate the other three un- 
knowns 


w=w= 55 a=1 


With these values, the integration formula is 


Yass Yn BL fat fCin + h, Ya + Af) (7.120) 


which is the Euler predictor-trapezoid corrector scheme. 

We have presented the essence of the Runge-Kutta scheme, and now it is 
possible to generalize the scheme to a pth order. The Runge-Kutta methods 
are explicit methods, and they involve the evaluation of derivatives at various 
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points between ¢, and ¢,,,. The Runge-Kutta formula is of the following 
general form 


P 
Ynrin + È wik; (7.121a) 
i=1 
where p is the order of the Runge-Kutta method and 
i-1 
k, =hf|t, + cih, y, + YL a,jk; (7.1215) 
j=l 
and 


c,=0 (7121c) 


The Runge-Kutta technique is different from the predictor-corrector method in 
the sense that, instead of using a number of points from ¢,,,, backward it uses a 
number of functional evaluations between the current point ¢,, and the desired 
point ¢,, 44. 

Next, we apply the Taylor series to k; (Eq. 7.121b) and obtain 


kı = hfn 
ka = hfn + BLA fn + aaff) ] + 2° 


and so on. 
Finally substituting these equations and Eq. 7.117 into the formula (7.121a) 
and matching term by term we obtain 


wi tw, + +w, =1 (7.122a) 


way + =0.5 (7.122b) 


For the second order Runge-Kutta method (i.e., p = 2), we recover the 
formula obtained earlier. 

The following Runge—-Kutta—Gill method (proposed by Gill in 1951, to 
reduce computer storage requirements) is fourth order and is among the most 
widely used integration schemes (written in vector form for coupled ODEs with 
N being the number of equations) 


1 1 
Yn+1 = Yn + g (Ei + ky) + 3 (bk, + dk) (7.123) 
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where 
k, = Af(t,,y,) (7.124a) 
h 1 
k, = htt, + 0%, + 3%) (7.124b) 
h 
k, = hti, + 3>% + ak, + bk) (7.124c) 
k, = Af(t, + h,y, + ck, + dk;) (7.124d) 
with 
y2-1 2-2 v2 v2 
a= 7 „b= 7 c= -5z d=1+-5 (7.124e) 
where 


y= [yo Var Y3 Yn]; f= [fo fz fass fn] (7.124f ) 


The following algorithm for semi-implicit third order Runge-Kutta is suggested 
by Michelsen (1976) for the following equation 


ay = f(y) (7.125) 
The integration formula is 
Yn+1 = Y, + Wik; + wk, + w3k; (7.126) 
k; =A[I — ha, J(y,)] yn) (7.1274) 
k, = A[I — ha,J(y,)] (f(y, + b2k;)) (7.127b) 
k3 = A[I — ha,J(y,)] "(sik + b32k3) (7.127¢) 


where the various constants are defined as 


a, = 0.43586659 b, = 0.75 


1 


o 
U 
Ñ 

| 


b, = — zr (8a — 2a, + 1) = —0.63020212 


= _ b, = 1037609527 


w= F -by = 0.834930473; ws = 1 
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Michelsen’s third order semi-implicit Runge-Kutta method is a modified ver- 
sion of the method originally proposed by Caillaud and Padmanabhan (1971). 
This third-order semi—implicit method is an improvement over the original 
version of semi—implicit methods proposed in 1963 by Rosenbrock. 


7.9 EXTRAPOLATION 


Information from truncation error may be utilized to obtain a better estimate 
for y,41- If the step size h is used, the calculated y,,, is equal to the exact 
solution y,,, plus an error, which is proportional to the truncation error. So if 
the Euler method is used, denoting exact solutions as hat variable, we have 


Yn+(h) = fna + ah (7.128) 
If the step size is halved, we have 


h A h 
ralz) =Vnsit ax (7.129) 


Eliminating the proportional constant a from Eqs. 7.128 and 7.129 we have 


A h 
Yn+1 = 27nd 7) z Yn+1(h) (7.130) 


Equation 7.130 gives the exact solution for y at t =¢,,, provided the error 
formula (7.128) and (7.129) are exact. Because of the approximate nature of 
Eqs. 7.128 and 7.129, Eq. 7.130 will not give the exact solution, but rather it 
gives a better estimate to the solution at ¢,,,, because the error is proportional 
to h? rather than h. 

If a higher order method is used, say the trapezoidal rule method (Eq. 7.110), 
we then have 


Ynah) =Ina1 + ah? (7.131) 
and 


h 7 hy 
Yn+s( z) = Snort (3) (7.132) 
Eliminating a between the above two equations gives 
is 1 h 
Yn+1 = 3 ynl 3 —Vnai(h) (7.133) 
Equation 7.133 will give a better estimate to the solution at t = ¢,,,. 


7.10 STEP SIZE CONTROL 


There are various ways of controlling the step size. One method suggested by 
Bailey (1969) is as follows. For y = (y,, yz, Y3,---, Yp)” and y(t,) =y,, we 
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calculate 
Ay =|y(tha1) — Itn) (7.134) 


If any component Ay is less than 0.001, we ignore that component in the 
following crude but practical tests. 


e If Ay,;/y; < 0.01, the step size is doubled. 
e If Ay;/y; > 0.1, the step size is halved. 
e Otherwise, the old step size is retained. 


This method is applicable for any integration method. 

Michelsen used Eq. 7.125, which is a third order method, and performed two 
calculations at every time step. One calculation uses a step size of h and the 
other uses the step size of h/2. The error at the time ¢,,,, is then defined 


h 
Cn+1 = ynad 3] = Ynai(h) (7.135) 


Then for a tolerance of £, the step size is accepted when the following ratio is 
less than unity. 











q = max|<2+4) (7.136) 
L t 
Knowing the error e„,1, the accepted solution at ¢,,, is 
h 1 
Yn+1 = ynas( Z| + Fens (7.137) 


where e,,,, is calculated from Eq. 7.135. Equation 7.137 is derived as follows. 
Because Michelsen used a third order method, the truncation error is O(h°); 
hence, 


Yns(h) = Pns + a(R)? (7.1382) 


and 


h\_ h\? 
Yal) = talz) (7.138b) 


Elimination of a between Eq. 7.138a and 7.138b yields the improved estimate 
for y,4, as given in Eq. 7.137. 

Once the better estimate for y, ,, is obtained (Eq. 7.137) the next step size is 
chosen as 


fins, = h, min[(4q)~'/*,3] (7.139) 


The exponent —1/4 comes from the fourth order method, resulting from the 
extrapolation. 
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Note that the step size selection given in Eq. 7.139 is valid only when g < 1 
(defined in Eq. 7.136). When q is greater than unity, the step size at ¢, is halved 
and the method is recalculated at the time step of ¢, until q is less than unity. 

Unlike the strategy of Bailey, the technique after Michelsen utilizes a user- 
provided tolerance (e). 


7.11 HIGHER ORDER INTEGRATION METHODS 


We have shown a number of integration techniques that are suitable to handle 
nonstiff coupled ODEs. The semi-implicit third order Runge-Kutta method 
(Michelsen, 1976) presented so far is the only method presented that can handle 
the stiff ODEs. More details for methods in solving stiff problems can be found 
in Gear (1971). Weimer and Clough (1979) performed a comparison between 
Michelsen’s semi-implicit third order Runge-Kutta method and the Gear 
method on 18 different problems, and concluded that the Gear method is more 
computationally efficient than Michelsen’s method. Moreover, in Michelsen’s 
method the Jacobian must be evaluated exactly, whereas in the Gear method it 
can be approximated numerically. 

Large-order chemical engineering problems, when solved numerically, usually 
give rise to a set of coupled differential-algebraic equations (DAE). This type of 
coupling is more difficult to deal with compared to coupled algebraic equations 
or coupled ODEs. The interested reader should refer to Brenan et al. (1989) for 
the exposition of methods for solving DAE. 
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7.13 PROBLEMS 


7.1,. Convert the following nth order differential equation to the standard 
format of Eq. 7.1: 


y® + F(y®7?, 90 y", y',y)=0 


7.2}. Convert the following differential equations to the standard format of 


Eq. 7.1: 
(a) y” + y’ = cos(t) 
(b) y! +yz = 31? 


z +z?+y=t 


7.3,. Runge-Kutta is one of the most popular methods for solving nonstiff 
ordinary differential equations because it is a self-starting method, that 
is, it needs only a condition at one point to start the integration, which is 
in contrast to the Adams family methods where values of dependent 
variables at several values of time are needed before they can be used. 
For the following equation 


® f(y) 
subject to 
t = fo; Y = Yo 
(a) show that the Taylor series of y,,., = y(t,4,) = y(t, + A) is 


ae , An, \ ht 
ner Int fal + (FE + FER) + 





where 


Yanri =Y fna); Yn = Y(ta)3 


afa _ flin Ya). fa _ OF (tn Yn) 
ôt ôt ? oy oy 





(b) The Runge-Kutta of order 2 is assumed to take the form (Eq. 7.121) 
Yn+1 = Yn + wi hf, + whf(t, + c,h, Yn + a,hf,,) 
Expand the Runge-Kutta formula for h and compare with the 


Taylor series in part (a) to show that one possible solution for w,, w3, 
cı and a, is 


1, 
WS W295 c =a,=1 
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Show that this second order Runge-Kutta is the Euler predictor- 
corrector method. 


(c) Another possible solution for w,, w2, c,, and a, is w, = 0, w, = 1 
and c} =a, = 1/2. 


7.4,. (a) Starting from the general formula for the third order Runge-Kutta 


3 
Ynti = Yn + È wik; 
i=1 
where 


i-1 
k, =hf|t, + cih, y+ Lazk; ¢, = 0 
j=l 


obtain a number of third order Runge-Kutta formula to integrate 
the equation 


dy 
F = f(t.) 
(b) Show that one of the possible Runge-Kutta formulas is 


ky = hf (tas Yn) 


1 1 
ka hf lt, + Zh. Yn + Zka) 


k,=hf(t, + h, Y, + 2k, —k;) 


7.5,. Use the third order Runge-Kutta formula obtained in Problem 7.4 to 


derive the integration formulas for the coupled ordinary differential 
equations. 


dy 
ae Tf Yoy) 


dy 
ae = fa(t, Yi» Y2) 


subject to 
t=0; Yı Z Yio Y2 = Y2 


7.6,. For a fourth order method, use the extrapolation procedure to show that 
the better estimate for y(t, , ,) is 


s 1 h 
Yn+1 7 35 [5y0:(3) - yna()| 
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7.7*, The following describes the catalytic cracking of gas oils to gasoline. The 
reaction network is as follows: Gas oil is cracked catalytically to gasoline 
according a second order chemical kinetics, and in a parallel reaction it is 
also cracked to give light gases and coke with second order chemical 
kinetics. Gasoline, once formed from the gas oil, is also cracked to give 
light gases and coke with a first order chemical kinetics. 

(a) If we denote A, G for gas oil and gasoline, and a single symbol C for 
either coke or light gas, show that the kinetic equations describing 
the change of these species (expressed in weight fraction) are 


f dy 

(i) ae = —kyyx — ksy4 
M dy 

(ii) ae = +kyyA- kayo 
m dy 

(iii) Sra = +ksy2+ kre 


The initial conditions for these species are 
t=O; Yawh è yg=yc=0 
(b) Before attempting numerical solutions, it is tedious to show that an 
analytical solution exists, with which we can compare the numerical 
solutions. To start this, note that the equations are not independent, 


but rather they are related by the overall mass balance equation. 
After adding the equations, show that 


dya dyg dyc 

ata te? 

Show that integration of this exact differential yields 
Ya tyg tyc=1 


(c) Divide the kinetic equation for A by that for G to show 


dya _ _ ki, k2 Yo 
dya ko ko yz 
where 


Next, show that the integration of this equation leads to the analyti- 
cal result 





o> (Soon eof] Fo aenal] 
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7.8*. 
7.9*. 


7.10*. 
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where 


uF koya 
and Ei is the tabulated exponential integral defined in Chapter 4 as 


Ei(x) = fies 


The weight fraction for A is obtained from direct integration of Eq. i 
to yield 


1 
Ya T+ Kot 


(d) It is clear that the analytical result is quite tedious to use, so that it 
may be easier to use a numerical solution. Use the explicit and 
implicit Euler methods to integrate the full kinetic equations. Use 
step size as your variable, and determine the minimum step size for 
the explicit Euler to remain stable. Compare your numerical results 
obtained by these techniques with the exact solutions obtained in 
part (c). 

(e) Use the trapezoidal rule and show numerically that for a given step 
size the trapezoidal scheme is more accurate than the Euler meth- 
ods. Explain why. 

(f) Implement the Runge—Kutta—Gill scheme to numerically solve this 
problem. Use the same step size as in previous parts in order to 
compare the results. 

Perform the integration in Problem 7.5 using the semi-implicit formula of 

Michelsen (Eq. 7.126) with a constant step size. 

Repeat Problem 7.6, but instead of a constant step size, use the step size 

control described in Section 7.10 for the Michelsen method. 

(a) Reduce the following Van der Pol equation to the standard form 


d*y dy 
ge PO 


subject to 


(b) For u = 0.1, 1, and 10, solve the Van der Pol equation using the 
Runge—-Kutta—Gill method and observe the behavior of the solution 
as u varies. For large p, study the solution behavior as step size is 
changed in the integration. Explain why the choice of step size is 
critical in this case. 

(c) Repeat part (b) using the method of Michelsen. 
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7.113. Solve the differential equation 


dy ae = a 
aty=t t=0,y=1 


by using the following iteration scheme. 
(a) First, put the nonderivative terms to the RHS and show that the 
solution can be put in the form of an implicit integral equation 


y(t) =1 + f'[s—y(s)] ds 


where s is the dummy integration variable. The equation is implicit 
because of the presence of y in the integrand of the integral. 
(b) The solution for y can be facilitated by using the iteration scheme 


yet) = 1 + f'[s—y(s)] ds 


where y® is taken as the initial condition, that is, y® = 1. Show 
that the next five iterated solutions are (where x = t) 


2 


yOt)=1-x+ 5 


yr) =1—-x+x?- 


us| at | a oj s 
= 
> 


yt) =l-xtx’?-> +5 
4 5 
44) = 1 — l RR ns ene 
yr) =1l-x+x + 120 
3 4 5 6 
Of) =1— Bi Oe SI E 
Y(t) sl amxtx— > + - wt TH 


(c) Obtain the exact solution to the original differential equation, and 
compare the iterated solutions with the Taylor series expansion of 
the exact solution. 

This iteration method is fundamentally different from all other methods 

discussed in Chapter 7. It basically produces iterated solutions that are 

valid over the whole domain of interest. As the iteration increases, the 
iterated solution is (hopefully) getting closer to the exact solution. This 
method is known as the Picard method. The fundamental disadvantage 

of this technique, which mitigates its usefulness, is that the iterated 
solutions must be found analytically, so that they can be applied to 
subsequent iteration steps (which involves the evaluation of an integral). 

7.12,. (a) Show that the modeling of a second order chemical reaction in a 
fixed bed reactor would give rise to the following differential 
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equation 


2 
pe ie 


where D is the axial diffusion coefficient, u is the superficial velocity, 
and k is the chemical reaction rate constant based on unit volume of 
reactor. 

The typical Danckwerts boundary conditions are 


x= 0; DÆ =u(C-C,) 
dC 
x= L; z7r 


where L is the reactor length and C, is the inlet concentration. 
(b) Convert the above differential equation to the standard form, and 
show that it takes the form 


dC 
a TP 
-irie 


(c) To solve the equations in part (b) using any of the integration 
techniques described in this chapter, conditions at one point must be 
specified, that is, either C and p (= dC/dx) are specified at x = 0 
or they are specified at x = L. Unfortunately, this problem has 
conditions specified at two end points. This means that we shall need 
to guess one of them at one point. For example, we can guess C at 
x = 0 and then p at the same point can be calculated from the 
condition at x = 0, or we can guess C at x = L since p at x = L is 
already specified. Use the latter option by specifying 


dC 
x=L; ae 


and 
C=a 


where a is the guessing value of C at x = L. Use the third order 
Runge-Kutta scheme of Problem 7.4 to develop the integration 
formula for the above set of standard equations. 

(d) It is obvious that after the integration from x = L back to x = 0, the 
calculated C and p at x = 0 will not satisfy the specified condition at 
x = 0 (unless by coincidence the choice of a was the correct value of 
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C at x = L), so we expect the inequality to arise 
Dp(0) + u[C(0) - Co] 


If the condition at x = 0 is not satisfied, a different value of œ is 
chosen and the integration process is repeated until the above 
relation is finally satisfied within some prespecified error. This method 
is commonly called the shooting method. Use the secant method of 
Appendix A to show that the next guess of a should satisfy the 
following equation 


k 
a k+tD = a = oe a Ca 
f(a) - f(a") 
a — g&-D 


where 


f(a) = Dp(0; a) — uC(0; a) + uC, 
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Approximate Methods 
for Boundary Value 
Problems: 

Weighted Residuals 


In the previous chapter we presented numerical techniques to solve differential 
equations of the initial value type, that is, the type where conditions are 
specified at only one position or time, such as t = 0 in the time domain. In this 
chapter we discuss methods to handle ordinary differential equations of the 
boundary value type, that is, conditions are specified at two different points in 
the domain, such as conditions at the two ends of a fixed bed reactor or 
conditions at two sides of a membrane. We start the chapter by discussing 
general aspects of the underlying basis for the method: weighted residuals. As a 
subset of this, we pay particular attention to the orthogonal collocation method, 
which enjoys wide popularity for current applications in chemical engineering 
research problems. It is particularly attractive for solving nonlinear problems 
which heretofore have defied analytical treatment. 


8.1 THE METHOD OF WEIGHTED RESIDUALS 


268 


The method of weighted residuals has been used in solving a variety of 
boundary value problems, ranging from fluid flow to heat and mass transfer 
problems. It is popular because of the interactive nature of the first step, that is, 
the user provides a first guess at the solution and this is then forced to satisfy 
the governing equations along with the conditions imposed at the boundaries. 
The left-over terms, called residuals, arise because the chosen form of solution 
does not exactly satisfy either the equation or the boundary conditions. How 
these residual terms are minimized provides the basis for parameter or function 
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selection. Of course, the optimum solution depends on the intelligent selection 
of a proposed solution. 

To illustrate the salient features of the method, we first consider the following 
boundary value problem in an abstract form, and then later attempt an elemen- 
tary example of diffusion and reaction in a slab of catalyst material. We shall 
assume there exists an operator of the type discussed in Chapter 2 (Section 2.5) 
so that in compact form, we can write 


L(y) =0 (8.1) 
where L is some differential operator. Examples of Eq. 8.1 are 


d? 
L(y) = a ~ 100y? = 0 


d d 
L(y) = gla + 10) Z] =0 
The differential equation (Eq. 8.1) is subject to the boundary condition 
M(y) =0 (8.2) 


These boundary values could be initial values, but any boundary placement is 
allowed, for example dy(0)/dx = 0, or y(1)=0, where M(y) is simply a 
general representation of the operation on y as dy(0)/dx = 0 or y(1)= 0, 
respectively. 

The essential idea of the method of weighted residuals is to construct an 
approximate solution and denote it as y,. Because of the approximate nature of 
the estimated solution, it may not, in general, satisfy the equation and the 
boundary conditions; that is: 


L(y) =R#0 (8.3) 
and 


M(y,) = R, #0 (8.4) 


where the residuals R and R, are not identically zero. If the approximate 
solution is constructed such that the differential equation is satisfied exactly 
(i.e., R = 0) the method is called the boundary method. However, if it is 
constructed such that the boundary conditions are satisfied exactly (i.e., R, = 0) 
the method is called the interior method. If neither the differential equation nor 
the boundary conditions are satisfied exactly, it is referred to as the mixed 
method. 

The method of weighted residuals will require two types of Known functions. 
One is called the trial function, and the other is called the test function. The 
former is used to construct the trial solution, and the latter is used as a basis 
(criterion) to make the residual R small (a small residual leads to a small error 
in the approximate solution). To minimize the residual, which is usually a 
function of x, we need a means to convert this into a scalar quantity so that a 
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minimization can be performed. This is done by way of some form of averaging, 
which we call an inner product. This can be regarded as a measure of distance 
between the two functions; that is, between the residual function and the test 
function, as we show later. 

The approximate solution to the governing equation Eq. 8.1 can be written as 
a polynomial, for example, 


N 


Val x) = Yo(x) + E a;h;(x) (8.5) 


i= 


where yọ is suitably chosen to satisfy the boundary conditions exactly, and 
generally it is a function of x. In the following discussion, we shall use the 
interior method (i.e., the approximate solution satisfies the boundary conditions 
exactly). The trial functions œ; chosen by the analyst must satisfy the boundary 
conditions, which are usually of the homogeneous type (Chapter 1). The 
coefficients a; are unknown and will be determined by the method of residuals 
to force a close matching of y, with the proposed equations. Thus, the solution 
of the governing equation (Eq. 8.1) is reduced to the determination of N 
coefficients, a;, in the assumed approximate solution (Eq. 8.5). 

Substituting this trial solution y, into the differential equation (Eq. 8.1), we 
see 


N 
R(x) = L| yx) + Li ajo(x) (8.6) 
i=1 


The residual R is in general nonzero over the whole domain of interest, so that 
it will be dependent on x, in the usual case. 

Since the residual R is a function of x, we shall need to minimize it over the 
whole domain of interest. To do this, we need to define some form of averaging. 
For example, the following integral over the whole domain may be used as a 
means of averaging 


[Rœ w,(x) dx (8.7) 


where V is the domain of interest, and w, is some selected set of independent 
functions (k = 1,2,..., N), which are called the test functions. Such an integral 
is called an inner product, and we denote this averaging process as 


(R,w;) (8.8a) 


This notation is analogous to the dot product used in the analysis of vectors in 
Euclidean space. The dot product is an operation that maps two vectors into a 
scalar. Here, in the context of functions, the inner product defined in Eqs. 8.7 or 
8.8a will map two functions into a scalar, which will be used in the process of 
minimization of the residual R. This minimization of the residual intuitively 
implies a small error in the approximate solution, y,(x). 
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Since we have N unknown coefficients a; in the trial solution (Eq. 8.5), we 
will take the inner product (defined in Eq. 8.8a) of the residual with the first N 
test functions and set them to zero, and as a result we will have the following set 
of N nonlinear algebraic equations 


(R,w,)=0 for k=1,2,3,...,N (8.8) 


which can be solved by using any of the algebraic solvers discussed in Appendix 
A to obtain the coefficients a; (i = 1,2,..., N) for the approximate solution 
(Eq. 8.5). 

This completes a brief overview of the approximation routine. To apply the 
technique, specific decisions must be made regarding the selection of test 
function and a definition of an inner product (Eq. 8.7 being only one possible 
choice). 


8.1.1 Variations on a Theme of Weighted Residuals 


There are five widely used variations of the method of weighted residuals for 
engineering and science applications. They are distinguished by the choice of 
the test functions, used in the minimization of the residuals (Eq. 8.8). These five 
methods are 


1. The collocation method 
2. The subdomain method 
3. The least square method 
4. The moment method 

5. The Galerkin method 


Each of these methods have attractive features, which we discuss as follows. 
Later, we shall concentrate on the collocation method, because it is easy to 
apply and it can also give good accuracy. The Galerkin method gives better 
accuracy, but it is somewhat intractable for higher order problems, as we 
illustrate in the examples to follow. 


1. The collocation method In this method the test function is the Dirac delta 
function at N interior points (called collocation points) within the domain of 
interest, say 0 <x < L: 


w, = 6(x — x) (8.9) 


where x, is the kth collocation point. 
The useful property of the Dirac’s delta function is 


f FE #(x)8(x — x,) de = f(x) (8.10) 


If these N interior collocation points are chosen as roots of an orthogonal 
Jacobi polynomial of Nth degree, the method is called the orthogonal colloca- 
tion method (Villadsen and Michelsen 1978). It is possible to use other orthogo- 
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nal functions, but Jacobi is popular because it is compact and contains only a 
few terms. Another attractive feature is that the solution can be derived in 
terms of the dependent variable y at the collocation points. This will be illustrated 
in Section 8.4. 


2. The subdomain method In this method the domain V of the boundary value 
problem is split into N subdomains V; hence, the origin of the name “subdo- 
main method.” The test function is chosen such that 


w,=1 (8.11) 
in the subdomain V, and is zero elsewhere. 


3. The least square method In this method, the test function is chosen as 


OR 
w, = da, (8.12) 
With this definition, Eq. 8.8 becomes 
oR 1 ô 
(R) = 33a, (PR) = (8.13) 


Thus, if the inner product is defined as an integral such as in Eq. 8.7, 
Eq. 8.13 can be written explicitly as 


[RS dr -3 ða, s- [R as (8.14) 


This means that the coefficients a, are found as the minimum of (R, R). The 
least squares result is the most well-known criterion function for weighted 
residuals. The test function for this technique is more complicated, owing to the 
requirement of differentiation in Eq. 8.12. 


4. The moment method In this method, the test function is chosen as 
w, =xko} for k =1,2,...,N (8.15) 


5. The Galerkin method In this method, the weighting function is chosen from 
the same family as the trial functions, },, that is: 


Wi = O,(%) (8.16) 


For all five methods just discussed, the only restriction on the trial functions is 
that they must belong to a complete set of linearly independent functions. 
These functions need not be orthogonal to each other.! The trial and test 


'The definition of orthogonality in the sense used here is discussed in Chapter 10, Section 10.5. 
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functions must also be chosen as the first N members of that set of independent 
functions. This will improve the efficiency of the methods of weighted residuals. 
For the Galerkin method, if the trial and test functions are chosen based on the 
knowledge of the form of the exact solution of a closely related problem, the 
efficiency of the method is enhanced (Fletcher 1984). It is noted here that an 
orthogonal set can always be created from the given set of independent 
functions. 





We illustrate the above five variations of weighted residuals with the following 
example of diffusion and first order chemical reaction in a slab catalyst 
(Fig. 8.1). We choose the first order reaction here to illustrate the five methods 
of weighted residual. In principle, these techniques can apply equally well to 
nonlinear problems, however, with the exception of the collocation method, the 
integration of the form (8.7) may need to be done numerically. 

Carrying out the mass balance over a thin shell at the position r with a 
thickness of Ar, we have 


SI|, — Spar — SAr(kC) = 0 (8.17) 


where S is the cross-sectional area of the catalyst, J is the diffusion flux, defined 
as moles per unit total area per time, and kC is the chemical reaction rate per 
unit volume of the catalyst. 


Exterior 
surface 






Porous 
catalyst 
particle 





| Sites 

| dx 

| ai 

| Concentration 

! profile y(x) 
x=1 


x=0 


Figure 8.1 Diffusion and reaction in a 
slab catalyst. 
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Dividing the equation by SAr, we have 


J l-+ Ar _ J |, = 
ae een kC =0 (8.18) 
If we now allow the shell as thin as possible; that is, in the limit of Ar 
approaching zero, we have 


: Jirar a Ji, = 
- lim “HE -kC = 0 (8.19) 


Using the definition of the derivative, the first two terms in the LHS of 
Eq. 8.19 become the first derivative of J; that is, 


dJ 
—F - kc =0 (8.20) 


The flux into the catalyst particle is taken to be proportional to the concentra- 
tion gradient 


dC 
J= -D (8.21) 


where D, is the effective diffusivity of the reactant within the catalyst particle, 
and it is a function of the structure of the catalyst. 
Substituting the expression for the diffusion flux (Eq. 8.21) into the mass 
balance equation (Eq. 8.20) yields 
D £c -kC =0 (8.22) 
€ dr? " 


This is a second order differential equation. The boundary conditions for this 
problem are 


dC 
r=% F =0 (8.234) 
r=R; C=C, (8.23b) 


The first condition indicates that there is no flux at the center of the catalyst 
particle. This condition also says that the reactant concentration profile is 
symmetrical at the center. This situation is commonly referred to as the 
symmetry condition. The second boundary condition corresponds to high veloc- 
ity at the boundary since the reactant concentration at the surface is taken 
equal to that of the bulk surrounding the particle, which is taken to be invariant 
in the present problem. 

It is convenient to cast the mass balance equation and the boundary condi- 
tions into dimensionless form, with the independent variable having the domain 
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from 0 to 1. By defining the following nondimensional variables and parameters 


i, Pan ee 2 _ kR? 
YT oe: x= R’ $+ = -D 


e 





(8.24) 


the mass balance equation and the boundary conditions take the following clean 
form 


d? 

A -y =0 (8.25a) 
x=0; 2- (8.25b) 
x=]; y=1 (8.25c) 


The quantity of interest is the overall reaction rate, which is the observed rate. 
Starting with the thin shell, the chemical reaction rate in the shell is 


AR, xn = (SAr)(kC) (8.26) 


Thus, the overall reaction rate is obtained by summing all thin elements, which 
leads to the integral 


Rks f SkCar =2 í *SkC dr (8.27) 


Hence, the overall reaction rate per unit volume of the catalyst slab is 





a nF "KC dr (8.28) 


Written in terms of the nondimensional variables, the overall reaction rate per 
unit volume is 


“HO = kCof'y dx (8.29) 
If we denote 
1 
n= f ydx (8.30) 
0 


which is called the effectiveness factor, the overall reaction rate per unit catalyst 
volume is given by 
R 


pa =kCy:n (8.31) 


Thus, it is seen now that the overall reaction rate per unit volume is equal to the 
intrinsic reaction rate per unit volume (kC) modified by a factor, called the 
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effectiveness factor, 7. The presence of this factor accounts for the fact that the 
chemical reaction in the catalyst particle is affected by a diffusional resistance. If 
this diffusional resistance is negligible compared to the reaction rate, the overall 
reaction rate must be equal to the intrinsic reaction rate. If this resistance is 
strong, we would expect the overall reaction rate to be less than the intrinsic 
reaction rate; that is, 7 < 1. 

Let us start the illustration with the situation where ¢@ = 1, that is, the rate of 
reaction is comparable to the rate of diffusion. Using the techniques taught in 
Chapters 2 and 3, the exact solution to Eqs. 8.25 (which is needed later as a 
basis for comparison with approximate solutions) is 


cosh( ¢x) 


y= “cosh() (8.32) 
and for @ = 1, this yields 
_ cosh(x) 
a cosh(1) (832a) 


Knowing the dimensionless concentration inside the porous catalyst, the dimen- 
sionless reaction rate is given by the integral (Eq. 8.30), which in general is 


ga BAW, (8.33a) 
$ 
and when ¢ = 1 it is 
n = {'ydx = tanh(1) = 0.7616 (8.33b) 
0 


Now we undertake to find approximate solutions using the several variations of 
weighted residuals. Central to all methods is the choice of the trial solution, y,. 
By noting the boundary conditions at x = 0 and x = 1, a parabolic function 
seems to be a good choice so we write our first guess as 


y, =1+a,(1 —x’) (8.34) 


Here, the function y (x) = 1, which satisfies the boundary conditions (Eqs. 
8.25), and the trial function @,(x) = 1 — x*, which satisfies the homogeneous 
boundary conditions 


d 
x = 0; a o and x=1; $,=0 


Hence, the trial solution y,(x) satisfies the boundary conditions (Eqs. 8.25) 
exactly; that is, 


~ Ba _ 
x =0; qe 
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and 
x=1; y,=1 (8.35) 


Next, substituting the trial function into the differential equation (Eq. 8.25a), we 
obtain the residual, defined here as 





d’y, 
Ly, = met y,=R (8.36) 
or specifically 
R(x) = —2a, — [1 + a,(1 - x?)] #0 (8.37) 


Note that the residual is a function of x. To find the coefficient a,, we need to 
“transform” this x-dependent function into a quantity, which is to x depen- 
dent. This is the central idea of the inner product, which we have discussed 
earlier. Since we are dealing with functions, the inner product should be 
defined in the form of an integral, to eliminate dependence on x. For the 
present problem, the inner product between the residual and a test function w, 
(we only need one, since there is only one coefficient, a}, in the trial solution, 
(Eq. 8.34)) is 


(R,w,) = [’Rw, dx = 0 (8.38) 


Observing the inner product of Eq. 8.38, we note, following integration, an 
algebraic relationship is produced, the form and complexity of which depends 
on the selection of the test function w,. This is the only difference among the 
various methods of weighted residuals. Let us demonstrate this with various 
methods one by one. We start with the collocation method. 


(a) The collocation method In this method, the test function was stipulated 
earlier to be 


w(x) = 6(x — x,) (8.39) 


where x, is a (as yet unknown) collocation point chosen in the domain (0, 1]. 
With one collocation point, the method is called single point collocation, a 
convenient tool for assessing system behavior. 

With this test function, Eq. 8.38 can be integrated directly and we obtain the 
following algebraic equation 


(R,w,) f {-2a - [1 +a,(1 — x?)]}5(x —x,)a& 


—2a, — [1 +4,(1 - x?)] =0 


(8.40) 


where we have used the property of the Dirac delta function (Eq. 8.10). 
Equation 8.40 is simply the residual at x = x,, and the collocation method gets 
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its name from the fact that it forces the residual to be zero at particular points, 
called collocation points. 

From Eq. 8.40, the unknown coefficient a, can be readily determined in terms 
of the point x, (which is the single collocation point) 


sandt oe 
[2 + (1 — x?)| 


We note that x, is unspecified, and it must be chosen in the range: 0 < x, < 1. 
The trial solution, which approximates the exact solution, is simply 


a = (8.41) 


(i - x’) 


2+ (1—x?) (542) 


Ya=1- 
| 


The quantity of interest is the overall reaction rate, and it takes the dimension- 
less form 


n= f "y de = f ya dx (8.43) 


If we substitute the trial solution of Eq. 8.42 into Eq. 8.43, we have 


2 


iene TE ii 


Thus, if we choose the collocation point as the midpoint of the domain [0, 1] so 
that x, = 1/2, then the integral of Eq. 8.44 will take the value 


2 8 


1- i-os] = 1- 33 = 0.7576 (8.45) 


Na = 


We see that the approximate solution obtained by the collocation method 
agrees fairly well with the exact solution (7 = 0.7616). Note here that the 
selection of x, was arbitrary, and intuitive. Other choices are possible, as we 
shall see. 


(b) The subdomain method Here, since we have only one unknown coefficient in 
the trial solution, only one subdomain is dealt with, and it is the full domain of 
the problem, that is, [0, 1]; hence, the test function is 


w(x) =1 for O<x<il (8.46) 
The inner product is defined as before (Eq. 8.38). Substituting the residual of 


Eq. 8.37 and the test function (Eq. 8.46) into the inner product (Eq. 8.38) we 
have 


(R,w,) = f Rw, d = f {-2a ~[1+a,1-x?)]}(1)dr=0 (8.47) 
0 
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Integrating the above equation, we finally obtain the following solution for a, 


3 
aq,=- g (8.48) 
Hence, the trial solution by the subdomain method is 

y =1- (1-7? ) (8.49) 

and the approximate nondimensional chemical reaction rate is 

1 1 3 3 

a= a dx = 1-30-27? => =0.75 8.50 
n Í, y if 3 ( \jde= a (8.50) 


which also compares well with the exact solution 7,,,.. = 0.7616. 


(c) The least square method The test function for the least square approach is 


OR 

wW = Ja, (8.51) 

The inner product (Eq. 8.38) for this method is 

oR 1 9 2 
(R,w,) = [Rage a Far f R dx =0 (8.52) 
that is, 
1 ô f 2\1)2 

(R,w,) = Z Ia; J, (72% - [1 +a (1 -x°)]} dr=0 (8.53) 


Integrating with respect to x and then differentiating with respect to a, yields 


216 16 
(R,w,) = 754+ $| = (8.54) 
Hence, solving for a,, we have 
10 
aq, 77 (8.55) 


The trial solution for the least square method is 


10 
Ya = 1- z (l - x?) (8.56) 
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and the approximate nondimensional chemical reaction rate is 


ma = ['yade = f 


compared to the exact solution of tanh(1) = 0.7616. 


1- Ba -x)| de = Él = 0.75309 (8.57) 





(d) The moment method The test function for the moment method is 

w =x?=1 (8.58) 
which is identical to the test function of the subdomain method. Thus, the 
solution of the moment method is the same as that of the subdomain method. 


This is true because only one term is retained in the trial solution. 


(e) The Galerkin method The test function is the same as the trial solution; 
that is, 


w, = (1 - x?) (8.59) 


Thus, the inner product (Eq. 8.38) becomes 


(R,w,) = f {-2a, - [1 +a(1-x?)]}(1-x2)de=0 (8.60) 


that is, 
R a 1+2 PEPA 0 8.61 
(R,w,) = 3 ( a,) 1571 7 (8.61) 
Solving for a, gives 
10 
a= — 38 (8.62) 


Thus, the trial solution obtained by the Galerkin method is 
10 
y= 1s. (= x?) (8.63) 
and the approximate nondimensional chemical reaction rate, 7,, is 


1 1 10 64 
Na = frad = f [1 = zg(! — x?) = 347 0.7619 (8.64) 


Table 8.1 provides a summary of the five methods using only one term. 

It is seen from Table 8.1 that Galerkin appears to be the most accurate 
method for this specific problem. However, when more terms are used in the 
trial solution, the Galerkin method presents more analytical difficulties than the 
collocation method. As a matter of fact, all the weighted residual procedures 
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Table 8.1 Comparison of Accuracy for Approximate Solutions 


af dx Relative Percentage 
Method K Ya Error 
Collocation 25/33 0.53 
Subdomain 3/4 1:5 
Least square 61/81 1.1 
Moment 3/4 1.5 
Galerkin 64/84 0.041 


require an integration of the form of Eq. 8.7 or 8.8 and hence, with the 
exception of the collocation method, may require numerical evaluation of this 
integral if analytical integration is impossible. The ease of performing integrals 
with the Dirac delta function is an enormous advantage for the collocation 
technique. 

All the methods tried so far show very low relative errors, in spite of the fact 
that only one term was retained in the trial solution (Eq. 8.34). This arises 
because the diffusion-reaction problem used for illustration has a slow reaction 
rate. This implies the concentration profile inside the particle is very shallow 
and can be easily described with only one term in the series of parabolic trial 
functions. 





If we allow higher reaction rates in Eq. 8.25a, one can see that the concentra- 
tion profile becomes rather steep and the trial solution with only one term 
obviously will become inadequate, as we shall show. 

Let us take ¢ = 10 (i.e., fast reaction relative to diffusion), hence the exact 
solution of Eq. 8.25 now becomes 


_ cosh(10x) 


~ cosh(10) ues) 


The nondimensional chemical reaction rate is obtained from the integral 


of _ fıcosh(10x) , _ tanh(10) _ 
n= f vax = Í oba = THO (8.66) 


If we use only one term in Eq. 8.34 and substitute it into Eq. 8.25a with ¢ = 10, 
we obtain the following residual 


R= —2a, — 100[1 + a,(1 — x)| (8.67) 
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We now apply the five variations of the weighted residuals and follow the 
procedure as presented in the last example. 


1. Collocation method Using this method, we obtain 


100 


= — 8.68 
“1 ~T2 + 100(1 — x?)] ao) 
1 200 
= &=1- > oT 8.685 
Ta fa 3[2 + 100(1 — x?)] se: 
For x, = 0.5, the nondimensional reaction rate is 
Na = 200 = 0.1342 (8.68c) 


1 a gee 
3[2 + 100(1 — (0.5)°)] 
Comparing with the exact solution of ņ = 0.1, the relative error is 34%. 


2. Subdomain method For this method, we have 


300 
a,=—5p¢ and m = 0.02913 (8.69) 


The relative error between the approximate solution 7, and the exact solution 
is 71%. 


3. Least square method We have 


_ _ 41,200 å 
4 = = 335.6094  ®™ 





na = 0.183123 (8.70) 


The relative error is 83%. 
4. Moment method same as the subdomain method. 


5. Galerkin method We have 


1000 
47- -820 and Na = 0.18699 (8.71) 


The relative error is 87%. 

We noted that in the case of high reaction rate, the collocation technique 
seems to be superior to the others. However, the relative errors between all 
approximate solutions and the exact solution are unacceptably high. The reason 
for the high error arises from the sharpness of the concentration profiles, as 
illustrated in Fig. 8.2. Moreover, the approximate solutions yield negative 
concentration over some parts of the domain [0, 1]. 

To improve the accuracy in this case, we need to retain more terms in the 
trial solutions. In general, the more terms retained, the better the accuracy. This 
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Subdomain 


Collocation 


Least 
square 





x 


Figure 8.2 Comparison of concentration profiles for 
weighted residual methods. 


can be carried out in a straightforward way with a computer. To demonstrate 
how this is done, we shall now retain two terms in the general expansion 


N 
Yg=1+ È ax — x?) 
j=1 
which is simply 
Ya = 1 +a (1 — x?) + a,x?(1 — x?) (8.72) 


Because of the symmetry property discussed earlier, our trial functions should 

be chosen to be even functions. This saves time, since a selection of odd 

functions would ultimately lead to a zero value for the multiplicative coefficient. 
Inserting y, into the defining equation yields the residual 


= —2a, — 10a, — 100 
(8.73) 
+ (12a, — 100a,)(1 — x”) — 100a,x7(1 — x°) 


We now apply the collocation method to this residual, using the following two 
test functions 


w, = 6(x — xı) and w, = (x — x2) (8.74) 
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where x, and x, are two separate collocation points, chosen in the domain 
(0, 1]. 
Next, we evaluate the following two inner products 


(R,w,) = f'Rw,de=0 and (R,w,)= f Rw,dr=0 (8.75) 
0 0 


to obtain two algebraic equations, solvable for unknowns a, and a, 
a, = —0.932787 and a, = —1.652576 (8.76) 


for two equally spaced collocation points chosen at x, = 1/3 and x, = 2/3. 
Knowing the coefficients and the trial solution as in Eq. 8.72, we can now 
evaluate the integral 


TE f y, dx = 0.1578 (8.77) 


This means that the error relative to the exact solution is 58%, which is even 
higher than the error when we kept only one term in the trial solution! This is a 
somewhat surprising result; however, we have made no effort to select the 
collocation points in any optimum way. Nonetheless, if we retained more terms 
in the trial solutions (say 10 terms), the accuracy becomes better, as we might 
expect. 

Let us return to the trial solution with two terms and note that we used two 
collocation points at 1/3 and 2/3, that is, we used equal spacing collocation 
points. Now, let us try two different collocation points x, = 0.285231517 and 
X = 0.765055325, which lead to the coefficients a, = —0.925134 and a, = 
— 2.040737. Knowing these two coefficients, we can evaluate 7, to obtain only 
11% relative error, in contrast to 58% using equal spacing. This means that the 
choice of the collocation points is critical, and cannot be undertaken in an 
arbitrary way. The full potential of the collocation method can only be realized 
by judicious selection of the collocation points. Moreover, the choice of func- 
tions is critical. Orthogonal functions, such as Jacobi polynomials, are particu- 
larly attractive, since they are compact and contain only a few terms. One 
cannot expect good results with any orthogonal polynomial. The last choices of 
the two collocation points were in fact roots of the Jacobi polynomial. They gave 
good result because the weighting function of the Jacobi polynomial is 


x®(1-x)* 


and the effectiveness factor also has a weighting factor of a similar form. 

This previous discussion highlights the essential features of the orthogonal 
collocation method. The word orthogonal implies the Jacobi polynomials are 
orthogonal in the sense of the integral shown in Eq. 8.83. We give more detailed 
discussion in Section 8.2. Also, we again emphasize the origin of orthogonality 
relates to the Sturm—Liouville equation, discussed in Section 10.5. 
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Among the many variations of weighted residuals, the collocation is the 
easiest to use because its formulation is straightforward (owing to the Dirac 
delta function), the accuracy is good, and if many collocation points are used, 
the accuracy becomes excellent. With high-speed personal computers, the 
computation time required for many such terms is minimal. The subdomain 
and least square methods are more tedious to use. The Galerkin is used by 
applied mathematicians in some specific cases, but it is not as popular as the 
orthogonal collocation technique. 

Because it has become so widely used, we devote the remainder of the 
chapter to orthogonal collocation. Before discussing additional details, we 
introduce a number of preliminary steps, which are needed for further develop- 
ment. These steps include a discussion of Jacobi polynomials (its choice has 
been explained above) and the Lagrangian interpolation polynomials. The 
Lagrangian interpolation polynomial is chosen as a convenient vehicle for 
interpolation between collocation points. 

The Jacobi polynomials are important in providing the optimum positions of 
the collocation points. Since these collocation points are not equally spaced, 
the Lagrangian interpolation polynomials are useful to effect an approximate 
solution. 


8.2 JACOBI POLYNOMIALS 


Since all finite domains can be expressed in the range [0,1] through a linear 
transformation, we will consider the Jacobi polynomials defined in this domain. 
This is critical because the orthogonality condition for the polynomials depends 
on the choice of the domain. The Jacobi polynomial is a solution to a class of 
second order differential equation defined by Eq. 3.145. 

The Jacobi polynomial of degree N has the power series representation 


N 
Ti P(x) E L (- 1) yy px! (8.78) 
i=0 


with yy 9 = 1. Note, the series contains a finite number of terms (N), and is 
therefore compact (not carried to infinity). 

Here, yy ; are constant coefficients, and œ and B are parameters characteriz- 
ing the polynomials, as shown in Eq. 8.83. That is, J{?©(x) is the polynomial 
orthogonal with respect to the weighting function x*(1 — x)“. The term (—1)%~! 
is introduced in the series to insure the coefficients y are always positive. Note 
that the Jacobi function J{*°(x) is a polynomial of degree N, since the 
summation in Eq. 8.78 is bounded and not infinite as with other orthogonal 
functions, such as Bessel’s. 


8.2.1 Rodrigues Formula 
The Jacobi polynomials are given explicitly by the Rodrigues formula 


(-1)*T(6 +1) a“ 


I(x) [x61 —x)*] = “T(N+ B41) a” 


[antea —x)%**] (8.79) 
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where T is the Gamma function and its definition and properties are detailed in 
Chapter 4. For many applications, a = B = 0, and we may conveniently drop 
the superscripts, that is, J®® = Jy. 





For a = B = 0, we have the following three Jacobi polynomials (N = 1, 2,3) 
using Eq. 8.79 


FS 14 ox (8.80) 
J(x) = 6x? -6x+1 (8.81) 
J,(x) = 20x? — 30x? + 12x — 1 (8.82) 


The curves for these three Jacobi polynomials are shown in Fig. 8.3 over the 
domain [0, 1]. It is important to note that J, has one zero, J, has two zeros, and 
J, has three zeros within the domain [0,1]; zeros are the values of x, which 
cause J,(x) = 0. These zeros will be used later as the interior collocation points 
for the orthogonal collocation method. 


8.2.2 Orthogonality Conditions 


Since the Jacobi polynomials belong to a class of orthogonal polynomials, they 
satisfy the orthogonality condition 


[ila = x)*] I(x) I(x) de = 0 (8.83) 


19.0) 





"0.0 0.2 0.4 0.6 0.8 1.0 
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Figure 8.3 Plots of three Jacobi polynomials. 
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for j = 0,1,2,...,CN — 1), that is, all Jacobi polynomials are orthogonal to 
each other except to itself (i.e., when j = N). This condition arises by consider- 
ation of the Sturm—Liouville equation, the detailed discussion of which is given 
in Section 10.5.1. 

The integration is defined in the domain [0, 1]. Outside this domain, orthogo- 
nality cannot be guaranteed. Any physical systems having a finite domain can be 
easily scaled to reduce to the domain [0, 1]. 

The weighting function for this particular orthogonality condition defined 
with reference to the Sturm—Liouville equation is 


W(x) =x®(1—x)* (8.84) 


The exponents a and £ are seen to dictate the nature of the orthogonal Jacobi 
polynomials. 

There are N equations of orthogonality (Eq. 8.83) because j = 0,1,2,..., 
N — 1, and there are exactly N unknown coefficients of the Jacobi polynomial 
of degree N to be determined 


YN, 12 YN,22 YN,39°°°9 YN, N 


Note that yy o = 1. 
Solving these N linear equations for N unknown coefficients, the following 
explicit solution is obtained for y (Villadsen 1970) 


_(N\T(N+it+a+B6+1)T(6 +1) 
man (4 \tiwee tba DIG + 6 +1) (5:854) 
where the representation for the lead term is 
N\ _ N! 
i ~ it(N -i)! (385k) 


The above equation provides the explicit formula for the coefficients. During 
computation, it is easier to evaluate coefficients using the following recurrence 
formula 


starting with Yy o = 1. 
Using the formula obtained above for the coefficients, we can evaluate the 
first four Jacobi polynomials, with a = B = 0 


J=1, Jp =2x-1, J, =6x?-6x4+1, J, = 20x? - 30x? + 12x-1 


On inspection of these, we note that (except the first one, which is equal to 
unity) all have zeros within the domain from 0 to 1 (Fig. 8.3). Here, zeros are 
used to denote roots of Jy(x) = 0, so that Jy(x) has N values of x causing it 
to become zero. 
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Since the orthogonal collocation method will require roots of the Jacobi 
polynomial, we shall need to discuss methods for the computation of zeros of 
The P(x), 

It has been proved by Villadsen and Michelsen (1978), using the orthogonality 
condition in Eq. 8.83, that J{®®P has N distinct, real-valued zeros in the domain 
(0, 1]. 

If the Newton—Raphson method is applied using an initial guess x = 0, the 
first root found will be x,. Once this root is obtained, we can obtain the next 
root by suppressing the previously determined zero at x,. In general, if 
X4,X,...,X, are previously determined zeros, we can suppress these roots by 
constructing the following function 


GyN-k = _Pul) (8.862) 
TI(«-x,) 
i=1 
where p,(x) is the rescaled polynomial 
Ie P( x 
py(x) = BEE) (8.866) 
YN, N 


The Newton—Raphson formula to determine the root x,,, at the ith itera- 
tion is 


i) Gy_,(*) 
@ >= 1) _ | Nk 
Xk+ Xl [n icp (8.87a) 


for i= 1,2,..., and the initial guess for x,,, is 

xO =x +8 (8.875) 
where £ is a small number and a good starting value of 1 x 10~* is recom- 
mended. 


The function in the bracket of Eq. 8.87a is obtained from Eq. 8.86a and can 
be written explicitly as 








Fs 

Gnl) eo 

Gya) Z ge k 1 (8.884) 
Py(x) jn (x —x;) 


with p(x) and p(x) determined from the following recursive formula for 
computation 


Py(X) = (x — 8y) Pw-1 — hy Pn-2 (8.88) 
P(x) = Pn-1 + (x = 8N) PN-1 e hnPN-2 (8.88¢) 
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where 
F «. 
o1 a +B +2’ 
oY) 
gy = {1 - ——*—# m for N>1 (8.88d) 
Ntar p- =i 
kate ype set DRS) (8.88¢) 


~ (a+B+2)(a+B +3) 
_ (N=-1)(N+a@-1)(N+B-1)(N+a+B-1) 


for N>2 
(QN+at+B-1)(2N+at+B-2)(2N+a +B — 3) BP Ne 


(8.88f) 


The recursive formula for py(x) and p(x) are started with N = 1 and 
Po=1; Po=0; p_, and p’_, are arbitrary 


The choice of p_, and p, is immaterial because h, is zero in Eq. 8.88b 
and c. 


8.3 LAGRANGE INTERPOLATION POLYNOMIALS 


We have discussed a class of orthogonal functions called Jacobi polynomials, 
which have been found to be quite useful in the development of the choice of 
the interior collocation points for the orthogonal collocation method. 

For a given set of data points (x,, Y1), (x2, ¥2),..-,(%y, Yy) and (xXy445 YN+1) 
an interpolation formula passing through all (N + 1) points is an Nth degree 
polynomial. We shall call this an interpolation polynomial, and it is expressed as 


N+1 


Yy(X) = 2 y:li(x) (8.89) 
i=1 


where yy is the Nth degree polynomial, y; is the value of y at the point x,, and 
l(x) is called the Lagrange interpolation polynomial. It is defined as 


L#j 


pas (8.904) 


I(x) = r 


The Lagrange interpolation polynomial is a useful building block. There are 
(N + 1) building blocks, which are Nth degree polynomials. The building blocks 
are given as 


E o w O 
says I (x; — x;) 7 (x ~ p) | Pas | Sr 


j+i 
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Figure 8.4 Typical plots of the Lagrangian interpo- 
lation polynomials. 


where py (x) is called the node polynomial. It is a N + 1 degree polynomial 
and is defined as 


Puil x) = (x — x)(x — x2)... (x — XN) (% — XN 41) (8.91) 


where x; (i = 1,2,..., N, N + 1) are locations of the data set. The py,,(x) is 
called node polynomial because it passes through all the nodes x; (i = 
1,2,...,N + 1). 

Figure 8.4 shows typical plots of the Lagrangian interpolation polynomials for 
x, = 0.044, x, = 0.35, x; = 0.76. Note that they satisfy Eq. 8.90, for example, 
L(x) is unity at x = x, and zero at x = x, and x = x3. 

The construction of the Lagrange interpolation polynomial proceeds as fol- 
lows. First, the N + 1 interpolation points are chosen, then the N + 1 building 
blocks /,(x) can be constructed (Eq. 8.90). If the functional values of y at those 
N + 1 points are known, the interpolation polynomial is given in Eq. 8.89. 
Hence, the value of y at any point including the interpolation points, say x*, is 
given by 


N+1 
yn(x*) = L yil(x*) (8.92) 
i=1 


8.4 ORTHOGONAL COLLOCATION METHOD 


The previous development on Jacobi and Lagrangian polynomials allows us to 
proceed directly to computations for the orthogonal collocation method. 
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8.4.1 Differentiation of a Lagrange Interpolation Polynomial 


The interpolation polynomial defined in Eq. 8.89 is a continuous function and 
therefore can be differentiated as well as integrated. 

Taking the first and second derivatives of the interpolation polynomial 
(Eq. 8.89), we obtain 


dyy(x) Nd dlx 
Ea i 
i=1 
d*y,(x) N+1 d*1,(x) 
- om Èy - (8.94) 

dx? sni ady? 


(8.93) 





In most practical problems, only the first two derivatives are required, so these 
are presented here. However, if higher derivatives are needed, the Lagrange 
interpolation polynomial can be differentiated further. 

In particular, if we are interested in obtaining the derivative at the interpola- 
tion points, we have 


dyn(x;) < Da dl;(x;) 


dk dei (8.95) 
j=l 
for i = 1,2,..., N,N +1. 
Similarly, the second derivative is obtained as 
d? : N+1 d?l. x; 
Yn(x;) = L ;( ) : (8.96) 


dx 2 ja dx 2 y J 
for i = 1,2,3,..., N,N + 1. 

The summation format in the RHS of Eqs. 8.95 and 8.96 suggests the use of a 
vector representation for compactness, as we will show next. 

We define the first derivative vector, composed of (N + 1) first derivatives at 
the N + 1 interpolation points, as 


; dyy(x,) dyy(x2) dyy( xn) dyn(x d 
yy = | Safad AME., Salta) Dae) (8.97) 
Similarly, the second derivative vector is defined as 
T 
y= dyn (41) d*yy( x2) d?yy(%y) a? yn (Xna1) (8.98) 
N dx? ? dx? gereg dx? ’ dx? . 


The function vector is defined as values of y at N + 1 collocation points as 


T 
y = [¥1, Y2; ¥30-++> ns nail (8.99) 
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With these definitions of vectors y and derivative vectors, the first and second 
derivative vectors can be written in terms of the function vector y using matrix 
notation 


y =A-y (8.100) 
=Bry (8.101) 


n 


where the matrices A and B are defined as 


dl. (x, 
A={a,- AGO i, f= 1,2,..4.N,N+ 1} (8.102) 





and 


a?1,( x; 
B= (6, - cu) ) i,j=1,2,...,.N,N+ i (8.1025) 


The matrices A and B are (N + 1, N + 1) square matrices. Once the N+ 1 

interpolation points are chosen, then all the Lagrangian building blocks I(x) 

are completely known (Eq. 8.90), and thus the matrices A and B are also known. 
For computation purposes, a;; and b,; are calculated from 


5 P(X) ) jag 
dl,(x, 2 p(x) 
aj = aan = ie (8.1032) 
1 PY. 1(%:) j 
(xi = x;) p(x) 
and 
1 p(x) i) j=i 
d?l;(x; 3 p®_ (x; 
J= i(2 i) 72 al ) (8.1035) 
dx 2 1 ee 
Qj) Fi (x,—x,) =x) J Fl 





where p?,, p@., and pẹ}, are calculated from the following recurrence 
formula 


P(x) =1 
p(x) =(x-x,)p_(x); 7 =1,2,...,N41 
pP(x) = (x — x) PP (x) + p;x) 
PP(x) = (x — x) p2i(x) + 2p%(x) 


pP(x) =(x — x;)p@(x) t 3p (x) 
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with 


p(x) = DP(x) = P§'(x) = 0 


Gauss—Jacobi Quadrature 


We have discussed the differentiation of the interpolation polynomial. Now, we 
turn to the process of quadrature.” This is often needed in solutions, such as 
chemical reaction rates obtained as an integration of a concentration profile. 

Let y,_, be the interpolation polynomial of degree (N — 1), passing through 
N points (x,, Y1), (X2, Y2), - .- (Xy, Yy) presented as 


N 
Yn-( x) = 2 ylj(x) (8.104) 
j=1 


where /,(x) is the (N — 1)th degree Lagrange building block polynomial, and it 
is given by 


(x — xi) Py(*) 


N N 
I(x) = Ihr) = ies ga ; Px(x) = II — x;) 
L#j = Xx; ar Tae 


The interpolation polynomial, y,_ (x) of Eq. 8.104, is continuous, and there- 
fore we can integrate it with respect to x, using a weighting function W(x), as 


[Wx yw) ae = f woo] £ vu) de (8.105) 
0 0 j=1 


When we interchange the summation sign and the integral sign, the so-called 
quadrature relation arises 


N 
[Wx Ina) d = PIEZ a| (8.106) 


Quadrature defines the process of expressing the continuous integral 
b 
LEOK 
a 
as an approximate sum of terms 
f N 
[WEF de = E wef) 
k=l 


where x, are suitably chosen. 
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Next, if we define 
1 
w= f W(x)l;(x) dx (8.107) 


which is called the quadrature weights, the above quadrature (Eq. 8.106) 
becomes 


N 
[Wwa dx = Lowy, (8.108) 
j=l 


For a specific choice of weighting function, say the Jacobi weight 
W(x) =xf(1 — x)” (8.109) 


the quadrature weight then becomes 
1 a 
w= fra —x)"I,(x) de 


If the N interpolation points are chosen as N zeroes of the Jacobian polynomial 
of degree N, the quadrature is called the Gauss—Jacobi quadrature, and w, are 
called the Gauss—Jacobi quadrature weights. 

For computational purposes, the following formula for the Gauss—Jacobi 
quadrature weights can be obtained using the properties of the Lagrangian 
interpolation polynomials /,(x) 


_ QN+a+Bt 1)c@) 
x1 — x; [Pao] 


where dp,(x;)/dx is calculated from the recurrence formula 


(8.1102) 


pi? = (x — x) PP (x) +p- (x) 
D(x) = (x — x;)p;-1(*) 


with po(x) = 1 and p{(x) = 0. Here, c%® is given by Villadsen (1970) 


(@,p) _ _1 PR +INUN4a4+1) _ _ 
eN YAn I(N+B+II(N+a+B+ICN+a+B+1) 


(8.110b) 





where yy, x is given in Eq. 8.85. 

Of practical interest in problem solving, the following situation often arises. 
Suppose x,, X2, ..-, Xy are N roots of an Nth degree Jacobi polynomial J{**?. 
Now we choose the (N + 1)th point to be the end point of the domain (i.e., 
Xn 1 = 1). The interpolation polynomial passing through these N + 1 points is 
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the Nth degree polynomial, defined as 


N+1 


w= È yh) (8.111) 
j=1 


Now if we need to evaluate the quadrature integral 


N+1 


i x8(1 — x)" yy(x) dx = 2 w;Y; (8.112) 


it is found that the first N quadrature weights are identical to the quadrature 
weights obtained earlier (Eq. 8.110a) and moreover wy, = 0. This means that 
adding one more point to the interpolation process will not increase the 
accuracy of the quadrature, if the N interior interpolation points are chosen as 
zeros of the Nth degree Jacobian polynomial J{*-®(x). For improving the 
accuracy in the evaluation of the integral (8.112) when one or two boundary 
points are used as extra interpolation points (in addition to the interior 
collocation points) we need to use different quadrature formula and this will be 
addressed in the next section. 


8.4.3 Radau and Lobatto Quadrature 


To improve the accuracy of the quadrature 
['x?(. — x)" y(x) de (8.113) 
0 


when one extra interpolation point is added (say, x, ,, = 1), the first N interior 
interpolation points must be chosen as roots of the Jacobi polynomial 


Thoth BY x) (8.114) 


rather than as roots of JẸ ®. 
For practical computations, the following weighting formula was derived by 
Villadsen and Michelsen (1978) 


(2N+a+ 8 + 2)cG*!® Nti 
w = = K; Pyar = a-a) 
n| See j=1 


where K = 1 for i = 1,2,..., N, and K = 1/(a + 1) for i = N + 1. The coef- 
ficient c+! is evaluated using Eq. 8.110b with a being replaced by a + 1. 

Similarly, when the boundary point at x = 0 is added to the N interior 
interpolation points, the interior points must be chosen as roots of the following 
Nth degree polynomial 


Tier + D(x) (8.115) 
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For computations, the formula for w, is 


2N+a+B t+ 2)c@PtD N 
i ae Pya =x TI (x -x;) 
a - x) [Po | j=l 
i dx 


where K = 1/(B + 1) for i = 0, and K = 1 for i = 1,2,..., N. The coefficient 
c(8*) is evaluated using Eq. 8.110b with B being replaced by B + 1. 

Finally, if both the end points (i.e., x = 0 and x = 1) are included in the 
evaluation of the quadrature (Eq. 8.113), the N interior interpolation points 
must be chosen as roots of the following Nth degree polynomial 


JE TEPEPOCS) (8.116) 
The computational formula for w; is 


(2N +a +B t+ 3)cGthery N 
=? K; Pyn = oe) Ee) 
iat x;) | j=l 
dx 


where K = 1/(8 + 1) for i = 0, K = 1 for i = 1,2,...,N, and K = 1/(a + 1) 
for i = N + 1. The coefficient cG@*'*” is evaluated using Eq. 8.110b with a 
and £ being replaced by a + 1 and B + 1, respectively. 


8.5 LINEAR BOUNDARY VALUE PROBLEM—DIRICHLET BOUNDARY 
CONDITION 


The diffusion-reaction problem for slab catalyst particles is a classic problem 
used to illustrate the orthogonal collocation method. We consider this problem 
next. 





The problem of a slab catalyst particle, sustaining linear reaction kinetics, was 
posed earlier and the dimensionless material balance equations were given in 
Eggs. 8.25. 

Note, we must ensure the independent variable x has a domain from 0 to 1. 
Here we note that the problem is symmetrical at x = 0, so the following 
transformation is convenient 


u=x? (8.117) 
With this transformation, we have 
dy _ dy du _ dy 
de de MY ae (8.118) 


du _ „dy 2 
ae 5 (2vu 2] é ag (2% = 2G + aut (8-119) 
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Using these relations, the mass balance equation (Eq. 8.25a) and the boundary 
condition at the catalyst surface (Eq. 8.25c) become 


d*y „dy 
Me + oe rg =. py =0 (8.120) 
u=1; y=1 (8.121) 


At first glance, it may appear that we have made the problem more difficult. 
However, the boundary condition at x = 0 is no longer needed owing to the 
transformation (u = x?), which makes y always an even function. 

Since it is our ultimate objective to evaluate the effectiveness factor (Eq. 
8.30), we transform the integral in terms of the u variable, that is, 


1 1lpi_ 
n = [yar = zhu 1/2% du (8.122) 


The weighting function for the above integral, by comparison with Eq. 8.109, is 
simply 


W(u) =u7'/2(1 — u)? (8.123a) 


so we conclude 
a = 0; B= -5 (8.1235) 


Now, if we choose (N + 1) interpolation points as N interior collocation points 
in the domain [0,1] and the boundary point at u = 1 to evaluate the integral of 
the form of Eq. 8.122, the N interior collocation points (u,, U2, U3,..., Uy) 
must be chosen as roots of the Jacobi polynomial J{¢*+!® = J{}-'/) (see 
Eq. 8.114). The (N + 1)th interpolation point uy, , is i 

The interpolation polynomial for this problem is 


N+1 


N 
yy(u) = © y(u) =ly4(4) + È y(u) (8.124) 
j=1 j=1 
where the building blocks /; are defined in Eq. 8.90. Comparing Eq. 8.124 with 
the trial solution formula (8.5), we see the correspondence 
In+1 = Yo and l; = ġj 


Since the mass balance equation (Eq. 8.120) is valid at any point inside the 
domain [0, 1], we evaluate it at the ith interior collocation point as follows (note, 
as a reminder, the residual is zero at the collocation points) 





R(u;) = [e] hg] - [¢?y];=0 (8.125) 


for i = 1,2,..., N. 
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But the derivatives at the point i are given by (Eqs. 8.95 and 8.96) 


N+1 


a 
| Z| = È Apy; 
j=1 


du 





i 


and 


zs] N+1 
É ‘ = id 


(8.126) 


(8.127) 


where y, is the unknown value of y at the interpolation point u;. Now that the 
(N + 1) interpolation points are chosen, the matrices A and B are completely 


known. 


Substituting these derivatives (Eqs. 8.126 and 8.127) into Eq. 8.125 yields 


N+1 N+1 
4u; | By; + 2 2 AY T pyi = 0 
j=l j=l 


for i = 1,2,...,N. 


(8.128) 


Because we know the value for y at the interpolation point u,,, = 1, we can 


remove the last term from each of the two series as 


+2 





N 
4u;| È Bij; + Bi wai Yne1 
j=1 





for i = 1,2,..., N. 


N 
È Ay; + AineiYnat| — $y = 0 
jel 


(8.129) 


But the value of y at the boundary u = 1 is y,,, = 1, so the above equation 


becomes 


N N 
4u; L B;;Y; +2 L AijYj i pyi z —4u;B; N+1 aa 2A; N+1 (8.130) 


j=1 j=l 


for i = 1,2,..., N. 


Equation 8.130 represents N coupled algebraic equations, with N unknowns 
(Yi Y2>---, Yy), Which are functional values of y at N interior collocation 
points. Techniques for solving large systems of algebraic equations are given in 
Appendix A. However, in the present problem the algebraic equations are 
linear and hence they are amenable to solution by matrix methods. By defining 


the following known matrix C and vector b as 


C = {Cy = 4u,B,, + 2A; — $76; i, =1,2,...,N} (8.1314) 


i™ ij 


b = {b= —4u;B; yyy — 24i, N+13 i=1,2,...,N} 


(8.131b) 
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Figure 8.5 Concentration profiles for @ = 10, illustrating advan- 
tages of additional collocation points. 
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Figure 8.6 Concentration profiles for ¢ = 100, with 
number of collocation points as parameter. 
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where 
1 i=j 
ô; = G ER] (8.132) 
and the unknown y as 
y = [Yi Vo Y3 Yy] (8.133) 


then Eq. 8.130 can be put into the following compact vector form 
C:-y=b (8.134) 
from which the solution is simply 
y=C!-b (8.135) 


where C~! is the inverse of the matrix C. 

Since the solution for y is known, the effectiveness factor, 7, can be obtained 
from Eq. 8.122. Substituting Eq. 8.124 into Eq. 8.122, the quadrature for the 
integral representing effectiveness factor is 


1 N+1 
n=5 E wy; (8.136) 
j=1 


Figure 8.5 illustrates the evolution of concentration profiles for @ = 10 with the 
number of collocation points as parameter. It is seen that when the reaction 
rate is high, the concentration profile inside the particle is very sharp, so that 
about 5 interior collocation points are needed to get a satisfactory result. Figure 
8.6 treats the case for even faster rates, such that @ = 100. The extreme 


Table 8.2 Computations Using Orthogonal Collocation: Diffusion in Catalyst Particle 


Number of Interior Percentage Relative 
Collocation Point, N o I Error 
1 10 0.186992 87 
2 10 0.111146 11 
3 10 0.100917 1 
5 10 0.100001 .001 
1 100 0.166875 1569 
2 100 0.067179 572 
5 100 0.017304 73 
7 100 0.012006 20 
10 100 0.010203 2 
15 100 0.010001 .01 
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sharpness of the profile requires about 10 or more interior collocation points to 
yield reasonable accuracy. 

Table 8.2 summarizes computation of the effectiveness factor using the 
orthogonal collocation method. Also shown in the table is the relative error 
between the calculated effectiveness factor with the exact solution, given by 


_ tanh(¢) 
= $ 


8.6 LINEAR BOUNDARY VALUE PROBLEM — 
ROBIN BOUNDARY CONDITION 





In this example, we reconsider the catalyst problem in the previous example, but 
the bulk fluid moves slowly, so that finite film resistance exists. The boundary 
condition at the catalyst surface (Eq. 8.23b) is replaced by 


dC 
R [D nk (Cle = Co) (8.137) 


which is simply a balance of flux to the solid phase and through the film 
surrounding the exterior surface. 
In nondimensional form, this boundary condition becomes 


ral = Bi(1 — yl) (8.138) 


x=1; 





where Bi = k,R/D,. 
Thus, the mass balance equation (Eqs. 8.25a and 8.138) written in terms of 
the variable u(u = x°) as before 


Bg +22 -4y =0 (8.139) 


[Z P (9h) (8.140) 


Again, our objective here is to calculate the overall reaction rate per unit 
volume, and from this to obtain the effectiveness factor. Therefore, the N + 1 
interpolation points are chosen with the first N points being interior collocation 
points in the catalyst particle and the (N + 1)th interpolation point being the 
boundary point (uy,, = 1). The N interior points are chosen as roots of the 
Jacobian polynomial J®-1⁄/2. The optimal choice of N interior points in this 
example as well as the last one was studied by Michelsen and Villadsen (1980). 
This is done by using the quadrature approach to the calculation of the integral 
(Eq. 8.7) in the Galerkin method. A summary of this approach is presented in 
Section 8.9. 
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The mass balance equation is discretized at the ith interior collocation point 
as before, and we have 


N N 
4u;| È By; + Bin+i¥nei| + 2 D Apy + Ain+i¥n41) — $y =0 
j=l j=l 











(8.141) 


for i = 1,2,...,N. 

In this case, unlike the last example where y,,, = 1, the value of y at the 
boundary point is not equal to unity, but is governed by the boundary condition 
(Eq. 8.140). At the boundary (i.e., at the point u,,,,), we have 





dy Bi 
= CL Iyas) (8.142) 
u=UN+1 
The first derivative at the point u,,, is given by (Eq. 8.95) 
dy N+1 
+ | a Arai (8.143) 
Uu=UNG+1 





j=1 


When this is substituted into the boundary equation (Eq. 8.142), we obtain 


N 3 
Bi 

L Ansi, Yj + Anes, N+1YN+1 = F (1 Yat) (8.144) 

j=1 2 


where we removed the last term from the series in the LHS of this equation. 
Solving for yy,,, we have 


1 a) 
Nel 1+ 2AN+1,N+1 f E BE Ana. (8.145) 
Bi 





Thus, we see that when Bi is extremely large (minuscule film resistance), the 
above equation reduces to yy,, = 1 as required. 

Next, substitute the equation for y,,, (Eq. 8.145 into Eq. 8.141), and so 
obtain the following linear equation in terms of y 


D-y=b (8.146) 
where 
2 
Bi Cin +14ne1,j 5 AE 
D = {D, = Cy - Hy - #63 i,j = 1,2,..., N} (8.147) 
1+ BrAnsiwei 
C: 
b= (b, = -—— 2" __; 5 = 1,2,...,N (8.149) 
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Figure 8.7 Plots of concentration profiles for @ = 10. 


Here, we have used a vector-matrix format to achieve compactness. The inverse 
of Eq. 8.146 will yield the vector y, that is, the concentrations y, at all interior 
collocation points. Knowing the concentrations at all the interior collocation 
points, the surface concentration y,,, is calculated from Eq. 8.145. Figure 8.7 
presents the concentration profiles for ġ = 10, with the number of interior 
collocation point and the Biot number being parameters. 
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Table 8.3 Computations Using Orthogonal Collocation: Effect of Boundary Resistance 





N $ Bi n Relative Error % 
1 10 10 0.150327 200 
2 10 10 0.069764 40 
3 10 10 0.054334 9 
5 10 10 0.050143 0.3 

10 10 10 0.050000 0 
1 10 20 0.166667 150 
2 10 20 0.085722 29 
3 10 20 0.070637 6 
5 10 20 0.066794 0.2 

10 10 20 0.066667 0 


The exact solutions to this problem are 


cosh( o 
r Teone o) + we £ sinh( #)| 


tanh(¢) 


n= 
lı + $ tanh(¢) 


Table 8.3 compares the numerical solution with the exact solution. Even for 
sharp profiles, the collocation solutions are comparable to the exact solution 
using only five collocation points. 


8.7 NONLINEAR BOUNDARY VALUE PROBLEM— 
DIRICHLET BOUNDARY CONDITION 





We wish to consider the catalyst particle for nonlinear conditions so the local 
reaction rate is given by 


Riccar = &(C) (8.150) 


where g(C) is some nonlinear function of concentration. 
Setting the shell balance at the position r, we obtain the following mass 
balance equation 


pt ~9(C) =0 (8.1514) 
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subject to the boundary conditions 


dC 
p= 0; dr =0 (8.1515) 
r=R; C=C), (8.151¢) 


The effectiveness factor for a general nonlinear reaction rate is defined as 


fecc)av 


n= (8.1524) 
felo) av 


For the slab geometry, dV = Adr, where A is the cross-sectional area of the 
catalyst. Hence, Eq. 8.152a becomes for a slab catalyst 


n= Rey fe dr (8.1525) 


Thus, when we know the distribution of C, we replace g(C) in the integrand of 
Eq. 8.1526 and evaluate the integral numerically. Alternately, we can calculate 
the effectiveness factor in the following way. 

Multiplying Eq. 8.151a by dr and integrating the result from 0 to R gives 


R _ Z| 
f 80) dr = DoT lr 


When we substitute this result into Eq. 8.152b, we obtain 


= _ De dC 
"= Rge(C,) dr 





2 (8.152c) 


This means that the effectiveness factor can be calculated using the derivative of 
concentration distribution at the exterior surface of the particle. 
By defining the following dimensionless variables and parameters 


ya es x= gr = HER aqy) = Le (8.153) 
the mass balance equation (Eqs. 8.151) becomes 
d?y r 
Wee $ G(y)=0 (8.154a) 
x=0; - =0 (8.154b) 


x=1; y=1 (8.154¢) 
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In terms of the dimensionless variables and parameters (Eq. 8.153), the effec- 
tiveness factor given in Eq. 8.152c becomes 


CoD. dy 
R?g(Cy) dx 


-18 
1 Lh 





n (8.154d) 


Thus, when y(x) is numerically determined from Eqs. 8.154a to c, the effec- 
tiveness factor is readily evaluated from Eq. 8.154d. 

We introduce the u transformation as before (u = x”), and the mass balance 
equation now becomes 


d?y 


4u u? 


d 
+ 2 - ¢’G(y) =0 (8.1552) 


subject to 


u=1; y=1 (8.1555) 


The reader is reminded again that when the symmetry transformation (u = x?) 
is introduced, the boundary condition at x = 0 (Eq. 8.154b) is automatically 
satisfied. 

If we now discretize the mass balance equation (Eq. 8.155a) at the interior 
point i, we have 




















N N 
4u;| >) Bay; + By nsiYnei| + 2| E Apy + Ai, nai net 
jet j=l (8.156) 
- $C y;) =0 
for i= 1,2,...,N. 
Since yy,, = 1 (Eq. 8.1555), the above equation becomes 
N N 
4u;| È By; + Bi nai) + 2| È Ay; + Aina 
j=l j=l (8.157) 
— ’G(y,) =0 
for i= 1,2,..., N. This equation represents a set of N nonlinear coupled 
algebraic equations in terms of y,, y,,..., yy. They can be solved by one of 


several nonlinear algebraic solvers, such as the Newton—Raphson method (see 
Appendix A). 
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To solve Eq. 8.157 by the Newton—Raphson procedure, we define 


N 
Fy) = 4u,; 0 By; + By nay +2 
j=l 





N 
È Ay; Asn — ¢’G(y,) =0 
j=1 


(8.158) 
for i = 1,2,..., N, and where 
y= [Yn Y2 Yn] (8.159) 
The iteration scheme for the Newton—Raphson is 
y@tD = yO — g® (8.160a) 
where 
J(y)a® = F(y) (8.1605) 
F = [F\(y), Fa(y),--- Fv)" (8.160c) 
J= (5 = 4u;B,, + 2Aj; — spm, i j= Aa (8.160d) 
where 6,, represents the Krocknecker delta function, defined as 
ô; = (0 i (8.161) 


To solve for the concentration vector y by the Newton—Raphson technique, we 
need to select an initial set for y. With this initial guess, the function vector F 
and the Jacobian J can be evaluated (Eqs. 8.160c, d). Using any standard linear 
equation solver, the vector d can be calculated from Eq. 8.160b and hence the 
first iterated solution y™ is given in Eq. 8.160a. The process is repeated until a 
convergence criterion is satisfied. One can choose either of the following criteria 
for stopping the iteration 


N [y+ = yf! 
2 ly = 
or 
(k+1) _ „(k) 
max ye -l yi i | LE 


Dl 
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Figure 8.8 Approximate concentration profiles for second 
order chemical kinetics. 


If y is small, the following stopping criterion is recommended 


Bye = ys) <e 
j 


Figure 8.8 presents computations of concentration profiles for the case of 
second order chemical kinetics. The first stopping criterion was used to generate 
these plots, and £ was 0.001. Again, just as in previous examples, the collocation 
solutions generated with five or more interior collocation points agree fairly well 
with the exact solution, which in the present case is taken as the solution 
generated by using 19 interior collocation points. For this problem of slab 
geometry, the analytical solution is given as 


1 ds 


TI = (1 -x) 
á B G(m) an] 


where yọ is the value of y at x = 0 and is given by 


1 ds 


o oer 
A ey G(m) dm! 
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Table 8.4 Computations Using Orthogonal Collocation: Nonlinear Reaction Kinetics 


N $ n Relative Error % 
1 20 0.230000 109 
2 20 0.130439 18 
3 20 0.117599 7 
5 20 0.111027 0.61 
10 20 0.110356 0 
19 20 0.110355 — 


Table 8.4 shows the numerically calculated effectiveness factor and the relative 
error as function of the number of interior collocation point. 


8.8 ONE-POINT COLLOCATION 


The orthogonal collocation method, as we have attempted to illustrate in 
previous examples, sustains an accuracy, which will increase with the number of 
points used. Occasionally, one is interested in the approximate behavior of the 
system instead of the computer intensive exact behavior. To this end, we simply 
use only one collocation point, and the result is a simplified equation, which 
allows us to quickly investigate the behavior of solutions, for example, to see 
how the solution would change when a particular parameter is changed, or to 
determine whether the solution exhibits multiplicity. Once this is done, detailed 
analysis can be carried out with more collocation points. 





We illuminate these attractive features by considering the difficult problems of 
diffusion and reaction in a slab catalyst sustaining highly nonlinear Hinshelwood 
kinetics. The mass balance equations written in nondimensional form are taken 


to be 
d’y °y 
ao =0 162 
dx? «1 + by + yy? aaa 
-o WL 
x =0; = (8.1625) 
x=1; y=1 (8.162¢) 


Noting the symmetry of this problem, we make the usual substitution u = x?, 


and the mass balance equations become 


2 
aut 


2 
dY 8 OY p (8.163) 
du 


du 1+ôy+yy? 
u= 1; y=1 (8.164) 
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Now we choose one collocation point, u,, in the domain [0,1], and since we 
know the value of y at the surface of the catalyst, we will use it as the second 
interpolation point, that is, u, = 1. For these two interpolation points, we have 
two Lagrangian interpolation polynomials, /,(u) and 1,(u), given as 


u—u u-u 
L(u) = = ae 1,(u) = PE i (8.165) 








where u, is the collocation point chosen in the domain [0, 1], and u, = 1. 
Using the Lagrangian interpolation polynomials /,(u) and 1,(u), the approxi- 
mate solution for y(u) can be written as 


y=L(u)y,+L(u)y, =1(u)y, + L(u) (8.166) 
because y, = y(u,) = y1) = 1. 


Next, we substitute the approximate solution 8.166 into the differential 
equation 8.163, and obtain the following residual 


d*y 
du? 


2 
py Oe es Oe (8.167) 


R=4 
7 du 1+ dy + yy? 


We now have only one unknown, which is the value of y at the collocation point 
u,, and the test function for the collocation method is 


w, = 6(u — u,) (8.168) 


Averaging the residual with the test function w, is carried out using the integral 











1 1 d’y dy dy 
f R(u)wi(u) du = Í, [sues tags ae sae? TEET (u — u,) du = 0 
that is, 
d?y dy $y 
a r Ag TE E 8.169 
uy du? lu, dulu 1+ dy, + yy? ( ) 
But 
d dl,(u dl,(u 
a ui = itt) yı a 1) =Aiy, + Ay (8.170a) 
and 
d? d?l (u d?l (u 
a = se, % 20 z = Buy, + By (8.1705) 
uy 
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When we substitute Eqs. 8.170 into Eq. 8.169, we get 


oy, 


SS 8.171 
1+ ôy; + yy? ( ) 


Cay t+ Cy - 


where 
Cy = 4, By +2Ay and Cy = 4u, By + 2412 


Equation 8.171 is a cubic equation in terms of y,; hence, depending on the 
values of $, ô, and y, there may exist three solutions (multiple steady states) for 
this problem. A knowledge of this will then help the comprehensive computa- 
tion using more collocation points. 

This example serves as a means to allow workers to quickly study the topology 
of a system before more time is spent on the detailed computation of the 
governing equations. 


8.9 SUMMARY OF COLLOCATION METHODS 


Step 1 


Step 2 


We have presented a family of approximate methods, called weighted residuals, 
which are quite effective in dealing with boundary value problems. The name 
suggests that we need to generate residuals obtained when the approximate 
solution is substituted into the governing equation. Then, we try to minimize the 
residuals or force it to be asymptotically close to zero at certain points. A 
number of methods have appeared, depending on how we minimize this 
residual. 

Among the five methods studied in this chapter, the orthogonal collocation 
and the Galerkin methods seem to provide the best approximate routes. The 
Galerkin method provides solution with good accuracy, while the collocation 
method is easy to apply and to program, owing to its mechanical structure. The 
accuracy of collocation is comparable to Galerkin if the collocation points are 
properly chosen. Because of this attribute, the collocation method has found 
wide applications in chemical engineering and other branches of engineering. 

We now summarize the steps taken in the application of the orthogonal 
collocation procedure. 


For the given problem, normalize the range of the independent variable to 
(0, 1). Any domain (a, b) can be transformed to a (0, 1) by the transformation 


z-a 
x= 
b-a 





where x is the new independent variable lying in the domain (0, 1). 


Next, observe the boundary conditions and if there is symmetry at x = 0, make 
use of the transformation u = x*. Similarly, if the problem is symmetrical at 
x = 1, use the transformation u = (1 — x)’. 
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Step 3 


Step 4 


Step 5 


Assume an approximate solution of the form in Eq. 8.5, where y,(x) satisfies 
the boundary conditions exactly and the trial functions, 4x), satisfy the 
homogeneous boundary conditions. The problem at this point is then reduced to 
the problem of solving for N unknown coefficients. If the trial functions are 
chosen as the Lagrange interpolation polynomials, /x) (Section 8.3), the 
coefficients a; then become the values of y at the interpolation points x;. 
Interpolation points are those used to generate the Lagrange interpolation 
polynomials. It is noted here that the Lagrange interpolation polynomial is used 
here as a convenient vehicle to obtain a solution. Any linearly independent set 
of trial functions can be used in the collocation method. 


Substitute the approximate solution prescribed in Step 3 into the governing 
equation to form a residual R (Eq. 8.6), which is a function of x as well as N 
coefficients a,. 


This step is the most crucial step of the orthogonal collocation method. If the 
Galerkin method is used for minimizing the residual (remember that the 
Galerkin is the best method among the many weighted residual methods to 
provide solution of good accuracy), the following function of N coefficients a; is 
created 


[Rau ag). ayi xo (x) de = 0 for f= 1,2,...5N 
0 


These N integrals, in general, cannot be integrated analytically; hence, it must 
be done numerically by a quadrature method, such as the Gaussian quadrature 
described in Appendix E. Before doing this, extract a common factor of the 
form W(x) = x*(1 — x)* from the integrand of the above integral. This factor 
must be the same for all values of j. The integral can then be written as 


[ORC a4, 95-25 an; 2)4j(2) d 
= flea —x)*]O,(x) dx for j=1,2,...,N 
0 


where 


R( a1, @2,..., Ay; X)b;(X) 


Q(x) = x*(1 =a 


If the Gaussian quadrature of N quadrature points is applied to evaluate the 
above integral approximately, the optimal quadrature formula would be 


N 
S Ia = x)"]O\(2) ar = E w,Q(x,) for j=1,2,...,N 
k=1 


Step 6 
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where w, are the quadrature weights and x, are the quadrature points, which 
are zeros of the Jacobi polynomial J{*”(x). Note that the number of quadra- 
ture points used is the same as the number of unknown coefficients a,. It should 
also be pointed out that the above quadrature approximation will be exact if the 
polynomial Q, is of degree less than or equal to 2N — 1 (see Appendix E). 


It is then clear from Step 5 that the optimal approximation to the Galerkin 
method is simply to choose 


R(@,,@2,...,4y3X,) =0 for k =1,2,...,N 


Thus, if the collocation method is used, with the collocation points being zeros 
of the Jacobi polynomial J{*-®(x), then the collocation method will closely 
approximate the Galerkin method. 

These outline the pedagogical steps for undertaking the orthogonal colloca- 
tion method. They are chosen so that the collocation method closely approxi- 
mates the Galerkin method. Problem 8.9 illustrates in a practical way how to 
apply these steps to an engineering problem. 


8.10 CONCLUDING REMARKS 


Boundary value problems are encountered so frequently in modelling of engi- 
neering problems that they deserve special treatment because of their impor- 
tance. To handle such problems, we have devoted this chapter exclusively to the 
methods of weighted residual, with special emphasis on orthogonal collocation. 
The one-point collocation method is often used as the first step to quickly assess 
the behavior of the system. Other methods can also be used to treat boundary 
value problems, such as the finite difference method. This technique is consid- 
ered in Chapter 12, where we use this method to solve boundary value problems 
and partial differential equations. 
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8.12 PROBLEMS 


8.1,. The Lagrangian polynomials /,(x) defined for N + 1 interpolation points 
are given as 


L(x) ZTT Ze for J= Nei 
f k=1 ¥j ~ *k 
k*j 





(a) Show that /,(x;) = 1 and /(x,) = 0 for all k + j. 
(b) Prove that the definition of the Lagrangian polynomial is equivalent 
to the expression 


Py+i(*) 
o) g (x — X;)Pwai(%;) 


where py, (x) is called the node polynomial (it is called node 
because it becomes zero at the interpolation points) and is defined as 


Pyat(®) = (x — x)(x — X2)(% — x3) tt (x — Xy)(X — Xy41) 


and py.) = dPy+1/ dx. 
8.2,. For any set of Lagrangian polynomial I(x) of degree N, defined as in 
Problem 8.1, show that the sum of these N + 1 Lagrangian polynomials 
is unity; that is, 


N+1 


L I(x) =1 
j=l 


Hint: Start with the following function y,(x) representing the polyno- 
mial passing through N + 1 points (x,, y,), (%2, y2),.--, 
(xy, Yn) ewan Ynt) 


N+1 


(x)= È L(x) y; 


j=1 


8.3,. With the Lagrangian polynomials defined in part (b) of Problem 8.1, 
show that they are orthogonal to each other with respect to the weighting 
function W(x) = x8(1 — x)* if the N + 1 interpolation points 
Xis X2, X3...» Xy Xy+: are chosen as roots of the Jacobi polynomial 
The: x) = 0; that is, 


flea —x)"|i,(x)i(x)de=0 for k#j 


8.45. 
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Hint: Use the following orthogonality property of the Jacobi polynomial 
[LPG — 2] P(x) de = for f= 0,1,2,...,N 
0 


Let x4, %,%3,...,X, be N interpolation points chosen as roots of the 
Jacobi polynomial Jf (x) =0 (ie, 0 <x;<1 for j = 1,2,...,N). 
The ordinates corresponding to these points are denoted as 
Yi Yoo Y3» ---, Yy, and the polynomial of degree N — 1, yy_,(x), passing 
through these N points (x,, Y1), (x2, Y2), ---, (XN; yy), is given by the 
following Lagrangian formula 


N 
Yy-i(*) = È L(x)»; 
j=1 
where 


m Py(*) 
WO) = kK) 


where p,(x) is the scaled Jacobi polynomial defined as 


IVP (x) 


Py(%) = (x -x)(x — x2)(x — x3) >: (x — xn) = YNN 


(a) Show that the integral of the function y,_,(x) with respect to the 
weighting function W(x) = x®(1 — x)* from 0 to 1 is given by the 
following quadrature 


N 
[iea - x)"] yn- (x) dx = X w; 
where 
w= [Ia — x)"]Uj(x) de 


(b) Use the results of Problems 8.2 and 8.3 to show that the quadrature 
weights of part (a) can be written as 


W= [iea - x)| [L]? d 
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(c) Starting from the equation in part (b) and the definition of the 
Lagrangian polynomial / Ax), show that 


(2N+at+B+t+1)ce” 
pS — — — pis ak Ae 





dpy(x;) ; 
x;(1 — x;) 2ean] 
where 
cP) = fla — x)"] p2(x) de > 0 
8.5,. Let x1, %2,%3,...,X%y be N interpolation points chosen as roots of the 


Jacobi polynomial Ji (x) = 0 (i.e., 0 < x; < 1 for j = 1,2,..., N) and 
the (N + 1)th interpolation point is x,,, = 1. The ordinates corre- 
sponding to these (N + 1) points are denoted as y,, Y2, y3,---, Yy, and 
Yy+1 and the polynomial of degree N, y,(x), passing through these 
N + 1 points (x,, Y1), (X2, Y2) <- -XN Yn) (Xn 41 Yy+1) is given by the 
Lagrangian formula 


N+1 


yy(x) = 2 l;(x)y; 


where 


m P +(x) 
ET TEA 


with py, (x) being the node polynomial defined as 
Pua x) = (x — x)(x — x2)(x — x3) >t (x — Xp) CX — Xya1) 
= p(x) (2-1) 
where py” (x) is the scaled Jacobi polynomial 


INP (x) 


py’ P(x) = = 
N,N 


(a) Show that the integral of the function y,(x) with respect to the 
weighting function W(x) = x?(1 — x)* from 0 to 1 is given by the 
quadrature 


N+1 
[la - x)*]yy(x) dx = 2 WY; 


8.63. 
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where 
w= fea —x)"]1,(x) dx 


(b) Show that w, (for j = 1,2,...,.N) are identical to the quadrature 
weights obtained in Problem 8.4, where N interpolation points are 
used. 

(c) Prove that w,,,, = 0, which implies that the extra interpolation point 
at x, , is not taken into account in the evaluation of the numerical 
quadrature. 

Similar to Problem 8.5, let x4, X2, X3,..., Xy be N interpolation points 

chosen as roots of the Jacobi polynomial J{ (x) = 0 (i.e, 0 <x; <1 

for j = 1,2,..., N) and x, = 0 is the additional interpolation point. The 
ordinates corresponding to these (N + 1) points are yo, Yis Y2, ¥3,---» YN 

and the polynomial of degree N, y,(x), passing through these N + 1 

points (Xo, Yo), (x1, Y1), (x2, Y2) ---, (Xy, Yy) is given by the Lagrangian 

formula 


N 
yy(x) = 2 l(x)y; 


j=0 
where 


= Py+i(*) 
WON = spi 


with py. (x) being the node polynomial defined as 
Pu+i(X) = (x — x)(x — x)(x = x2) t (x xy) =x: pH P(x) 
where p{%PXx) is the scaled Jacobi polynomial 


, JEP) 
pga) =- E 
N,N 


(a) Show that the integral of the function y,(x) with respect to the 
weighting function W(x) = x*(1 —x)* from 0 to 1 is given by the 
quadrature 


1 ë N 
Í, [ea =x) | Yu (x) dx =) WY; 
j=0 
where 


w= flea ~ x)*|L,(x) dx 
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(b) Show that w, (for j = 1,2,...,.N) are identical to the quadrature 
weights obtained in Problem 8.4, where N interpolation points are used, 
and wọ = 0. This, like Problem 8.5, means that adding the extra interpo- 
lation point either at x = 1 or x =0 does not help to improve the 
accuracy of the quadrature. Even when N extra interpolation points are 
added in addition to the N collocation points as roots of J{&"(x) = 0, 
there is no net effect of this addition. This is because the N ordinates y, 
at the zeros of J{*(x) = 0 are sufficient to integrate a polynomial of 
degree 2N — 1 exactly. 

8.7*. It is shown in Problems 8.5 and 8.6 that adding an extra interpolation 
point or even N interpolation points to the N interpolation points, which 
are zeros of J{*:°(x) = 0, does not help to improve the evaluation of the 
integral by quadrature 


[la _ x)"]y(x) dx 


Now reconsider Problem 8.5 where (N + 1) interpolation points are 
used. The Nth degree polynomial passing through N+ 1 points 
(x; yı), (x2, Y2), ane (ty; Yn) (Ena Ynn) is given by 


N+1 


Yy(x) = x I(x); 
E 


where };(x) is given as in Problem 8.5. 
(a) Construct a 2Nth degree polynomial as follows 


Yon(X) = Yy(X) + Gy- (1 =x) pR Th O(x) 


where G,_, is any (N — 1)th degree polynomial and p(x) is the 
scaled Jacobi polynomial 


Ther} B(x) 


pete (2) = 
N,N 


Evaluate the following integral 


[la - x)"|yoy(x) dx 


by the quadrature method and show that it is equal to 


N+1 


flea - x)*]yoy(x) dx = 2 w;Y; 


8.8. 


8.9*. 
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where 
1 a 
w= f [a - x)“] L(x) dx 


if the N + 1 interpolation points are chosen such that the first N 
interpolation points are roots of the Jacobi polynomial J{¢ ++ (x) = 
0 and the (N + 1)th point is x,,, = 1. This quadrature formula is 
called the Radau quadrature. It can integrate any polynomial of 
degree 2N exactly. 
There are a number of ways to assume the form of the approximate 
solution. One way, which is used often in the text, is the power law 
expression 


N 
Yn = L ajx? 
j=0 


where the subscript N means that the approximate polynomial has the 
degree N. Another way, also equally useful, is the use of the Jacobi 
polynomials as the expansion terms, given as 


N 
Yn = L bJ Px) 
j=0 


where J(®PXx) is the Jacobi polynomial of degree j. 
(a) Make use of the following orthogonality properties of the Jacobi 
polynomial 


[LPG - 2) ]F6 I(x) de= fork+j 
0 


to show how the coefficients b; are determined in terms of the 
coefficients a;. 
Modelling of a cylindrical catalyst with an nth order chemical reaction 
under the isothermal conditions gives rise to the following equation 


D, 


er dr 


1d{ dC y 
lF) — pykC =0 


where kC” is the chemical reaction rate per unit mass of the catalyst, 
and D, is the effective diffusivity. Assuming that the fluid surrounding 
the catalyst is vigorously stirred, the following boundary conditions can 
be taken 


dC 


r=0; ao and r=R; C=C, 


where C, is the constant bulk concentration, and R is the particle radius. 
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(a) Show that the above dimensional equation can be cast into the 
following nondimensional form 


l df d 
TOR 


subject to 
-0 a- Sr NE 
x= 0; j =0 and x=1; y=1 


What are the definitions of y, x, and ¢ that yield the above form of 
nondimensional equations? 

(b) Because of the symmetry of the problem around the point x = 0, it is 
convenient to use the following symmetry transformation u = x. 
Show that the new equations written in terms of the new variable u 
are 


d?y 


4u — 
“Iu? 


d 
+42 — py" =0 


Note that the center boundary condition is not needed because of the 
symmetry transformation. 

(c) To solve the equations in part (b) using the method of weighted 
residual, assume that the approximation solution has the form 


Ya=1+a(1-u) 


where a, is the unknown coefficient to be found. Note that this 
assumed form is made to satisfy the boundary condition at u = 1. 
Use this approximate solution in the governing equation of part (b) to 
show that the residual is 


R(a,,u) = —4a, — [1 +4,(1 — u)]” 


The residual is a function of both the independent variable u and the 
unknown coefficient a,. 

(d) Apply the method of collocation with a test function 6(u — u,) to 
show that the equation for a, is 


[Ra wou —u,) du = —4a, - ¢7[1+.a,(1 —u,)]” =0 
0 


where u, is some arbitrary collocation point in the domain (0, 1). The 
above equation is a nonlinear algebraic equation, which can be solved 
for a, once the collocation point u, is chosen. 
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(e) Apply the Galerkin method with the test function (1 — u) to show 
that the equation for a, is expressed in the following form of the 
integral 


[ROW — u) du 
= ['{-4a, - ¢[1 +.a,(1 — u)]"}(1 — u) de = 0 


For integer n, the above integral can be analytically integrated, while 
for noninteger n, it must be evaluated numerically or using some 
form of numerical quadrature. 

(Ð Now try the numerical quadrature? approach to approximate the 
integral of part (e) and show that the approximation is 


M 


[°R(a,,u)(1 — u) du = E w,R(a,,u,) 
0 j=l 


where u; are quadrature points, w; are the quadrature weights, and 
M is the number of such points. Show that the optimal choice of 
these M quadrature points are roots of J{>(u). 

Now take only one quadrature point, and this point will be the 
root of the following Jacobi polynomial of degree 1, J{+(x), which is 
found in Problem 8.14 as 


JEX x) = 3u —_ 1 = 0 i.e., ui = 


Show that the resulting equation for a, for the Galerkin method is 
identical to the equation for a, obtained by the collocation method. 
This means that collocation and Galerkin methods yield the same 


3The approximation of the integral 
[WO)f@) de with Wa) =x°(1 - x)" 
0 
by the quadrature method is 
í M 
[OO de = E mf) 
k=1 


where there exists an optimal choice of quadrature points, and those points are roots of the Mth 
degree Jacobi polynomial J{?-(x) = 0. 
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Ne 


(g 


answer for a,, if the collocation point is chosen as a root of the 
proper Jacobi polynomial, and the quadrature approximation of the 
integral is exact.* 

If the chemical reaction is first order (n = 1), show that the quadra- 
ture approximation of the integral obtained for the Galerkin method 


[Raw — u) du = w,R(a,, u) 


is exact. This means that the Galerkin and the collocation methods 
will yield identical approximate solutions if the collocation point is 
chosen as root of the Jacobi polynomial J( = 0 (i.e., u; = 1/3). 
For such a situation, the collocation method is called the orthogonal 
collocation method because the Jacobi polynomial belongs to a class 
of orthogonal functions. 


(h) Now consider the second order chemical reaction (n = 2), show that 


(i) 


@ 


the number of quadrature points required to yield exact evaluation of 
the integral 


"R(a,,u) 1 — u) du 
f 


by the method of quadrature is 2, with the two quadrature points 
being roots of J{+(x) = 0. Obtain the expression for this Jacobi 
polynomial of degree 2 and hence derive the solutions for these two 
quadrature points. 

The previous parts (a to h) consider only the one-term approximate 
solution. Now consider the following N-terms trial solution 


N 
y,=1+ } a(l- u)u’! 
j=1 


where a; (j = 1,2,..., N) are N unknown coefficients to be found. 
Show that the residual generated by this choice of approximate 
solution is 


Ry( 41, @2,---,4n3U) 


n 


N N 
=4 Ya [(j- 1)?u-? - ui! - 6214+ 1-4) Daw! 
j=1 j=1 


Now apply the collocation method with the N test functions 6(u — u,) 
(for k = 1,2,..., N), where u, are collocation points to show that 


“Using M quadrature points (which are roots of the proper Jacobi polynomial) in the numerical 
quadrature, the quadrature approximation will be exact if the function R(u) is a polynomial of 
degree less than or equal to 2M — 1. 
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the N nonlinear algebraic equations to be solved for a,’s are 


Ry( 41, 4,---,4n3 Ux) 
N 2 . . N . ý 
= 4 a |G- uj? - uf] -p1 + A- u) È auj! 
j=1 j=1 
=0 


for k = 1,2,3,..., N. 

(k) Now apply the Galerkin method with the N test functions (1 — u)u* ~! 
(for k = 1,2,..., N) to show that the N equations for a,’s written in 
the form of integral are 


Reyer ose 1G —u)u*-"] du =0 
0 
for k = 1,2,...,N, 
where R,, is given in part (i). These integrals must be evaluated 


numerically or approximated by the following quadrature using M 
quadrature points 


f [Rulan az, ay;u)u®-"|(1 — u) du 


M 
= 5 w;[ Ry (41,42, oe ay3u,)uk~)] = 
j=l 


fork = 1,2,...,N 


The M quadrature points are roots of the Jacobi polynomial of 
degree M, J{(x) = 0. Show that the above quadrature approxima- 
tion is the exact representation of the integral if 


M> Mins 1) 


(1) Show that one trivial way to satisfy the nonlinear algebraic equations 
in part (k) is to set 


Ry(41,42,..-,€y3;u;)=0 for j=1,2,...,M 


and hence show that a,’s can be determined if the number of 
quadrature points are chosen the same as the number of coefficient, 
N, in the trial solution. When this is the case, the Galerkin is “best” 
approximated by the collocation method if the collocation points are 
chosen as roots of the Nth degree Jacobi polynomial J(}(x) = 0. 


324 Chapter 8 Approximate Methods for Boundary Value Problems 


(m) Prove that if the chemical reaction is first order, the collocation 
method with N collocation points chosen as roots of J$ ®(x) = 0 is 
identical to the Galerkin method. 

This example illustrates how collocation points should be opti- 
mally chosen so that they can closely match the Galerkin method. 
8.10,. The Jacobi polynomial can be expressed conveniently as 


N ; 
IP) = E(D yx! with ysl 
j=0 


The N coefficients, y; (j = 1,2,..., N), are determined from the follow- 
ing N orthogonality condition equations 
SRA =) |e (x) IEA) de = 0 
0 
fork = 0,1,2,...,N— 1 

(a) Show that the above orthogonality condition equations are equivalent 

to 

SA-A A(x) de = for k=0,1,2,.., N- 1 

0 
(b) Use the equations of part (a) to then show that the linear equations 

for solving for y;’s are 

Ay=b 


where A is a coefficient matrix of size N X N and b is a constant 
vector, taking the form 


_T(pt+its/r(et 1-1)" 


ij T(B+a+i+j+1) 


NI(B+a+i (a +t 1) 


a T(B+a+i+1) 


for i,j = 1,2,...,N. 
8.11,. Show that 


op = fla -o IEA] a 


k [T(B + D]T(N+a+1)(N) 
 I(N+B+1(N+a+ßB+1)\(2N+a+ß+1) 


Hint: Use the Rodrigues formula and apply integration by parts N times. 


8.12,. 


8.13,. 


8.14,. 


8.15,. 


8.16,. 


8.17,. 
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Start with the definition of the Jacobi polynomial to prove that 


dT (x) _ NIN tat £ +1) Jeri B+D( x ) 
dx B+1 

Use the orthogonality condition defining Jacobi polynomial to prove that 

all N zeros of the Jacobi polynomial J{* (x) = 0 are real and that they 

lie between 0 and 1. 

(a) Use the Newton formula (Eq. 8.87) to determine roots of the follow- 
ing Jacobi polynomials 


IRAE), IE), IP), Ix) 


for N = 1, 2, 3, and 5. 

Explain the shift of the zeros in the domain [0, 1] as a and B change. 
(b) Write the differential equation satisfied by each polynomial. 
Repeat problem 8.14 using the Jacobi polynomial 


JIG (x), Fx) and JM1/2(x) 


for N = 1, 2, 3, and 5. These roots are used as interpolation points in the 
orthogonal collocation analysis of a slab, a cylinder, and a spherical 
particle, respectively. 

Calculate the matrices A and B for two collocation points chosen as roots 
of J{>-1/2 using the formula (8.103) and show that the sum of all rows is 
identically zero. 

Hint: Use the definition of the matrices A and B in Eq. 8.102. 

Use the five different methods of weighted residual to obtain approxi- 
mate solutions for the equation 


d d 
E+E = 10y 


subject to the following conditions 


and 


(a) First, try the approximate solution 
Ya =1+a,(1 - x?) 


which satisfies the boundary conditions. Substitute this approximate 
solution to the equation to form a residue, then use the test function 
appropriate for each method of weighted residual to obtain a solu- 
tion for a,, hence y,. Compare the approximate solution with the 
exact solution obtained in part (c). 
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(b) To improve the accuracy of the approximate solution, use the follow- 
ing trial solution with two unknown coefficients 


Ya =1+a,(1 — x?) + a,x*(1 — x?) 


Substitute this approximate solution with yet to be determined coef- 
ficients into the governing equation to form a residue, which is then 
forced to zero in some average sense. For each of the methods of 
weighted residual, use two test functions to determine the two 
coefficients, then compare this approximate solution with that in part 
(a). 


(c) To obtain the exact solution of the governing equation, put 


d 
p-# 


then show that the equation will take the form 
p=[(1 +y)p] = 10y 
dy 


Next, set u = (1 + y) to show the new equation is 





pee) = 10(u — 1) 


To put this equation in separable form, multiply both sides of the 
equation by u and show that the separable form is 


(up) d(up) = 10u(u — 1) du 
Integrate this new separable form with the condition at x = 0 
x=0; y=y%; pe ae 8 


to obtain the equation 


dy Dfa -aty Aty- Ayl 
2 


where yọ is the value of y at x = 0, which is yet to be determined at 
this stage. 
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Put the new equation in a separable form and integrate it from x 
to 1 to show that the solution for y is simply 


f 3 Cae 2 saz = ¥20(1 - x) 
y[a+s) “dai _ (+s) ey 





To find yọ, simply put x = 0 into the above equation and show an 
implicit equation for yọ is 


1 (1 +s) ds 


= 20 
(+sP-(+y)?  (+s)?-( tat) 
3 z 2 


Yo 





where s is the dummy integration variable. 

8.18,. Transport of solute through membrane is often limited by the ability of 
the solute to move (diffuse) through the membrane. If diffusion through 
the membrane is the rate controlling step, the usual relation to describe 
such transport is Fick’s law (see Problem 6.11). Usually the diffusion 
coefficient increases with concentration. Set up a material balance of a 
solute within a thin shell in the membrane to show that the governing 
equation will take the form at steady state 


slo] =0 


where r is the coordinate, taking the origin at the feed side of the 

membrane. If on the collection side, the solute is swept away quickly with 

a carrier fluid, then the solute concentrations at both sides of the 

membrane are Co and 0, respectively. 

(a) By setting y = C/Cy, x = r/L and f(y) = D(C)/D(C)), where L is 
the membrane thickness, show that the mass balance equation will 
take the following dimensionless form 


Eg -0 


The boundary conditions at two sides of the membrane in nondimen- 
sional form are 


For the purpose of computation in this problem, take the following 
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two forms for f(y) 


1+o0(y-1) 


fO) = \ explo(y - 1)] 
(b) Taking note of the asymmetric boundary conditions, use the follow- 
ing equation as a trial solution 


yg =1—x+a,(x — x?) 


Apply the methods of collocation and Galerkin to obtain the approx- 
imate solutions. 

Repeat part (b) with the following trial solution having two coeffi- 
cients 


(c 


— 


y, =1—x+a,(x —x?) + a,(x — x?) 


For o = 0.8, compare the solutions with those obtained in part (b), 
and suggest an objective basis for assessing improvement between 
the two. 

Use the following exact solution with which to compare the two 
approximate solutions. 


8.19,. Problems 8.17 and 8.18 deal with simple diffusion problems with symme- 
try and asymmetry boundary conditions. The methods of weighted resid- 
ual can also be applied to cases where a source term appears in the 
equation and such a source term can be a discontinuous function within 
the spatial domain, such as the following problem of diffusion of material 
in a slab with a mass production source. The governing equations are 


2 
< + f(x) =0 


where 
f(x) = 
The boundary conditions at two sides of the slab are taken to be 


x =0; y=0 
x=1; y=0 


8.20*. 
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This set of equations can also describe the heat conduction in a slab solid 

object with a heat source within the slab. 

(a) Polynomial trial solutions have been used in Problems 8.17 and 8.18. 
This time try the following trial solution of trigonometric form 


Ya = a, sin( mx) 


and use the collocation method to find the coefficient a,. Choose 
x, = 1/2 (take f(1/2) = 1/2). 


(b) Improve the trial solution by having two terms in the solution; that is, 
Ya = 4, sin(wx) + a, sin(27x) 


This problem shows that the trial solutions need not be in the 

polynomial form used in the text as well as in Problems 8.17 and 8.18, 

and it also shows that as the number of terms used in the trial 

solution increases the analysis involving the polynomial is somewhat 

simpler than that using functions such as trigonometric functions. 
The mass and heat balance equations in a catalyst for a first order 
reaction are 


2 

y y8 
a ET] ee 
d?9 0 

< + Bd? em ag ]y = 0 





where œ is the Thiele modulus, B is the dimensionless heat of reaction, 
and y is the dimensionless activation energy. 

Assuming the fluid medium surrounding the catalyst particle is very 
well stirred, the boundary conditions are 


x = 0; 
x=1; y=1, 6=0 


The quantity of interest is the effectiveness factor, which indicates how 
well a catalyst is utilized by the reactant. It is defined as 


_ 1 dy(1) 

= ra Ae 

(a) Apply the one-point orthogonal collocation method to solve the 
above coupled equations. Multiple solutions are possible in this case. 
Determine the range of œ such that more than one steady state is 
possible. 

(b) Another way of solving this problem is to eliminate one variable by 
first relating it to the other variable. Multiply the equation for y by B 
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and add this to the @ equation to show that 


ie 
a J 


(c) Integrate the above equation once to show that 


do 


pe + =o 


(d) Integrate again and obtain 
By +0=8 


This shows temperature and composition are linearly related. 
(e) Use the result in part (d) to eliminate the temperature from the 
differential equation for y, and show that the final equation is 


ay 2 | yB(1 ~ y) 5 
dx? Oe, 1+ p(1-y) a 


Now there is only one equation and one unknown, y. 
(f) Apply the one-point orthogonal collocation to solve the equation in 
part (e), and compare with the result in part (a). 


8.21*. Consider the problem of diffusion and reaction in a spherical catalyst 


particle. The chemical reaction is assumed to follow the Langmuir- 
Hinshelwood kinetics 


poan Me 
m™n 1+ KC + K,C? 


The film mass transfer resistance is taken as negligible compared to the 

internal diffusion resistance. 

(a) Derive the mass balance equation for the reactant in the catalyst 
particle, put it in the nondimensional format, to give the result 


x? dx\* 1+ By + yy? 


(b) Use the one-point collocation to investigate the behavior of the 
system. 

(c) Choose the parameters such that only one steady-state is possible, 
and obtain a better approximate solution to the problem using the 
orthogonal collocation method. 

(d) Choose the parameters where multiple steady states occur and solve 
for all steady-state concentration distributions inside the particle. 


Chapter 9 


Introduction to Complex 
Variables and Laplace 
Transforms 


9.1 INTRODUCTION 


A principal engineering application of the theory of functions of complex 
variables is to effect the inversion of the so-called Laplace transform. Because 
the subjects are inextricably linked, we treat them together. The Laplace 
transform is an integral operator defined as: 


F(s) = [fer dt (9.1) 


where, in general, s is a complex variable defined here as: 
s=0 +iw (9.2) 


The inverse process (that is given F(s), find f(t)) is obtained through the 
Fourier—Mellin complex integral 


1 . Ootiw š 
FD = ga im fe eFC) ds (9.3) 


henceforth called the Inversion theorem. Such complex integrals can be viewed 
as contour integrals, since they follow the two-dimensional path traced out by 
the curve of s(a,@). As we show presently, it is possible to invert Laplace 
transformed problems without recourse to complex integration, by laying out a 
few common sense building blocks, which are widely tabulated. However, for 
unusual problems the analyst must refer back to the fundamental Inversion 
theorem, Eq. 9.3. The derivation of Eq. 9.3 is based on the Fourier series 
representation of any f(t), as detailed in Appendix C. 
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9.2 ELEMENTS OF COMPLEX VARIABLES 


The complex number 8 = a + ib is made up of two parts: the real part is a 

Re(B) =a (9.4) 
and the imaginary part is b 

Im( 8B) =b (9.5) 
In the same way, we may define a complex variable, s 

s=oatiw (9.6) 


where it is clear that o and w are variables; hence, they may take many 
changing values. It is convenient to represent a complex variable on a rectangu- 
lar coordinate system such that the abscissa represents real parts (e) while the 
ordinate reflects values of the imaginary variable (w), as shown in Fig. 9.1. Thus, 
any complex number or variable can be thought of as a vector quantity as 
illustrated in Fig. 9.1. We define the magnitude of s (line length) as the modulus 


Isl = le + iwl = Vo? + w? (9.7) 
Henceforth, bars around a variable shall denote magnitude. The angle that s 
makes with the real axis is called the argument or simply the angle Zs (the 
angle corresponding to the complex variable s) 


0 = /s = tan '(w/c) (9.8) 


When w = 0,5 becomes identical to o and can be treated as a real variable. 
When this happens, the processes of integration, differentiation, and so forth, 


=o 
& 






Region R 


Imaginary part (s) 


Real part (s) = o 


Figure 9.1 Representation of s in the complex plane. 


9.2 Elements of Complex Variables 333 


then follow the usual rules of calculus. However, for the case of the complete 
complex variable, s = o + iw, we must reexamine the usual rules of functions, 
especially the property of continuity (i.e., continuous functions, with continuous 
derivatives). We shall uncover these rules of continuity, called analyticity, in the 
form of the famous Cauchy—Riemann conditions. First, we shall need to know 
the elementary rules for multiplication, division, and so forth of complex 
variables. 
The complex conjugate of s is simply 


S=a-iow (9.9) 
and it is clear that since i? = —1 
s*3=072 + o = |s? (9.10) 


The product of two complex variables can always be reduced to a new complex 
variable, containing a real plus imaginary part 


S1’ S2 = (6, + iw,)(0, + iw,) = (0,0, — ww) + i(o,@, +0,0,) (9.11) 


Division by complex numbers calls upon using the complex conjugate definition 
as 


Sy E (c + iw) (c + iw) a2 — iw (a, + iw,)( a, ai iw) 


S2 (otiw) (o +iw,) T- iw, o + ow? 
(9.12) 
Carrying out the multiplication then yields a new complex variable 
S OT + ww TW; — Cw 
sm (Atam) Tema) (9.13) 
s2 oz + w5 oz + o5 


Thus, any array of multiplication and division will always yield finally a single 
real plus imaginary part. 

Both of these operations (s; * S2 or s,/s,) can be performed more easily 
(shown in Section 9.3) using a polar form for s. Now, since s has both 
magnitude |s| and angle 0, we can write by inspection of Fig. 9.1 


o = |s\cos 0, w = |s|sin @ (9.14) 
hence, we see the polar representation of s is simply 
s =|s\(cos 0 + isin 0) (9.15) 


Note, for a given complex number, the angle 6 can take an infinity of values by 
simply adding multiples of 27 to the smallest possible angle. Thus, if the 
smallest angle is 6) = tan™'w/o, then @ can take values: 6) + 277, 0) + 4r, 
etc. So, in general: 0 = 6, + k27; k =0,+ 1, + 2, + 3..., and 6, is called the 
principal value of 6 with 0 < 0) < 27. 


334 Chapter 9 Introduction to Complex Variables and Laplace Transforms 


9.3 ELEMENTARY FUNCTIONS OF COMPLEX VARIABLES 


In the course of analysis, elementary functions of the complex variable s arise, 
such as: exp(—s), sin Vs, log(s), and so forth. We must carefully define these 
operations so that in the limit w — 0, these operations reduce to conventional 
operations on real variables. We begin our study on the most elementary 
function, the power law relationship 
f(s) =s" (9.16) 
where n is taken to be a positive integer or zero. Replacing s = ø + iw 
f(s) = (o + iw)” (9.17) 
we can insert the polar form to see 


f(s) = Isl" (cos @ + isin 0)” (9.18) 


We next combine this result with properties of the exp(s), which can be proved 
to have the usual power series representation 


2 s? 


exp(s)=1+s+3 ++ (9.19) 


which is convergent for all values of the complex variable s. 
It is also true that exp(s,) - exp(s,) = exp (s; + s). Moreover, for the inte- 
ger n 


(e5)" =e" (n = 1,2,3...) (9.20) 


The trigonometric functions can be defined in terms of the exponential as 
: 1 ; ; 
sin(s) = 57 (exp(is) — exp(—is)) (9.21) 
and 
1 : ; 
cos(s) = 3 (exp(is) + exp( —is)) (9.22) 
This can be seen by inserting the power series (9.19) to get 
hogien (9.23) 
+ (9.24) 


which of course reduces to the usual series expansion when s is real. The useful 
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Euler formula arises by combining the trigonometric functions 
cos(s) + isin(s) = exp(is) (9.25) 
which can also be applied when s is real, say s = 0 
exp(i@) = cos(@) + isin(@) (9.26) 


If we compare Eq. 9.18 with Eq. 9.26, we deduce De Moivre’s theorem 


= |s|” (cos @ + isin 0)” = |s|” - exp(in@) (9.27) 
from which we see 
(cos 8 + isin 0)” = cos(n@) + isin(n0) (9.28) 
hence, 
” = |s|*(cos(n0)} + i sin(n8)) (9.29) 


Thus, it is convenient on multiplication or division to use Euler’s formula, since 
we have shown in Eq. 9.15 that s =|sKcos6@ + isin@), hence from Eq. 9.26 
s = |s| exp (i0), so 

5, _ ls 


Tay exp[i(0, - 6,)| (9.30) 


We see it is much easier to add and subtract angles than direct multiplication of 
complex numbers. These can be reduced to real and imaginary parts by 
reversing the process using Eq. 9.26 


S1 © S2 = |8,||s:\(cos(@, + 02) + isin(@, + 6,)) (9.31) 
and 


i = Ei (Cosco, — 6,) + isin(@, — 02)) (9.32) 
2 


9.44 MULTIVALUED FUNCTIONS 


A peculiar behavior pattern that arises in complex variables must be recognized 
very early, and that is the multivalued behavior exhibited by certain functions. 
We next consider the most elementary such case, the square root function 


f(s) = vs (9.33) 


In analysis of real variables, no particular problems arise when taking square 
roots. However, considerable circumspection must be given when s is complex. 
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To see this, let 
s = |slexp(i@) = |s\(cos 6 + isin 0) (9.34) 
where 
6=0,+27-k; k=0, +1, +2, +3, etc. (9.35) 


Inserting into 9.33 gives 
| 8o 
f= visl exp] i] = + 7k (9.36) 


where as before 6, = tan™'w/o. If we wrote the function f as its real plus 
imaginary part, two distinct functions arise 


6 6 
fo= Visi feos > + isin | (9.37) 
and 
9% .:{ 9 
fi = visl cos 3 + m) + isin( 5 + | (9.38) 
All other values of k reproduce one or the other of these two. 


Thus, any selected value of ø and w will yield a value of the complex variable 
s =o + iw, and this will produce two functions; namely, 


fo =(a7? + v2)" oos{ 2e) + isin( =e) (9.39) 





fi = (o? + 07/4 cos{ 2e) + z) 4 isin( k GA, E n 





(9.40) 
For example, suppose ø = 0, w = 1, so that 
8, = tan™'(1/0) = 5 rad(90°) 
Hence 
foo (2 +i} (9.41) 
pai (2 3 ‘Z| (9.42) 


Thus, two branches of the function f are formed, differing by an angle of m 
radians. Thus, one value of the complex variable s leads to two possible 
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complex values for the function f. To make any progress on the applied level, 
we shall need a mechanism to restrict such functions to single-valued behavior. 
We shall illustrate methods for doing this later. 

We see that we cannot take the usual properties of uniqueness and continuity 
for granted in dealing with complex variables. To make progress, then, we shall 
need to formalize the properties of continuity and single valuedness. In analysis 
of complex variables, these properties are called analytic. We discuss them next. 


9.5 CONTINUITY PROPERTIES FOR COMPLEX VARIABLES: 
ANALYTICITY 


As last illustrated, some peculiar behavior patterns arise with complex variables, 
so care must be taken to insure that functions are well behaved in some rational 
sense. This property is called analyticity, so any function w = f(s) is called 
analytic within some two-dimensional region R if at all arbitrary points, say Sọ, 
in the region it satisfies the conditions: 


1. It is single-valued in region R, 

2. It has a unique, finite value in R, 

3. It has a unique, finite derivative at sọ, which satisfies the Cauchy—-Riemann 
conditions. 


The Cauchy—Riemann conditions are the essential properties for continuity of 
derivatives, quite apart from those encountered in real variables. To see these, 
write the general complex function 


w= f(s) (9.43) 


to be a continuous function with s = ø + iw, and suppose the real and imagi- 
nary parts are such that 


w=u-+iv (9.44) 
The partial derivatives can be obtained two ways 


ow ðu Ov 


Jo =. Jo ljg (9.45) 
and 
ôw _df as _ df 
3a ~ ds do ~ ds (9.46) 
Equating the two yields 
d ðu „ðv 
4 m do lag (9.47) 
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In a similar way, partials with respect to w give 


ow ou Ov 


Jo = Jo Jo (9.48) 
ðw df as d 
Jo 7 oie (9.49) 
hence, 
af _ ðu ðv 
ids ~” To F Er (9.50) 


Obviously, the total derivative of df/ds must be the same for the two cases, so 
multiplying Eq. 9.50 by (—i) gives 


Me fren (9.51) 


Now, equating real and imaginary parts of Eqs. 9.47 and 9.51 gives the sought 
after continuity conditions 


du _ a 
da ðw 
av __ au 
de  ĉw 


These are the Cauchy—Riemann conditions, and when they are satisfied, the 
derivative dw/ds becomes a unique single-valued function, which can be used 
in the solution of applied mathematical problems. Thus, the continuity property 
of a complex variable derivative has two parts, rather than the one customary in 
real variables. Analytic behavior at a point is called “regular,” to distinguish 
from nonanalytic behavior, which is called “singular”. Thus, points wherein 
analyticity breaks down are referred to as singularities. Singularities are not 
necessarily bad, and in fact their occurrence will be exploited in order to effect a 
positive outcome (e.g., the inversion of the Laplace transform!). 

Many of the important lessons regarding analytic behavior can best be 
understood by way of a series of examples, to follow. 





If w(s) = s*, prove that the function satisfies the Cauchy—-Riemann conditions 
and find the region where the function is always analytic (i.e., regular behavior). 

These are several ways to represent the function, either in terms of a, w, or 
in polar form (|s| and @). We introduce s = ø + iw and see 


w =s? = (o + iw) = (0? — w?) + 2iow 
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It is clear if this must equal w = u + iv, then 
u=0° -w 


v = 20w 


We operate on these using Cauchy—Riemann rules 


ðu ðu 
Jo = 20; Jo = —2w 
dv dv 
Jo = 2; Jo = 20 
hence, we see it is true that 
ðu v nd au 
ôr ðw an ðr ôw 


Also, we see for all finite values of s that w(s) is also finite, and that w is single 
valued in any region R, which is finite in size. 





Consider w(s) = 1/s and determine if the function satisfies the Cauchy- 
Riemann conditions and find the region for analytic behavior. 

It is clear at the outset that behavior in the region s — 0 is singular, and we 
are alerted to possible irregular behavior there. First, we form the real and 
imaginary parts as before 


so that 
u = = and v= -— = 
o? +w? r? +0" 
We see that 
ðu ðv w — o? 
=y = 
do ðw (o? y w?) 
ðv | ðu -20w 
= -7 = —< 
ðo ðw (a? + w?) 


so that at a general point in space, the Cauchy-Riemann conditions appear to 
be satisfied. However, consider the behavior near the origin, along a line where 
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w = 0 so that 


ae 
u=c ` Jo = 


This partial derivative tends to — as o — 0. In a similar way, we can inspect v 
along a line where g = 0 to see 


--1 w L 
v= -5 Hao V 


which shows that this partial derivative tends to +œ as w —> 0. Thus, we obtain 
different derivatives depending on how we approach the origin, and the 
Cauchy—Riemann equality breaks down at the origin! Thus, the function is 
everywhere analytic, except at the origin, where a singularity exists (we shall call 
this a pole-type singularity, since the function takes on very steep, pole-like 
behavior as we approach s = 0). If the function took the form 


1 
(s-a) 


w(s) = 


then misbehavior would have occurred at the point s = a, so we would declare 
a pole existed at s = a. 

We have thus encountered two important types of singularities raising non- 
analytic behavior: 


1. Multivalued function singularity: w(s) = Vs 
2. Pole singularities: w(s) = 1/s 


A third type, called “essential singularity,” arises infrequently, but should be 
recognized. A classic case of this type is the function 


w(s) = exp( +) 


It can be studied by reference to a pole-type singularity. One method of testing 
implicit functions for pole behavior is to try to “remove” the pole. Thus, 
suppose the function w = f(s) becomes infinite at the point s = a, and we are 
suspicious that a pole exists at that point. If we can define a new function 


g(s) =(s—-a): f(s) (9.52) 


that becomes analytic at s = a, then the pole has been removed (cancelled out). 
If not, then we would try higher powers, up to say n, 


g(s) = (s-a) f(s) (9.53) 


and if analytic behavior for g(s) finally occurs, then we have removed an nth 
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order pole. This simply means that f(s) must have contained a term 


a 
(s-a)" 


The order of the pole is thus determined by the minimum value of n necessary 
to remove it (cancel it). 

For an “essential” singularity, it is not possible to remove the infinite 
discontinuity. To see this for the classic example mentioned, expand exp (1/s) in 
series. 


w(s)=em(=)-1+o+sg+aat co taat *++ (9.54) 


If we tried to remove the singularity at the origin, by multiplying first by s, then 
s?, then s?, and so forth, we would still obtain an infinite spike at s = 0. Since 
the singularity cannot be removed, it is called an essential singularity. 


9.5.1 Exploiting Singularities 


At the outset, we have aimed our study toward the implementation of the 
Inversion theorem given in Eq. 9.3. It is clear that this requires integration in 
the complex domain. In fact, we can show this integration becomes exceedingly 
simple if the region of interest contains elementary pole singularities, leading to 
an elementary summation of the remnants of such poles (called residues). Thus, 
the occurrence of singular behavior allows easy exploitation to effect a positive 
mathematical result. 

To implement this, we shall need to know something about integration in the 
complex domain. 


9.6 INTEGRATION: CAUCHY’S THEOREM 


Integration in the complex domain is necessarily two-dimensional, since varia- 
tions in real and imaginary variables occur together. Thus, if we wish to find the 
integral of some arbitrary complex function f(s), then we must stipulate the 
values of s such as those traced out by the curve C in Fig. 9.2. 

To represent the integral corresponding to the path C, we may write, by 
noting f = u + iv and s =Ø + iw 


J f(s) ds = f (udo - vdw) + if (vdo + ude) (9.55) 
C c Cc 


Each integral on the right-hand side is now a real integral and the limits are 
from g, to e, and w, to w,, corresponding to the points terminating the curve 
C at points A and B (positions s, and s,). We note that if both f(s) and s were 
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Figure 9.2 Curve in complex plane. 


real (i.e., v = w = 0), then the line integral would be simply 


[ude 


The values of s represented by the path in Fig. 9.2 could be integrated in two 
parts, if we wished, and we would denote this as 


Lf ds = LL ds + [fo ds (9.56) 


and there should be no confusion on the meaning of the paths AX and XB. 

Under certain conditions, the line integral in Eq. 9.55 is independent of path. 
Suppose both integrals on the right-hand side are exact, so for example, we 
could write 


udo — vdo = dF(c,w) (9.57) 
This implies also 
OF OF 
dF = Jo do + Jo dw (9.58) 


Comparing the last two equations gives the requirement 


OF OF 
u= 3% and -0 = Jo (9.59) 


Now, since the order of differentiation is immaterial 


F PF 
ĝðwðr = AG Ow 


(9.60) 
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then it is easy to see that 


ou dv 
P T= (9.61) 


which of course is one of the Cauchy—Riemann conditions. Exactness for the 
second integral on the RHS of Eq. 9.55 similarly implies 


vdo + udw = dG(a,w) (9.62) 


and following the same procedure, this finally yields the second Cauchy- 
Riemann condition 


ðu _ ov (9.63) 


We have now seen that the requirement that the two integrals be exact 
differentials is exactly the requirement that the Cauchy—Riemann conditions be 
satisfied. This means of course that the line integral 


[f) ds 


is independent of the path C joining the end points at s, and s,, provided of 
course that the curve C lies within a region R wherein f(s) is analytic. In such 
cases, the curve C need not be prescribed and we may indicate the integral by 
denoting it with its limit only 


[f(s ds 


51 
and since it is exact, we could write 
f(s) ds = dg(s) (9.64) 


and the integral can be evaluated in the usual way 
52 
J f(s) ds = 8(52) = (s1) (9.65) 
5} 


where of course g(s) is a function whose derivative is f(s). Many such paths 
between A and B can be drawn, and the same integral results as long as 
analyticity is maintained for the region where the curves are drawn. 

Further, if we allow the end points to coincide by drawing a closed curve as 
shown in Fig. 9.3, and the region enclosed by the curve contains no singularities 
(i.e., is analytic), then the important First Integral theorem of Cauchy arises 


f(s) ds = 0 (9.66) 
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$1 —> 52 


Curve C 


o —> 


Figure 9.3 Closed contour, s4 > s2. 


The new symbol ¢ denotes integration around a simply connected (nonintersect- 
ing) curve C as shown in Fig. 9.3. For this curve, Eq. 9.65 shows g(s,) = g(s,), 
since s} > 55. 

It is important to stress that this curve encloses no singularities. In fact, it is 
the act of enclosing a singularity (or many singularities) that leads to a very 
simple, classical result for solving the Laplace Inversion theorem. 

Now, in other cases (for example, curves that enclose singularities) the 
integral f(s) around a closed contour of s values may or may not vanish. We 
shall define a positive curve direction such that a moving observer would keep 
the enclosed area to the left. 

The exploitation of Cauchy’s First theorem requires us to test the theorem for 
exceptional behavior. This allows, as we shall see, direct applications to the 
Laplace Inversion theorem. 

We inspect the simplest single-valued function given by 


f(s) = + (9.67) 


The derivative df/ds = —1/s? exists at all points except s = 0. This means that 
f(s) is analytic in any region R which does not include the origin. Thus, any 
closed curve (of s values) not enclosing the origin will satisfy Cauchy’s First 
theorem, hence, for any such curve 


gS =0 (9.68) 


However, if the closed curve C encloses the origin, the integral need not vanish. 
It is convenient to inspect this curve using polar coordinates; to simplify the 
notation, we shall denote the magnitude of s as: |s| = r. Moreover, if we 
stipulate that the curve C is a unit circle around the origin, then r = 1 and we 
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may write 
s = e? , ds = ie" do (9.69) 
Using these, we can write the closed curve using definite limits 


g? ” [egie do) = [ido = 20 


This is one of the fundamental results of contour integration and will find 
widespread applications; the point here being that the enclosure of a simple 
pole at the origin always yields 27ri. 

Suppose we perform the same test for a higher order pole, say 1/s’, again 
with r = 1 


ds _ 2™ ziot; i ee ee eee Ae ad “<a 
Gar. e "(ie do) = f ie =i T] =0 (9.70) 


In fact, if we perform the same test with the power relationship f(s) = s”, 
where n is integer 


gs” ds = f Tonio ( igi dQ) = if *™e("*Di9 dg = 0; provided n + —1 
0 0 
(9.71) 


Now, if n is a positive integer, or zero, the above is obviously in accordance with 
Cauchy’s First theorem, since then f(s) = s” is analytic for all finite values of s. 
However, if n becomes a negative integer, the s” is clearly not analytic at the 
point s = 0. Nonetheless, the previous result indicates the closed integral 
vanishes even in this case, provided only that n # —1. Thus, only the simple 
pole at the origin produces a finite result, when the origin is enclosed by a 
closed contour. 
The same result occurs for a point displaced from the origin 


Ps- a)" ds = 0 (n # —1) (9.72) 


$a z ay ts = ri (9.73) 


provided the point at position a is enclosed by the closed curve C. We shall use 
this as a basis for constructing a method of inverting Laplace transforms when 
simple or multiple poles exist. 


9.7 CAUCHY’S THEORY OF RESIDUES 


The final elementary component of complex analysis necessary to effect closure 
of the Inversion theorem (Eq. 9.3) is Residue theory. 
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We have seen in Section 9.5 that simple poles or nth order poles at the origin 
are removable type singularities, so that if f(s) contains a singularity at the 
origin, say a pole of order N, then it can be removed and the new function so 
generated will be analytic, even at the origin 


g(s) =s%f(s) (9.74) 


so that a closed contour C (of s values), encircling the origin, will cause g(s) to 
be analytic inside and on the boundaries of C. If such is the case, the function 
g(s) can be expanded in an ascending power series in s. The power series for 
f(s) must include s~, so it could be expressed as 





By B B 
f(s) = N + NGI Pelee ee O (9.75) 


This series is often called the Laurent expansion. If this were multiplied by s”, 
it is clear that g(s) would in fact be an ascending series in s. The actual series 
for f(s) need not be known, but the above clearly represents its behavior if it is 
known that an Nth order pole exists. 

Now, from the previous lesson, the term-by-term integration of the series f(s) 
for a contour C enclosing the origin will yield zero for each term, except the 
term B,/s. Thus, we can write without further formalities: 


Í: f(s) ds = 2riB, (9.76) 


Hence, the value of the contour integral of f(s) is simply 27i times the 
coefficient of s~' in the Laurent expansion. The coefficient B, is called the 
“residue” of the function. 

It doesn’t matter if the singularity is not at the origin, since the same 
expansion is valid if it is taken around a singularity at the point s = a; in this 
case the series of powers are expressed as (s — a), and one must find the 
coefficient of the term (s — a)~! in the Laurent expansion. On a practical level, 
it is easy to transfer the origin from zero to another point, as we illustrate in the 
next example. 





Evaluate 
$ e“ ds 
c(s—ay 


around a circle centered at the origin. It is clear if the radius of the circle is such 
that r <a, then the function is analytic within the center and we can write 
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immediately 


e* ds _ 
a aa 


by Cauchy’s theorem. 

However, if we stipulate that the singularity is enclosed by the circle, so that 
r > a, then there is a pole of order 2 at s = a within the contour. If we transfer 
the origin to s = a by putting p = s — a, then 


e“ ds et dp „g e” dp 
E a gee 
c(s-a) c P c P 


Next, we can expand e” = 1 + pt + (pt)}/2!+ = 


t? 


1 t? 
tart arpto 


nh Se epa 


JF dp 








£ 
PpP 
All circular integrals are zero, according to the previous lesson, except the term 
containing t/p, which gives the residue te” 


por a tp = §- e5 t = 2mi(te") 


9.7.1 Practical Evaluation of Residues 


The Laurent expansion is often not obvious in many practical applications, so 
additional procedures are needed. Often, the complex function appears as a 
ratio of polynomials 


f(s) = ZB (9.77) 





Now, if a simple pole exists at s = a, then obviously (s — a) must be a factor in 
g(s), so we could express the denominator as g(s) = (s — a)G(s), provided 
G(s) contains no other singularities at s = a. Clearly, the Laurent expansion 
must exist, even though it may not be immediately apparent, and so we can 
always write a hypothetical representation of the type given in Eq. 9.75: 


f(s) = 





+C\(s — a) +C,(s—a)’ + +++ +C,(s—a)" ++" 


since it is known that only a simple pole exists. Multiplying both sides by 
(s — a), and then setting s = a gives, when we replace f(s) with 


F(s) 
(s — a)G(s) 
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that is 


B, = (s—a)f(sJhou= Gry (9.78) 





which is a handy way to find the residue for a simple pole. 
Moreover, if g(s) contained a number of distinct poles, such as 


Sie == GS) o o o 
I) * (seals =b)G = Ox oO” 
then f(s) will have a residue at each pole, and these can be evaluated 
independently, one at a time, by the method illustrated. For a contour enclosing 
all such poles, then the contour integral around f(s) will be simply the sum of 
all residues, multiplied by 27i as before. 

The procedure just outlined can be followed even if the pole cannot be 
factored out of g(s); in such a case, Eq. 9.78 would become 


B= (s-a) = LOO) a (9.80) 


s=a 


which is indeterminate. However, if we apply L’Hopital’s rule, then we see 


$ [s —a)F(s)] 





B,= lim AS (9.81) 
ds 
which gives 
~ im | FOt&- DF (5) | _ F(a) 
B, = lim O oo gla (9.82) 





Find the integral 


e* cosh( s) ds 
$ sinh(s — a) 


around a circle with center at the origin, such that r > Jal. 
The residue for the pole at s = a is obtained from Eq. 9.82 


_ e“ cosh(a) 


= — pat 
1 cosh(0) e* cosh(a) 
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Hence the integral is 


$ e“ cosh( s) ds 


= - at 
D inhi = 8) 2mie” cosh( a) 


9.7.2 Residues at Multiple Poles 


If f(s) contains a pole of order m at s = a (and no other singularities), then it 
can be expressed as 


F(s) 
(s =a)” 
where m is integer, and F(s) is analytic at s = a. We can always expand an 
analytic function in a Taylor series, so that F(s) can be expanded around the 


f(s) = (9.83) 


point s =a 
ETA j (s-a)? 5s 
(s) = F(a) + (s —a)F'(a) + y F (a) +: 
(s—a)""! (s— a)" (9.84) 
Fa pi OF a Oe 


On division by (s — a)”, the coefficient of 1/(s — a) becomes apparent and is 
the residue of f(s) 


ORE dC One? cise) 


f(s) = Gea Ca m-s- a) t (9.85) 
hence, 
Pie (m : 1)! La TE(s)ls- =a 7 Dorin (s - a) ce | a (9 86) 





Redo Example 9.3 using the results from Eq. 9.86. 
The required integral is 
g e“ ds 
c(s—a) 


which contains a second order pole at s = a. The residue is computed directly 
from Eq. 9.86. 


B, = a Selena = te” 7 f(s) ds = 27ite* 
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9.8 INVERSION OF LAPLACE TRANSFORMS BY CONTOUR INTEGRATION 


At the beginning of this chapter, we quoted the Mellin—Fourier Inversion 
theorem for Laplace transforms, worth repeating here 


F(s) = f ef (t) at (9.87) 
0 
f(t) = 34 lim [°c F(s) ds (9.88) 


It may now be clear why the factor 1/27ri appears in the denominator of the 
Inversion theorem. It should also be clear that 


[°F s) ds 


o-io 


is a line integral of the complex function e“F(s), t being treated as an 
elementary parameter, and s denoting the complex variable, s = e + iw. We 
will have closed the loop on this journey when we can show that the line integral 
is formally equivalent to the contour integral, enclosing some specialized region 
C; that is, we wish to show 


[re F(s) ds = ferF(s) ds (9.89) 


Oy — io 


When this is done, the reader can see that Laplace inversion is formally 
equivalent to contour integration in the complex plane. We shall see that 
exceptional behavior arises occasionally (singularities owing to multivaluedness, 
for example) and these special cases will be treated in the sections to follow. 
Our primary efforts will be directed toward the usual case, that is, pole and 
multiple pole singularities occurring in the Laplace transform function F(s). 

We shall first consider the Inversion theorem for pole singularities only. The 
complex function of interest will be f(s) = eF(s). The contour curve, denoting 
selected values of s, is called the First Bromwich path and is shown in 
Fig. 9.4. 

The real constant a is selected (symbolically) to be greater than the real part 
of any pole existing in the denominator of F(s). Thus, all poles of F(s) are to 
the left of the line labelled AB (Fig. 9.4). It is clear that the semicircle BCDEA 
can become arbitrarily large in the limit as R —> œ, thereby enclosing all 
possible poles within the region to the left of line AB. 

In order to prove the line integral (in the limit as œ — œ, which corresponds 
to the limit R — ©) becomes identical to the contour integral, we shall need to 
break the contour into parts as we did earlier in Eq. 9.56 


f e“F(s)ds = fO e F(s) ds + f e“F(s) ds (9.90) 
ABDA iw BDA 


oi 
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Singularities 
of F(s) 





Figure 9.4 First Bromwich path for pole 
singularities. 


It is clear by comparison with Eq. 9.89, where 


feF(s) ds = f e"'F(s) ds 
c ABDA 


that we must ensure that contour around the semicircle 


f e“F(s) ds 
BDA 


becomes identically zero, as the region becomes arbitrarily large, that is as 
R > œ. 

Along the arc BCDEA (which we denote as curve C), we can set the 
magnitude |s|=R so that s = Re and moreover, it will be assumed that 
|\F(s)| < eR7*, where e and k are positive constants. This is true, since all 
Laplace transforms of physically realizable processes are such that the denomi- 
nator is of higher order in s than the numerator. With these stipulations in 
mind, we will now see the integral around the curve C tends to zero as R > œ. 

To show this, first consider the semicircle CDE, to the left of the imaginary 
axis. On this part, the complex variable is s = Re’® and the angle varies between 
m/2 <0 < 37/2. 

Hence, on this curve, we can write in polar form 


le*F(s) ds| =|eRoos?+isin OF Re?) Reido] (9.91) 


It was stipulated that the order of denominator is greater than numerator for 
F(s), so F(s) behaves as a negative power of R on the semicircle, and since 
cosé < 0, then as R — œ the magnitude in Eq. 9.91 tends to zero, since it 
includes a negative exponential in R multiplied by a decreasing power of R. 
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Next consider the arc BC in the first quadrant. The contribution to the total 
integral by this arc is bounded according to 


| f e"F(s) ds| < f le"F(s) ds| < [7 eroso E Rdo (9.92) 
BC BC 9% R 


where cos@y) = 0)/R as shown in Fig. 9.4. Now, since 0) < 0 < 7/2, it follows 
that cos@ < cos) = 0)/R, so we can write 








m/2 Rtcoso E E T/2 Rtoy/R fg — _E pool _ ) 
f e RER < ah eRtoo/R do = —F et (F — 0o) (9.93) 


The quantity 7/2 — 0, equals 7/2 — cos” '(a)/R). For small arguments, the 
inverse cosine has expansion cos” '(o,/R) = 7/2 — (T/R) since for large R, 
then o)/R is small. 

So finally, for large R, the upper bound behaves as 


E ol ce! Oo _ EM, 
E G-Man 


This final upper bound tends to zero as R —> œ, since k > 0. Similarly, it is easy 
to show by the same arguments that the integral along the lower arc EA also 


tends to zero as R > œ. 
Now we see the Cauchy Residue theorem gives the compact result 


pe"F(s) ds = f eF ds + J eFC) ds 


+f e"'F(s) ds +f e"F(s) ds (9.95) 
CDE AB 


= 2ri } [Residues of e*F(s) inside C] 


Since the first three of these (BC, EA, and CDE) are proved nil, we can now 
formally write 


=f 


O07 


70*stF(s) ds = E [Residues of e“F(s)]} (9.96) 
io Br, 


where of course the line integral 
J e“F(s) ds 
AB 

is identical with 


f e%F(s) ds = lim f7" e"F(s) ds (9.97) 
AB are 


To~ iw 
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and the notation for curve C in the present case (for pole singularities) is called 
the first Bromwich path (Br,). We shall need a slightly different integration path 
when multivalued functions arise (such as Vs ). 


9.8.1 Summary of Inversion Theorem for Pole Singularities 


The final simplified result for the Inversion theorem when pole singularities 
exist in F(s) is recapitulated as 


F(s) = | f(t)e* dt (9.98) 
0 
f(t) = È (residues of F(s)e*) (9.99) 
Br, 


where Br, is a contour C, which embraces all possible pole (including higher 
order poles) singularities arising in the denominator of F(s). 





Use the Inversion theorem to find f(t) corresponding to the Laplace transform 


1 
F(s) =" Gays 2d) 
Two poles exist along the negative real axis: s = —1 and s = —2. We need to 


find the sum of the residues of F(s)e™, arising from these two distinct poles. 
Since each pole can be easily factored out, computation of each residue can be 
accomplished using the procedure given in Eq. 9.78. 


res(s = —1) = (s + 1)F(s)e"ls--1 = e~ 
res(s = —2) = (s + 2)F(s)eMle--2 = =e" 


f(t) = E residues of F(s)e = e™ — e7” 





Find the corresponding f(t) for the Laplace transform 


SEER ERN 
s?(s +1) 


F(s) = 


This is a case where two second order poles exist: one at s = 0 and one at 
s = —1. The residues of e“F(s) can be found using the formula in Eq. 9.86, 
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where m = 2 denotes the pole order 


st 
ra(s= 0) = | £ 














BIGE D l 
st 
res(s = 0) = —“— epee ey =t-—2 
(s +1) [s-o (5t+1) l-o 
1 d e“ tes! es 
res(s = -1) = 77g S| = s2 ae es er 








res(s = —1) = te™' + 2e™ = (2 + t)e™ 
hence, f(t) is the sum of the residues 
f(t) =t-2+(2+t)e™ 


N.B.: at t = 0, f() = 0. 


9.9 LAPLACE TRANSFORMATIONS: BUILDING BLOCKS 


The Laplace transform can be used to effect solutions for ordinary and partial 
differential equations. It is suited for initial-value problems, and is particularly 
useful for solving simultaneous equations. It has found great use in dealing with 
simulations using forcing functions, such as step and impulse type, which are 
cumbersome to handle using traditional methods. We set out in this section to 
lay a foundation composed of certain elementary building blocks, which have 
wide utility in solving practical problems. As we show, it is often possible to 
write the inverse of the Laplace transform by inspection, when certain elemen- 
tary building blocks are recognized. 


9.9.1 Taking the Transform 


The first step in applying Laplace transform is to learn how to perform the 
elementary integration 


f(t) = f “ef(t) dt (9.100) 


Essentially, this integrates time out of the relationship and replaces it with a 
variable s (which we have already seen is in fact a complex variable). For 
ordinary differential equations, the operation will be seen to reduce the prob- 
lem to algebraic manipulation. 

The most elementary function is a simple constant K 





œ -st\|~ 
PK] = f ke at= (E) = 





K (9.101) 
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Thus, it is clear when a transform a/s appears, then the inversion, denoted as 


L"a/s, is simply a. 
The next highest level is a linear function of time, say t 


Z[t] = Í, te" dt = Zy (-st - 1) = 3 (9.102) 


Again, it is clear when one sees a/s?°, then the inversion #~'a/s? = at. 
At a higher level, we can consider the power function t” 


g[t"] = f “tme dt (9.103) 


To complete this integral, it is convenient to define a new variable 
B= st; dB = sdt 
hence, 
ls] = s7” f B” exp(-B) dB 
Comparing this with Eq. 4.14 in Chapter 4 


zit"] =- I(n +1) 


s”t! 


Moreover, if n is a positive integer, T(n + 1) = n!, so 
A n! 
f(t") = at 
The final building block is the frequently occurring exponential function 


e —(s—ayt 


at) = Bi at ,—Sst = p—(s-ayt a fee 
Lier] fee dt =e dt =G =a) |; 


(9.104) 


If we insure that the real part of s is always greater than a (as we have seen in 
the previous section regarding the first Bromwich path), then the upper limit is 
zero and 





L[e"] = 


S—a 


Similarly, 


m 





Fie] = s+b 
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Thus, it is clear when we see 1/(s + æ) the inversion is immediately 





2; +) = exp( -at ) 


This is also verified by residue theory, which states for pole singularities that 
f(t) =Z F(s) = EX residues of e“F(s) (9.105) 
and the residue of e*/(s + a) is simply exp (— at). 


Many of the typical functions encountered have been integrated and their 
transforms are tabulated in Appendix D. For example, 


x w 
Z [sin wt] = EER 


This transform can be accomplished by using the Euler formula 


e = cos wt + isin wt 


to perform the complex integration of e'“’. 


Z [sin wt] = Im f ei®te= dt = Im 
0 





e Sia) x 
—(s —iw) |, 


=] 1 =] stiw|_ @ 
MNS ia] PaF er] o 











Similarly, we could extract the real part and obtain [cos wt], which by 
inspection is 





[cos wt] = Barat 


The question of uniqueness in the inversion process has been answered 
(Hildebrand 1965) and is given expression in the understated Lerch’s theorem: 
“if one function f(t) corresponding to the known transform F(s) can be found, 
it is the correct one.” Not all functions of s are transforms, since continuity and 
other considerations must be taken into account. But, if F(s) > 0as s > œ and 
sF(s) is bounded as s > ©, then F(s) is the transform of some function f(t), 
which is at least piecewise continuous in some interval 0 < t < r and such 
function is of exponential order. When the initial value of f(t) is desired and 
F(s) is known, the following limit is useful 


lim sF(s) = f(0) 


provided that f(t) and f’(t) are at least piecewise continuous and of exponen- 
tial order. By exponential order, we mean the product exp(—opt)if(t)| is 
bounded for large values of t. 
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9.9.2 Transforms of Derivatives and Integrals 


To apply Laplace transforms to practical problems of integro-differential equa- 
tions, we must develop a formal procedure for operating on such functions. We 
consider the ordinary first derivative, leading to the general case of nth order 
derivatives. As we shall see, this procedure will require initial conditions on the 
function and its successive derivatives. This means of course that only initial 
value problems can be treated by Laplace transforms, a serious shortcoming of 
the method. It is also implicit that the derivative functions considered are valid 
only for continuous functions. If the function sustains a perturbation, such as a 
step change, within the range of independent variable considered, then the 
transform of the derivatives must be modified to account for this, as we will 
show later. 
The Laplace transform of the ordinary first derivative is defined as 


oF 4| - [$e -st dt = F e~ df (9.106) 


Using integration by parts, we see 


of 


But the new integral defines the Laplace transform of f(t), which we denote as 
F(s). Thus, since s can always be selected to insure that e7% is damped faster 
than f(t) can increase; hence, 





=[F(tve-*]]° + sf Ae dt 


2|F] = Fc) -f0 


where, as usual, Z f(t) = F(s). 
Similarly, we can use integration by parts again to find the Laplace transform 
of the second derivative 


2|4 = s*F(s) — sf(0) — f’(0) (9.107) 


where we see that the initial condition f(0) and the initial velocity df(0)/dt 
must be known. This is what was meant when we stated earlier that the method 
was only suitable for initial value problems. 

The procedure can be extended to nth order derivatives, requiring (n — 1) 
initial conditions. 





z Ea = s"F(s) — [s"-1f(0) + s"-?f/(0) + +- +5f"-7(0) + f"-1(0)] 


(9.108) 


where initial derivatives up to (n — 1) are necessary. 
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There is some similarity to the Heaviside operator, in the sense that first, 
second, and so forth derivatives yield s, s? operators in a manner similar to 
D, D? in Heaviside operators; however, Laplace transforms also require addi- 
tional knowledge of initial conditions. The transform of integrals is also similar 
in form to the Heaviside operator, as we see next. 

Denoting as before that & f(t) = F(s), the transform of a continuous integral 
function is defined: 


ol fn ar| ” MGG de= dt (9.109) 


where we have used dummy variables for the interior integral. This can be 
integrated by parts if we let 


u= [T dr 


du 
gr dt =f(t) dt 


—st 





dv =e“ dt vs 


Substituting these yields 





eee 
tah fe dt (9.110) 


a| fs) ar] = |- . [1 dr 


However, the last term defines F(s), hence, if we ensure that e~ damps faster 
than fof(r)dr 


2| [r ar] = +7(s) (9.111) 


We see that s appears in the denominator, just as in the Heaviside operation. 

Occasionally, it is useful to differentiate Laplace transforms with respect to 
the continuous variable s; this procedure becomes useful in the method of 
moments, aS a parameter estimation tool. Thus, if we define the Laplace 
transform in the usual way 


F(s) = | f(t)e™ dt (9.112) 
0 
Then, if s is continuous, we can differentiate this 


aFts) = is — tf (t)e~* dt (9.113) 
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Thus, the derivative of F(s) is in fact the (negative) integral of the moment of 
f(t); that is, the product of t - f(t). Thus, for the usual (unweighted moment) 


dF(s) 
~ ds 





= 114 
= Í, tf(t) dt (9.114) 
Thus, if F(s) is the transform of a model of a process (containing unknown 
parameters), and f(t) is known experimentally, then a numerical integration of 
the RHS yields one equation to find one unknown. Suppose the experimental 
integral yields a number, u}, and the process has a transform 


F(s) = (9.115) 


ddie 
Ts+1 
hence, 


_ 4E 
ds 





T 
so (ance 


Thus, the first moment, p, is exactly equal to the parameter 7. 
Second and higher order moments can be defined by repeated differentiation. 








2 œ 
ITO = tee AOL 
nd”F(s) = = ea h 
(= 1) |o THe S CIO dt 


The process of differentiating with respect to s suggests a technique for treating 
certain nonconstant coefficient ODE. Thus, we have previously seen that 





Lf] = fore dt = (-" Gr(s) (9.116) 


Thus, we can write 


ol (ebe-a--Ste 





sE s 
= -f sF(s) - f(0)] = -sE -F() (917) 
This process can be carried forward for 
d? 2 
pE df pif te 


de? Tu?’ dt?’ 


and the final forms for these nonconstant coefficients operating on differentials 
are tabulated in Table 9.1. This will allow certain classes of nonconstant 
coefficient ODE to be treated by Laplace transforms. 
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Table 9.1 Transforms of Differentials and Products 





f) Lf(t) = FCs) 
a sF(s) — fO 
2 
<f s*F(s) — sf(0) - f°) 
ff -s#&) — F(s) 
df EEC) dF(s) 
ra ds? + 2 
d2 
cf -s2 ÆC) — 2sF(s) + f(O) 
df EEG) E 
2 
t2 SS +4 + 2F(s) 


9.9.3 The Shifting Theorem 


Often, one of the elementary building blocks is recognized, except for an 
additive constant. Thus, suppose that s always appears added to a constant 
factor a, that is F(s + a). Then it is easy to show that the original time function 


was multiplied by the exponential exp(—at) and 


Lle-"f(t)] = F(s +a) 


To prove this, write the transform integral explicitly 


FLES] = f eefe) dt 
If we replace p = s + a, the integral is 
£le-f(t)] = F(p) = F(s + a) 
Similarly, for the product e°'f(t), we obtain 
Z[e"f(t)] = F(s - b) 


Thus, suppose we wish to invert the transform 


G(s) = 


aoe o 
(s -b +o? 


and we recognize that -Z[sin wt] = w/(s* + w), so it is clear that 


L"G(s) = e” sin wt 


(9.118) 


(9.119) 


(9.120) 


(9.121) 


(9.122) 
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u(t) 


1 
u(t) i 


Figure 9.5 Unit step function at ¢ = 0. 


9.9.4 Transform of Distribution Functions 


Certain operations in chemical engineering are modelled by elementary distri- 
bution functions. Such operations as the instantaneous closing of a valve can be 
modelled by the so-called step function. The quick injection of solute into a 
flowing stream, such as that done in gas chromatography, can be modelled by 
the so-called impulse function. Moreover, these distribution-type functions can 
be shifted in time. 

Consider first the unit step function, illustrated schematically in Fig. 9.5. It is, 
of course, impossible to cause real physical systems to follow exactly this 
square-wave behavior, but it is a useful simulation of reality when the process is 
much slower than the action of closing a valve, for instance. The Laplace 
transform of u(t) is identical to the transform of a constant 


¥{u(t)] = eC dt = + (9.123) 


since u(t) takes a value of unity when time is slightly greater than zero. If the 
step function is delayed as shown in Fig. 9.6, then the integral can be performed 
in two parts 


eT 





glu(t -7)] = foe dt + fle" dt = (9.124) 


T 


In fact, it can be proved that all delayed functions are multiplied by exp (-— rs), 
if 7 represents the delay time. For instance, suppose a ramp function, r(t) = t 


u(t- T) 


0 T t 


Figure 9.6 Delayed unit step function. 
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r=(t-t)u(t-2 


(0) T t 


Figure 9.7 Delayed ramp function. 


is delayed, as shown in Fig. 9.7. As before, we split the integral into two parts 
Flr- r)] = fOe dt + f(t- rye" dt (9.125) 

0 T 

Recalling Eq. 9.102, which depicts -Z[t], we see 


e-s 


#[r(t-7)] = 





a (9.126) 


We note that as the time delay is reduced, so r —> 0, then the original step and 
ramp functions at time zero are recovered. 

The unit impulse function, 5(t), is often called the Dirac delta function. It 
behaves in the manner shown in Fig. 9.8. The area under the curve is always 
unity, and as @ becomes small, the height of the pulse tends to infinity. We can 
define this distribution in terms of unit step functions 


6(1) = lim u(t) ~ ute 6) (9.127) 


ôl) 


0 e t 


Figure 9.8 Simulation of 5(¢). 
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Taking Laplace transforms of both sides gives 
. 1 — exp( — 8s 0 
gjel] = tim [=R =5 (9.128) 


To resolve the indeterminacy, we note for small arguments, the expansion for 


eS =1—Os+-:: 


so in the limit 


[8(t)] = lim [a] 


=1 (9.129) 


Alternately, we could have used L’Hopital’s rule to resolve the indeterminacy. 
The delayed impulse function can be easily shown to be 


[a(t —7)] =1-e77% (9.130) 


It is useful to note that the impulse function arises from the rate of change of a 
step function since 


SED] fe Mt a sutek +s fuera 
0 0 (9.131) 


where it is clear we have defined u(0) = 0. This implies at times infinitesimally 
larger than zero that u becomes unity; this is often denoted as u(0*) = 1. 

Thus, the derivative of the step function also defines the impulse function. 
This is seen to be also true for any response function; the time derivative of the 
step response produces the impulse response. 


9.10 PRACTICAL INVERSION METHODS 


We have derived the general Inversion theorem for pole singularities using 
Cauchy’s Residue theory. This provides the fundamental basis (with a few 
exceptions, such as vs) for inverting Laplace transforms. However, the useful 
building blocks, along with a few practical observations, allow many functions to 
be inverted without undertaking the formality of the Residue theory. We shall 
discuss these practical, intuitive methods in the sections to follow. Two widely 
used practical approaches are: (1) partial fractions, and (2) convolution. 


9.10.1 Partial Fractions 


Often, the Laplace transform to be inverted appears in factored form. In such 
cases, the factors are of the form 1/(s — a), 1/(s — a}, or generally 1/(s — a)". 
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For such factors, the building blocks already enunciated would yield 





=e” (9.132a) 


— = te” 9.132b 
(s-a) ; i 
1 1 
A s [= tle" 9.133 
(s-a) (n-1)! ( ) 
where the last two are obtainable directly from the multiple-pole Residue 


theory discussed in Section 9.7.2. The partial fraction expansion is best illus- 
trated by a series of examples. 





Find the corresponding f(t) for the transform 


1 
F(S)'= erua Fo 


This could be easily done using the Residue theory, but we could also expand 
the function into partial fractions as 


A B 1 


Pea Sae (s+a)(s +b) 


Multiplying both sides by (s + a), then setting s = —a allows A to be found 








Now we can invert term by term 


1 ee ae 1 


er EOS aa aaa lab) s+b 


so finally, 


1 —at = 
FO Gaye” * Cay" 
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Find the inversion for 


1 


AO) s*(s +1)? 


using partial fraction expansion. 
This has already been accomplished using Residue theory in Example 9.7. We 
write the partial fraction expansion as 


EP a gy ie RS he 
(s+ $ $% (S+1) (541) 


It is clear by multiplying by s?(s + 1)? that 
s(s + 1) A + B(s + 1)? + Cs?(s + 1) + Ds? =1 
Evaluate D by multiplying by (s + 1)* then set s = —1 
D=1 
Evaluate B by multiplying by s? then set s = 0 
B=1 
Next, equating coefficients of s? in the polynomial expansion requires 
A=-C 
and matching coefficients of s? requires that 


C=2 


hence, 


So, inverting term by term yields 


1 2 1 2 
-1 —~g-l{_* -1/ + -1 -1 
T L =) +e (=) + (<a) +2 


f(t) = -2 +t +2e™ + te“ 


SE EEE 
(s +1) 











As before, we see f(0) = 0. 
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Find the inverse of the function 


25? + 3s- 4 


FS E O82) 


using partial fractions. 
First, write the partial expansion 


Bs + C 
(s+1)}+1 


F(s) = -45 + 
Find A by multiplying by (s — 2), then set s = 2 
A=1 
Next, require B and C to be such that the original numerator is recovered 
s?+25+2+ (Bs +C)(s — 2) =2s? + 3s -4 


This shows that B = 1 and C = 3; hence, 


1 s+3 _ 1 (s+1) 2 
Ro a anaa sea ee a ee 
(s+1) +1 (s+1) +1 (s+1) +1 








F(s) = 


Since we recognize that Z cos t = s/(s? + 1) and J sin t = 1/(s? + 1), we 
can then invoke the shifting theorem and invert term by term to get 


f(t) =e” +e‘ cost + 2e™ sint 


9.10.2 Convolution Theorem 


Occasionally, products of factors occur wherein each factor has a known 
inversion, and it is desired to find the product of the two. The mechanics for 
doing this is accomplished by the method of “convolution,” the derivation of 
which is given in standard operational mathematics textbooks (Churchill 1958). 
Thus, if the product occurs 


F(s) = G(s) H(s) (9.134) 


and the inverse of each is known, that is g(t) and A(t) are recognizable, then 
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367 
the inversion of the product is given by the convolution integral 


f(t) =2"[G(s)H(s)] = MOLE - 7) dr = [a(t - 7)h(7) dr 


(9.135) 
The two forms shown suggest that the convolution integral is symmetrical. 


We illustrate the application of convolution in the next series of examples. 





Find the inversion of the product 





B(s) = 45 


sta 


This could be performed directly, since it is recognized that 1/s implies 
integration. Thus, recalling Eq. 9.111, which stated 


o| fra] = +7(s) 


we can see, since F(s) = 1/(s + a) and f(t) = e~” in the present case, that 


-aT |! 
B(t) = few ara 


1 - 
ah gane) 





Of course, we could also apply the convolution integral, taking G(s) = 1/s and 
H(s) = 1/(s + a), where g(t) = u(t) and h(t) = e~”, hence, 





—at,ar |f 
Bt) = f'ulrye t? dr = E 
0 


0 





p(t) = Ga -e") 





Use the convolution integral to find the inversion of 


1 1 
F(s) = = ——— 
(= a (s + 1)* 
This has been already worked out in Example 9.7 by the Residue theory, 
and 


in Example 9.9 by partial fractions. We shall take G(s) = 
1/(s*), H(s) = 1/(s + 1} so that g(t) = t and according to Eq. 9.132, A(t) = 
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te‘, hence, the convolution integral should be 
t 
f(t) = fre — r)exp(—(t — 7)) dr 
which should yield the same result as the second form of convolution: 
t 
f(t) = f E- 1)r exp(-7) dr 
0 
Taking the first form of convolution 
t t 
f(t) = t exp( —t) f 7 exp(r) dr — exp( —t) f 7? exp(7) dr 
0 0 


f(t) = t exp(—t)[exp(r)(7 — 1)lo 
—exp(—1)[7? exp(r) lg — 2exp(7)(7 — 1)lo] 
Cancelling terms, yields finally, 


f(t) = (t — 2) + (t + 2)exp(—-1) 


as before. The reader should show that the second form of the convolution 


integral gives an identical result. 


9.11 APPLICATIONS OF LAPLACE TRANSFORMS 
FOR SOLUTIONS OF ODE 


The nature of the Laplace transform has now been sufficiently studied so that 
direct applications to solution to physicochemical problems are possible. Be- 
cause the Laplace transform is a linear operator, it is not suitable for nonlinear 
problems. Moreover, it is a suitable technique only for initial-value problems. 
We have seen (Table 9.1) that certain classes of variable coefficient ODE can 
also be treated by Laplace transforms, so we are not constrained by the constant 


coefficient restriction required using Heaviside operators. 





It is desired to find the transient response for an operating CSTR undergoing 
forcing by time variation in the inlet composition. Assume isothermal behavior 


and linear rate of consumption of species A according to 


A a products 


Constant volume and flowrate can be assumed. Find the response when the 


inlet takes (1) a step change and (2) impulse disturbance. 
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The dynamic material balance for constant volumetric flow is 


ye) = qea (t) — aca(t) — KVe a(t) (9.136) 





Before the disturbance enters the system, the reactor is operating at steady 
state, so initially 


where the overbar denotes the initially steady-state condition; this of course 
implies 


c4(0) =, 

c4 (0) = Cao 
It is convenient to rearrange the equations to a standard form, which makes the 
system time constant explicit. Thus, we wish to rearrange so that the appearance 
is like 

dy 

ty = f(t) 

This can be done by rewriting the equations 


as 


ae +(kV+q)ce,4= acan 


Next, divide by kV + q and define the system time constant as 


aV 
T= KV +4 
hence, we find 
dc 
aera + C4 = ECA, (9.138) 


where the dimensionless fraction « = q/(q + kV) appears. 
If we apply the Laplace transform at this point, we shall need to include the 
initial condition, owing to the appearance of the derivative dc,/dt; thus, 


a| FA | = seas) - c40) 


It is possible to eliminate such excess baggage by writing the stimulus (c4,) and 
response (c4) variables in terms of deviation from initial steady state, so write 


c4(t) = E(t) + ty 


á (9.139) 
Cat) = e4(t) + Ea 
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Thus, the hat variable represents excursions away from the initially steady 
condition. It is also clear that 


c,4(0)=Z, ~ê (0) =0 


So in terms of é,(t), the dynamic initial condition is zero. Inserting Eqs. 9.139 
into Eq. 9.138, and recalling the steady state, Eq. 9.137, we obtain 


is 
rt + by = ôa (9.140) 


since the steady state requires C, = £ĉ Ay hence these terms cancel. 

Now, we must stipulate something about the magnitude of the disturbance 
entering the system. Suppose the inlet composition is suddenly doubled in size 
and operates like a step function. This means the inlet deviation ĉ4ọ behaves as 


ĉa Kt) = utes, (9.141) 
as shown in Fig. 9.9. 
In general, any positive or negative fraction of ¢4, could be used for the 
magnitude of the inlet step function. It is clear that the complete inlet composi- 
tion is 


Taking the Laplace transform of Eq. 9.140, and noting ¢,(0) = 0, we obtain 
since Zult) = 1/s 


i x c 
rsC4(s) + C,(s) =e (9.142) 





Figure 9.9 Inlet composition disturbance for Example 9.13. 
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hence, 


EC 4, 


CAs) = Iari 


(9.143) 


It is convenient, with reference to our previous work, to write this as 


eo- (=) [aera cae 


Except for the multiplicative constant, this is identical to Example 9.11, so the 
inverse, noting the equivalence a = 1/7, is simply, 


é,(t) = e&,4,[1 — exp(—-t/r)] (9.145) 
The absolute response is obtained by adding this to ¢, to get 
c4(t) =, + e&,4 [1 — exp(-t/7)] (9.146) 
but since the steady state required 
C4 = Eta, 
we can then write the results in dimensionless terms 


oe ee ee er (9.147) 





This shows the final value of ¢,(%) = ¢, and of course c,(%) = 224. 
Another useful observation arises by inspecting the response as it passes 
through the point t = 7; under these conditions we have 





CAD Lien =) a 0.632 (9.148) 
C4 e 
This means that the time constant 7 can be deduced when the response for 
ĉ4(t) is around 63% of the distance to the final steady state. Figure 9.10 
illustrates the step response. 
The impulse response can be found in similar manner, by taking ĉ4{t) to be 


ĉa Kt) = co8(t) (9.149) 


The weighting factor cy accounts for how much solute A was injected, relative 
to the molar inflow of qc... 

Thus, suppose the CSTR flow rate is, q = 0.1 liter/sec and č Air 1 mole /liter. 
Now suppose we inject 100 cc of solute A of composition 1 mole /liter (= ¢ Ay) 
into the flowing inlet stream. We shall model this injection as an “impulse,” 
since it was done quickly, relative to the system time constant 7. The net molar 
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Figure 9.10 Response of c ,(t) to a step change in 
C4 (t). 


inflow is then 
aca (t) = a, + 0.1 liter x 4, X (t) 
where it is clear that 5(t) has units of reciprocal time, sec” '!. We now see 


ES 0.16(t) _ 
Ca(t) =a, + A lz 





hence, 
R 0.1 = 
ĉa = (Shoe, 


by comparing this with Eq. 9.149 we see that the weighting factor 


Ea 
Co = 0.1 7 
with units moles A /(lit/sec). Referring to Eq. 9.140, we have for an impulse 
stimulus 
dê 
rt + ĉa = ecoô(t) (9.150) 


Taking Laplace transforms, noting ¢,(0) = 0 as before, we find 


A _ &€y _ E% 1 
CA(s) T TS+1 Fi T S+ 1/7 (9.151) 

This is the simple exponential building block; hence, 
é,(t) = <2 - exp( -t/7) (9.152) 


T 
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Figure 9.11 Impulse response of CSTR. 


Except for the weighting factor cy, this could have been obtained directly by 
differentiating the step response. The response (not to scale) is illustrated in 
Fig. 9.11. 

It is seen that ¢, (©) — 0, and the system returns to the original steady state. 
This is a clear advantage for “impulse” experiments, since the reactor is 
disturbed for only brief periods of time. Note, since cy and € are known, the 
intercept at t = 0 allows the estimate of system time constant 7. Again, it is also 
clear that the impulse response is simply the time derivative of the step 
response, since 


ele Ne ei Ee 
s (rs+1)| tst+1 


Considerable simplifications arise using deviation variables (sometimes referred 
to as perturbation variables, implying small magnitudes), not only because of the 
elimination of finite initial conditions. In fact, the structure evolving from such 
variables substitution allows nonlinear systems to be easily “linearized,” pro- 
vided deviations are not too large. We consider such circumstances in the next 
example, wherein the “stimulus” arises from a disturbance in the volumetric 
flow rate, so that q is a function of time, g(t). 





The CSTR in the previous example is subjected to a step change in the system 
flowrate, while maintaining a constant volume for the reactor. Find the exit 
composition response, c ,(t), to such disturbances. 
The deviation variables in the present case will be 
a(t) =G+4(t) (9.1534) 
c(t) =¢, + é,(t) (9.1535) 


and c At) =C,, is maintained at a constant value. Inserting these into the 
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material balance for component A yields 


dé, an Z A(t) 
v = [az., - qC4— kVE 4] + KOZO] (9.154) 


+ G(t)E4, — F(t) Eq — GE4(t) — kve alt) 
The first bracketed group of terms are identically zero, since this group defines 
the original steady-state condition, which in simplified form is the same as the 
last example, 


Ta = Ea 


The second bracketed term represents the nonlinearity, which is quite small if 
the deviations are small, hence take 


[4(t) êa] = 0 


The remaining items can be arranged into the usual format 


yaa + [G+ kV eg = G(t)E4, — ÂC) EA (9.155) 


Now, since the steady state requires C, = ef ‘Ay? WE see the RHS becomes simply 
âX — €)é,4,. If we define the time constant as before: 7 = V/(G + kV), we 
finally get 


dé x (l-e)t,, , 
ta tea aE a) (9.156) 


Suppose the flow rate takes a step change with magnitude equal to 50% of the 
original flow; this would be expressed as 


G(t) = 0.57 - u(t) 
Any fraction could be used, but we must be alert to the constraint that 


G(t)é (t) = 0, which depends strongly on the reaction rate constant k. Taking 
Laplace transforms as before, noting 


é€,(0) = 0 
yields 
- | Oa ae |g 53) 9.157 
C4(5) ae \O50 srs ay (9.157) 


We recall that s = g/(@ + kV) for the present case, so that the simplified 
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transform is now 
A i 1 
C,(s) = e(1 = DA ETEEN (9.158) 


The transform is the same as the last example, except for multiplicative 
constants; hence, replacing ¢, = eC oo 


E4(t) 
C4 





= (1 — €)0.5[1 — exp( —t/7)] 


The fraction of steady flow, which is the magnitude of the step change in 4(t), 
appears as a direct multiplier of the final result. The largest value of ¢,(t) 
occurs at £ = œ, so we can check to see if the nonlinear term, ¢,4, was indeed 
small relative to the steady case 


Now, since e < 1, and (1 — e) < 1, then (1 — ¢)/4 is relatively small. We would 
have even better assurance had we selected a magnitude of 10% step change, 
since then we would have had 0.01 (1 — £), and this is very close to zero. 

Nonlinearities can always be “linearized” in some sense, and the structure of 
deviation variables makes this quite easy. Thus, suppose we wish to linearize a 
function f(c,) around the steady value ¢,; expanding the function in Taylor 
series yields 


f(e4) = f(a) RET =g) k (9.159) 





Now, since c4 — 4 = ĉ4, Which defines a small deviation, then higher order 
terms can be ignored and the linearized function becomes simply 


flea) = FE) + FE), ĉa (9.160) 





Suppose in the CSTR examples that the reaction was of order n (where n + 1). 
The material balance would then be nonlinear 


d 
VIE = deao — aca — VC (9.161) 


If we introduce deviation variables, say for the case whereby time variation such 
as c4 (t) and c4(t) exist, then we must remove the nonlinearity arising from the 
kinetics term. To do this, define f(c4) = cå and use the above Taylor expansion 
to see 


ch =" + nt" 12 ,(t) (9.162) 
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Now, č% and nz%~' are constants, independent of time variation. Inserting the 
above and noting the steady state must satisfy 


0 = qla, — 4a — kve (9.163) 
hence the equation for deviation from steady state becomes 


dé P R LANA 
Ve = ql4, — G4 — kV (ne4")é, (9.164) 
which is now linear in é,(t). This can be handled exactly as in the previous 
examples, except the rate constant is modified by the factor n@%~! (Caution: the 
steady state must be solved first, since ¢, appears in the above dynamic 
equation). 





We studied reaction and diffusion within cylindrically shaped catalyst pellets in 
Example 3.3, where it was shown 


Cy, dy fk 
á dr? dr r D4 


le; =0 (9.165) 
subject to C4 = C4s at r=R and dC,/dr=0 at r =0. Find the solution 
Cr) using Laplace transforms. 

First, arrange variables to dimensionless form 





Ci k 
= and = 5 
7 Cas x å Da 
giving 
dy d 
xo + 7 20 (9.166) 


2 
d z] = -2% — 2sY(s) + y(0) 


a| E| = 6s) - x) 
and finally, the transform [xy] is simply the first moment given by Eq. 9.113 


TE 
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Inserting these gives finally, 








(2-1) Z 4 sys) =0 (9.167) 
We have thus reduced the second order ODE to a separable first order problem 
ee a ED) 
Y s -1 257-1 2 (s?-1) 
This can be integrated directly to yield 
Y(s) = a oo 
s? -1 


We have not discussed inversion of singularities of the multi-valued type, but 
we shall proceed anyway, calling on Appendix D for the tabulation of f(t) 
versus F(s) to effect the final solution. To evaluate the arbitrary constant A, we 
recall the condition 


y(RVk/D, ) = 
We shall first invert 


4 _ 
s? -1 


and then evaluate A. Thus, Appendix D shows for 


go 


ee ee A 
vs?’ -1 y(s+1)X(s-1) a 


where we note x = ryk/D4, so we now have 





y(x) = YP = Atel E | 


The boundary condition at r = R yields A, which is 


7 1 
In RYK/D, ) 


hence, 


CA(r) 2 I(ryk/Da) 


Cas Io(RYK/D, ) 
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which is identical to the result in Example 3.3. We shall discuss inversion of 
singularities of the multivalued type (1/ ys, etc.) in the next section. Contour 
integration in the complex plane is required around a special contour C called 
the second Bromwich path. 


9.12 INVERSION THEORY FOR MULTIVALUED FUNCTIONS: 
THE SECOND BROMWICH PATH 


In Section 9.4, we discussed the peculiar behavior arising from functions such as 
Vs. We noted, for example, that f(s) = Vs yielded two possible values for f, 
which we denoted in Eqs. 9.37 and 9.38 as fọ and f,;. However, such behavior is 
not analytic, since it was stipulated in Section 9.5 that functions must be single 
valued (in some defined region of analyticity, which we called R). In order to 
manipulate such functions so that uniqueness is assured, we must stipulate 
conditions that cause single-valued behavior. The easiest way to do this, consid- 
ering the specific case of f(s) = Ys, is to restrict the angle 0 so that 0 < 0 < 27. 
Now, since we defined 0 in terms of the smallest angle 6, as 6 = 0) + 2rrk in 
Eq. 9.35, where 0, is called the principal value of 6, then the only allowable 
value of f is fọ, and so multivalued behavior is thus eliminated by taking k = 0, 
which ensures @ = 6, and 0 < @ < 277. We illustrate the consequences of this 
restriction in Fig. 9.12 by comparing allowed values of 6 in the s-plane for the 
case when |s |= r = constant, with the corresponding values of f(s) in the 
f-plane. 

We could also have restricted the angle to the region — r < @ < m, to yield 
the same result. The fundamental reason causing the misbehavior in the first 
instance was the encirclement of s = 0, which is the zero value of f(s) = Vs. 
Had the origin not been encircled in this case, then multivalued behavior would 
never have arisen. For example, consider the selections of s giving rise to the 
contour shown in Fig. 9.13. 

Thus, by constructing the barrier along the negative real axis, so that -mr < 
@ < m, and by requiring that this barrier never be crossed, we have thus assured 





s plane f plane 


Figure 9.12 Eliminating multivalued behavior by restricting @ to: 0 < 0 < 
2r. 
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Barrier 
(branch cut) 


Figure 9.13 Contour C, (second Bromwich path), 
which does not enclose branch point at s = 0. 


that the angle s corresponding to these selections of s, will always be such that 
—m <0 <r. This is so because positive angles are taken as anticlockwise, 
while negative angles are clockwise. Except for the line DG, circle e and line 
HF, the contour is identical to Fig. 9.4, which we called the first Bromwich path. 
This ensures that s is no longer infinitely circular (i.e., 0 does not encircle the 
origin). The barrier could have been drawn anywhere in the plane, as illustrated 
in Fig. 9.14, and its sole purpose is to prevent encirclement of the point s = 0. 

The “branch point” is the particular value of s where the function (in this 
example, f(s) = Vs ) becomes zero or infinite. So the branch point for f(s) = vs 
is s = 0 and the branch point for f(s) = 1/ ys is also s = 0. 


Figure 9.14 Alternative Br, path. 
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Thus, if any contour is drawn so that the branch point is encircled, then 
multivalued behavior arises. The principle to ensure analyticity is simple: branch 
points cannot be encircled. There is considerable range and scope for choosing 
branch cuts to ensure analytic behavior. Now, if no other singularities exist in 
the contour selected, then Cauchy’s First Integral theorem is valid, and we 
denote the new contour C, as the second Bromwich path, Br,; hence, 


É f(s) ds =0 (9.168) 
Bry 


We next consider how to cope with the inversion of transforms containing 
multivalued functions. To illustrate this, we consider inverting 


F(s) = 7 (9.169) 


We shall use the second Bromwich path drawn in Fig. 9.13, where the branch 
point is located at s = 0 and the branch cut extends to infinity. We write first 
that, since no other singularities exist 


e“ 
—ds=0 9.170 
$ 7% em) 


At the outset, we note the inversion can be easily accomplished using elemen- 
tary building blocks using the substitution 6 = vf and noting that erf(%) = 1; 
hence, 


œ 


2 af we dt = [ peo 2Bap = afew dp = yZ (9.171) 


Hence, we conclude .Z7!(1/ vs)=1 / Vrt. However, we wish to develop a 
general approach, applicable to any (or many) multivalued functions. To do this, 
we decompose the integral in Eq. 9.170 into its component parts (see Fig. 9.13) 


eʻ e“ e‘ e 
<ds=f{ ads+f Sas+h as 
Re Nea Oa OG 
(9.172) 


+f Sas+ f Z ds + fore as = 0 


Oo—tw 
We take careful note that the last term in the summation defines the Laplace 


inversion, according to the Fourier—Mellin theorem in Eq. 9.3, since in the limit 
as w > © (or R > œ) 


D= zf fore Fs) ds (9.173) 
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Thus, we wish to solve for: 


oo e” as 
—iw vs 


To 


in terms of the remaining integrals, in the limit as w — œ, which is the same as 
taking R > œ. 

The arguments put forth earlier regarding integrals around the first Bromwich 
path are still applicable to parts of the Br, curve (e.g., Eqs. 9.92-9.94), so when 
R > œ, we can write immediately 


e‘ est 
—ds=[ “=ds=0 9.174 
i vs = vs ( ) 


The remaining three terms can be treated as follows; first, consider the small 
circular path in the limit as € —> 0, using polar coordinates s = € exp (i@) 


e" -vr exp(et[cos 0 + isin 0])ie exp(i0) dé 
goa OOE e 
vs z ve (5) 
€ exp is 
(9.175) 
= lim ive f 7 exp|et(cos o +isin@) + zie] do =0 
270 mT 


This leaves only the line integrals DG and HF. Consider DG first where we 
define s = rei" = —r, hence ys = yr e'"/? = ivr 








0 ert eT 
—(-dr) = +i dr = —i 
Loe a LH La) = Hi e daa a 
(9.176) 
Now, let us perform the same type of integral along HF; let s = re`" = —r,so 


that Vs = Vre~? = —iyr; hence, 


—rt 


L nerf Ea- A EFC dr) = -if ar (9.177) 


Thus, solving Eq. 9.172 for 





| pa en ds 
—iw vs 


% 
in the limit 


: oytiw e“ ze 
lim f ote ds = +2i 
w> “a —iw vs 0 vr 





dr (9.178) 
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This is simply the integral along the lines FHGD, which is the negative of 
DGHE. 

Dividing this by 27i yields the Fourier—Mellin Inversion theorem, which 
defines the inverse transform of Vs 





1 see" 1 
N= 5 dr = 7 ~= 9.179 
f( ) ah vr A a ( ) 
Taking rt = ß?, we find 
f(t) = Liye 28 dp = 2 feag (9.180) 
m 0 Bb, myt 0 a 
vt 
But, the error function is 
erf(x) = -2 f* expl —p*) dp and erf(~) = 1 
Vr 40 
hence, 
f(t) = EN (9.181) 
Vrt : 


9.12.1 Inversion When Poles and Branch Points Exist 


When pole singularities exist, along with branch points, the Cauchy theorem is 
modified to account for the (possibly infinite) finite poles that exist within the 
Bromwich Contour; hence, © res (F(s)e*) must be added to the line integrals 
taken along the branch cut, so 


1 1 i . s 
f(t) = Tri ee) ds = Fat Seo’ 'F(s)ds+ È [residues ofe 'F(s)| 


(9.182) 


If no branch points exist, this reduces to the formula given in Eq. 9.99. Often, 
elementary building blocks can be used to invert awkward transforms. For 
example, we have seen that Y—\(1/ Vs) = 1/ vat and moreover, since 1/s 
denotes integration, then it is straightforward to find the inversion of 


F(s) = 57 (9.183) 
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as simply 


Thus, any transform can, in theory, be inverted provided the behavior in the 
complex plane is such that | F(s)|>0 as |s|— œ. All physical processes 
must satisfy this condition, so in principle an inversion always exists, although 
the mathematics to find it can often be intractable. For this reason, numerical 
techniques have been developed, which have wide applicability for practical 
problems. We discuss these approximate, numerical techniques in the next 
section, 


9.13 NUMERICAL INVERSION TECHNIQUES 


Previous sections dealt with the analytical development of Laplace transform 
and the inversion process. The method of residues is popular in the inversion of 
Laplace transforms for many applications in chemical engineering. However, 
there are cases where the Laplace transform functions are very complicated and 
for these cases the inversion of Laplace transforms can be more effectively done 
via a numerical procedure. This section will deal with two numerical methods of 
inverting Laplace transforms. One was developed by Zakian (1969), and the 
other method uses a Fourier series approximation (Crump 1976). Interested 
readers may also wish to perform transforms using a symbolic algebra language 
such as Maple (Heck 1993). 


9.13.1 The Zakian Method 


The Laplace transform of f(t) is denoted as F(s), given in Eq. 9.1, and is 
rewritten again here for convenience 


F(s) = “f(t)e7™ dt (9.185) 


Here, we assume that f(t) is integrable (piecewise continuous) and is of 
exponential order og; that is, | f(t) | < Mexp (oot). 

Recalling the Dirac’s delta function, defined in Eq. 8.10, and if we replace x, 
of Eq. 8.10 by unity, we obtain 


f e(x-Dae=1 (9.186) 
i 


If we now make the following substitution 


“|e 


(9.187) 
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then the Dirac delta function in Eq. 9.186 will become 
t* fy 
6|> -—1})dy=t 9.188 
[iz - 1) (9.188) 


Thus, if ¢ lies between 0 and 7, we can replace the above integration range to 
(0, T] without changing the value of the integral; that is, 


T [Y 
ôl- —1)dy=t 9.189 
Í ( ; ) y (9.189) 
Using the property of the Dirac delta function, we can write 


ft) = FF| — 1) dy (9.190) 


valid for any values of t between 0 and T. 
Following Zakian (1969), the delta function, 5(y/t — 1) can be expressed in 
terms of a series of exponential functions 


y = y 
6(— —1}) = } K, exp| -—a;— (9.191) 
( t ) a ( t ) 
where the parameters a, and K;, satisfy the following criteria 


(a) a and K are either real or they occur in complex-conjugate pairs; for 
example, a, = až and K, = Kj 

(b) a; and K; depend on N, where N is the number of terms kept in the 
partial series (Eq. 9.192) 

(c) lim, _,.Real(a;) = œ, lim y —«01K;| = © 

(d) Real(a;) > 0 

(e) a; are distinct; that is, æ; = a, if and only if i = j 


If we denote the sequence ôy as the partial series of ô as 
y ` y 
by(2 -1) = LK,exp(-a,7) (9.192) 
and the function sequence fy(t) as 
1 pT 
FD = FS fO ~ 1) av (9.193) 


then for every continuity point t of f, we have 


F) = lim f(t) (9.194) 


t 

1 
2 
3 
4 
5 
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Substitution of ôy of Eq. 9.192 into Eq. 9.193 yields 
1 sT N y 
O= Ff FO) DK exp(—a,*) dy (9.195) 
0 i=1 
If we interchange the summation and integral signs, we obtain 
1 M T y 
fy() =F EKS f(y) exp( -a> ) dy (9.196) 
Piet 70 t 


Now, letting T — œ and using the definition of Laplace transform (Eq. 9.1 or 
9.185) gives 


— 


hl) -EK 


KF($) (9.197) 
for 0 < t < t,, where 
te = nin P(S Bi ‘) (9.198) 


Using the property (c) above, N > œ, Re(a;) > œ, and hence, t, > %, we have 
the following explicit inversion formula 


f(t) = jm |} E«r($)| (9.1994) 


i=1t 


Since the constants a and K appear in complex conjugate (see property a), the 
explicit inversion formula can be written as follows 


f(t) = lim 2 Y real{KF( | (9.199b) 


Table 9.2 gives a set of five constants for a and K (N/2 = 5) (Zakian 1970). 
For most applications, the above set of constants yields good numerical inverse 
as we shall see in the following example. 


Table 9.2 Set of Five Constants for a and K for the Zakian Method 
Q; K; 


i 


1.283767675e + 01 + i 1.666063445 —3.69020821e + 04 + i 1.96990426e + 05 
1.222613209e + 01 + i 5.012718792e +00 +6.12770252e + 04 — i 9.54086255e + 04 
1.09343031e + 01 + i 8.40967312e + 00 —2.89165629e + 04 + i 1.81691853e + 04 
8.77643472e + 00 + i 1.19218539e + 01 + 4,65536114e + 03 — i 1.90152864e + 00 
5.22545336e + 00 + i 1.57295290e +01 —1.18741401e + 02 — i +1.41303691e + 02 
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Table 9.3 Comparison Between the Numerical Inverse Obtained by the 
Zakian Method and the Analytical Solution for Example 9.16 


t Zakian Numerical Inverse Analytical Inverse Relative Error x 100 
0.5 0.01629 0.01633 0.233 
1.5 0.2803 0.2810 0.228 
2.5 0.8675 0.8694 0.221 
3.5 1.662 1.666 0.217 
4.5 2.567 TST 0.216 
5.5 3.523 3.531 0.212 
6.5 4.503 4.513 0.215 
7.5 5.494 5.505 0.211 
8.5 6.489 6.502 0.208 
9.5 7.501 7.501 0.211 





To show an example of numerical inversion by the Zakian method, we take the 
function treated in Example 9.12 


1 
F =. 
(s) 52 
which has the following analytical inverse 


f(t) = (t — 2) + (t + 2)exp(—t) 


Table 9.3 shows the excellent agreement between the analytical and numerical 
inverse. A maximum percentage relative error of less than 3% is observed. 





To illustrate problems for transcendental functions in the numerical inversion 
method of Zakian, we take the function 


1 


AOGE 


which has the inverse 
f(t) = sin(t) 


Table 9.4 shows the comparison between the analytical and numerical inverse. 
The error increases with an increase in time, suggesting that the Zakian method 
does not work well with oscillating functions. 
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Table 9.4 Comparison Between the Numerical Inverse Obtained by the 
Zakian Method and the Analytical Solution for Example 9.17 


Time Zakian Numerical Inverse Analytical Inverse Relative Error X 100 


0.5 0.4785 0.4794 0.1894 
2.5 0.5982 0.5985 0.04848 
4.5 — 0.9750 — 0.9775 0.2606 
6.5 0.2146 0.2151 0.2443 
8.5 0.8004 0.7985 0.2377 
10.5 — 0.8752 — 0.8797 0.5090 
12.5 0.06947 — 0.06632 4.744 
14.5 0.9239 0.9349 1.181 
16.5 — 0.5281 — 0.7118 25.81 





Finally we test the Zakian technique with the exponentially increasing function 
treated in Example 9.10. The Laplace transform is 


2s? +35 -—4 


ECS) "T= aya? 4 aD) 


which the analytical inverse is 
f(t) =e™ + e™ cos(t) + 2e™ sin(t) 


Table 9.5 shows the numerical inverse obtained by the Zakian method, and the 
performance of the routine is even worse than the previous example. 

In conclusion, the Zakian numerical technique yields good results only when 
the inverse does not exhibit oscillating behavior or when it increases exponen- 
tially with time. The Fourier approximation method presented in the next 
section will remedy the disadvantages encountered by the Zakian method. 


Table 9.5 Comparison Between the Numerical Inverse Obtained by the 
Zakian Method and the Analytical Solution for Example 9.18 


t Zakian Numerical Inverse Analytical Inverse Percentage Rel. Error 


0.5 0.3829e + 01 0.3832e + 01 0.073 
15 0.2050e + 02 0.2055e + 02 0.224 
4.5 0.8082e + 04 0.8103e + 04 0.261 


9.5 0.7401e + 04 0.1785e + 09 100 
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9.13.2 The Fourier Series Approximation 


Another method of getting the numerical inverse is by the Fourier series 
approximation. The Laplace transform pairs are given as in Eqs. 9.1 and 9.3, 
written again for convenience 


F(s) = fren ar (9.200a) 
f(t) = zh [et (s) ds (9.2006) 


We assume that f(t) is piecewise continuous and of exponential order oo, that 
is, | f(t) | < Mexp (of). 

The inverse equation (Eq. 9.200b) can be written in terms of the integral with 
respect to w as 


f(t) = = [ (Rel F(s)]eos( or) — Im[F(s)]sin(wt)} dw (9.201) 


where o can be any number greater than gp. 
Following the procedure of Crump (1976), the approximation to the inverse is 
given by 


f(t) = Fire) ES Re| F(o + Ezi) feos( #7) 
= (9.202) 


tno FF) 


where T > t, and ø is any number greater than the exponential order of the 
function f(t). This equation is simply the trapezoidal rule of the inverse 
equation 9.201. 

Numerically, the computation is done as follows (Crump 1976). Suppose the 
numerical value of f(t) is needed for a range of ¢ up to f,,,,, and the relative 
error is to be no greater than E. First T is chosen such that 





QT Sta (9.203) 
and the value of o is chosen as 
=n- ne ) (9.204) 


The parameter eo, which is the exponential order of the function f(t), can be 
computed from the transform F(s). We simply take a, to be a number slightly 
larger than 


max{ Re( P)} 
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Table 9.6 Comparison Between the Numerical Inverse Obtained by the 
Fourier Method and the Analytical Solution for Example 9.16 


Fourier Numerical Inverse 


Time of Example 9.16 Analytical Inverse Relative Error Xx 100 
0.5 0.01633 0.01633 0.045 
1.5 0.28094 0.28096 0.006 
2.5 0.86938 0.86938 0.000 
3.5 1.66607 1.66609 0.001 
4.5 2.57227 2.57221 0.002 
5.5 3.53071 3.53065 0.002 
6.5 4.51285 4.51278 0.002 
7.5 5.50534 5.50525 0.001 
8.5 6.50223 6.50214 0.001 
9.5 7.50097 7.50086 0.001 


Table 9.7 Comparison Between the Numerical Inverse Obtained by the 
Fourier Method and the Analytical Solution for Example 9.17 





Fourier Numerical Inverse 


Time of Example 9.17 Analytical Inverse Relative Error X 100 
0.5 0.47943 0.47943 0.000 
2.5 0.59847 0.59847 0.000 
4.5 — 0.97752 — 0.97753 0.001 
6.5 0.21518 0.21512 0.028 
8.5 0.79856 0.79849 0.010 
10.5 — 0.87969 — 0.87970 0.001 
12.5 0.06632 — 0.06632 0.003 
14.5 0.93489 0.93490 0.000 
16.5 — 0.71176 — 0.71179 0.004 


Table 9.8 Comparison Between the Numerical Inverse Obtained by the 
Fourier Method and the Analytical Solution for Example 9.18 


Fourier Numerical Inverse of 


t Example 9.18 Analytical Inverse Percentage Rel. Error 


0.5 0.38319e + 01 0.38321e + 01 0.005 
15 0.20546e + 02 0.20546e + 02 0.001 
4.5 0.81030e + 04 0.81031e + 04 0.000 
7.5 0.32700e + 07 0.32690e + 07 0.028 
9.5 0.17857e + 09 0.17848e + 09 0.051 
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where P denotes a pole of F(s). 

Taking the Examples 9.16, 9.17, and 9.18, we compute the numerical inverse 
and show the results in the Tables 9.6, 9.7, and 9.8, where it is seen that the 
Fourier series approximation is a better approximation than the Zakian method. 

The Fourier series approximation is a better method to handle oscillating 
functions, but it requires more computation time than the Zakian method. With 
the advent of high speed personal computers, this is not regarded as a serious 
disadvantage. 
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9.15 PROBLEMS 


9.1,. Prove that the function 


is not analytic anywhere. 

9.2,. Introduce polar coordinates to Cauchy’s Integral theorem ¢ f(s) ds = 0 
in the form f(s) =u + iv and s = re’® and show that the property of 
exactness, discussed in Section 9.6, leads to a polar form of the 
Cauchy—Riemann conditions 


ou 1 dv 1 ðu dv 


ðr roe’ rô ~— Or 


9.3,. The properties of the logarithm of complex variables are related to the 
exponential function e° introduced in Eq. 9.19 by writing 


= exp( f(s)) 
then 


f(s) = Ln(s) = Ln[re“o*24™} 


9.45. 


9.5,. 


9.6*. 
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where k is zero or integer. This shows that f(s) is in fact a multivalued 
function. We shall use capital Ln to represent logs of complex variables. 
(a) If f(s) = u + iv, show that u = In(r) and v = 6 = 0) + 2km 

(b) If s = i, show that 


Ln(i) = (E l)ri(k=0, ETES 





The value corresponding to k = 0 is often called the “principal value 
of the logarithm.” 
(c) If s = x(x is a positive, real number), show that 


Ln(x) = ln x + 2kri 


This shows that the complex logarithm of a positive real number may 
differ from the usual real logarithm by an arbitrary multiple of 27. 
The two become identical only when k = 0, which corresponds to the 
principal value; that is, when 0 = 4. 

Determine all possible values of the function 


f(s) = sin7"(s) 
when s = 2. Hint: treat the general case first by writing 


f ef— e`} efi 
s=sinf= ay | ea 





where we have used Eq. 9.21 
Ans: f= + + 2km—iln(2 + V3) 


Prove that {.1/(s — a)ds = 0 for a closed curve encircling the origin 
with |s| < a, but for |s| > a, {1/(s — a) ds = 27i. 
Suppose we have a function of the form 


g(s) = f(s)/(s — so) 


where f(s) is taken to be analytic within a region R and sọ lies within R. 
If f(s.) # 0, then g(s) is not analytic at s = sọ. Prove that 


Koo) = ap E as 


S — So 


where C is a closed curve that lies in R and includes the point sọ (this is 
called Cauchy’s Second Integral theorem). Hint: Isolate the point s = sọ 
by drawing an additional circle of radius C, around the point, then allow 
s to traverse both curves through a cut between the closed curves so that 
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9.7, ° 


9.85. 


9.95. 


9.10,. 
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analytic behavior is guaranteed in the region separating C and C, so that 


pa- $ MOR 


s—a s—a 


Find the residues of the function f(s) = 1/(1 — e°), at all poles. 
Hint: The zeros of exp(s)= 1 can be obtained using the Logarithm 
discussed in Problem 9.3, since 


Ln(1) = s = In(1) + 2kri = 2kvri 
Ans: —1 


Use the Laplace transform to find the value of the sine integral 


cae dp = 5 sgn(t) 


where 
1, t>0 
sgn(t) = 0, t=0 
-1, ¢t<0 


Hint: Define the Laplace transform of the general integral as 


zf f(t, B) dB = fS ZEEB) dp 
where 
f(t, B) = sin(tB)/B. 


Prove the Laplace transform of the complementary error function is 
given by 


L erfc(a/V4t ) =e /s 
where a > 0 is a real constant. 


(a) Use the convolutions integral to solve for Y(s) in the Volterra 
integral 


y(t) =f(t) + [oats — u) du 


and show that 
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(b) Apply the results from (a) and show that 
. t, 
y(t) =sint + f sin[2(t — u)] y(u) du 
0 
has the explicit solution 
y(t) = 3sin t — V2 sin(V2t ) 


9.11,. Find the function f(t) corresponding to the Laplace transforms 


1 sS 
(a) s(s + 1)? (b) (s? + 1)(s? + 4) 


Ans: (a) f(t) =1-—e7"(t + 1) - Leze = 
(b) f(t) = Floos ¢ — cos 2t] 


9.12,. (a) Show that a particular solution to Kummer’s equation (see Example 
3.4) 


ay _ 
ae EEDI + By 


can be obtained by the inversion of the Laplace transform 


— Af 
y(t) =A 77 ee 





where A is an arbitrary constant. [Hint: use Table 9.1.] 
(b) Show for the case B = 1 that 


y(t) =A(t - 1) 
and for the case B = 2 


y(t) = A(1 —2t+ s) 


9.13,. Use Laplace transforms to solve the equation 


ay 


tHe +0-)% -y=0 


for the condition y(0) = 0 and show that 


y(t) = A[(t - 1) +e] 


where A is an arbitrary constant. What is the value of y’(Q)? 
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9.14,. The dynamic equation for a damped, spring-inertia system was derived in 
Problem 1.6,. If the initial position and velocity are zero, the Laplace 
transform of the second order equation yields 


(17s? + 27fs + 1)X(s) = F(s) 


Hence, to find the dynamics for an arbitrary forcing function F(s), we 
shall need to invert 


F(s) 


eel ; 
MOST rs? + 2črs +1 





For the specific case of forcing by a unit step function (F(s) = 1/s), we 
shall consider three possible behavior patterns 


£>1 (overdamped) 
£=1 (critically damped) 
<1 (underdamped) 


(a) Perform the inversion when £ > 1 by first showing the transform can 
be rearranged as 


1 1 1 
X(s = — ° Or 
(s) T? $ (s +a) —b? 
where 
_¢ =- tse 
a=— and bas g 1 


(b) Since 1/s implies integration, use this along with the shifting theo- 
tem to show from Transform 15 


1 ft ul 
X(t) = afe ‘g sinh(bt) dt 
hence 
= a. 
X(t) =1-e «| cosh( bt) - 5 sinh(br)| 
so finally, replacing a and b 


e 


(c) For the case ¢ = 1, show that the integral inversion formula in part 
(b) becomes 


X(t) =1- a1 


X(t) = Z [tere a 
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hence, 
X(t) =1— (1 + t/r)exp( -t/r) 
(d) Consider the underdamped case (¢ < 1) and repeat the procedure in 


part (b), noting since b becomes purely imaginary, then use cosh 
(ix) = cos x and sinh (ix) = i sin x, so write immediately 


T 


aE 


CS 
X(t) =1 — exp(—{t/r) coo AE, 


(e) Use these results to compute response curves for the three cases. 
Why is critical damping so important for the design of systems such 
as shown in Problem 1.6? 
9.15,. A cascade of equivolume CSTRs are connected in series and under 
linear kinetics to deplete species A in A 4 products. 
Denoting C,(t) as the composition of A leaving the nth reactor, the 
material balance is 


dC, 
V2 =aC,-1- aC, — KVC, 





(a) Introduce perturbation variables of the type 


C(t) = Cn + C,(t) 


and show that 


where 





(c) Solve the linear finite difference equation by assuming a solution of 
the form 


C,(s) = A(r)” 
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and show that 
Gls) = C(t) 
n(5) 7 o( 5) Ts+1 
where Ĉ (s) denotes the transform of the composition perturbation 
entering the first reactor. 


(d) Show that a step change of magnitude aC,(0 < æ < 1) entering the 
first reactor causes the following response for the nth reactor 


s= ul 


(e) For the case of two reactors, show that the exit perturbation is 


Sa a(S) 
T” (n—1)! dsi \ 5 





C,(t) = era) + 





Ĉ (t) = e*aC,|1 — = exp(—t/7) — exp(—t/r) 


(f) Using results from part (e), deduce the impulse response, C(t) = 
W,6(t), where the weighting Wọ replaces aC,, and obtain 


A t 
C(t) = eWos exp( —t/r) 


and then show the composition maximum occurs when t = 7. 


Chapter 10 


Solution Techniques for 
Models Producing PDEs 


10.1 INTRODUCTION 


In Chapter 1, we showed how conservation laws often lead to situations wherein 
more than one independent variable is needed. This gave rise to so-called 
partial derivatives, defined for example in the distance-time domain as 


lim, f(x + Ant) ~f(%t) _ af (10.1) 
Jim, f(x, t+ at) zf) _ êf (10.2) 


The first implies holding time constant while differentiating with respect to x, 
while the second implies holding x constant while differentiating with respect to 
t. These implicit properties must be kept in mind when integrating partial 
derivatives. Thus, for ordinary derivatives, the integral of dy/dx = 0 yields 
y(x) = constant. However, for the partial derivatives, we must account for the 
implied property 


of =0 «f=g(t) (10.3) 


Thus, instead of adding an arbitrary constant, we must in general add an 
arbitrary function of the independent variable, which was held constant during 
integration. 

The general function of three variables can be written 


u = f(x, y,Z) (10.4) 
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The total differential of u can be written using the chain rule 
= Lan + Fay + Laz (10.5) 


For continuously differentiable functions, the order of differentiation is immate- 
rial 








(36) 7 we) - ff of (10.6) 


For convenience, we often abbreviate partial derivatives as 


a af f 
3x? oo xx ; dy? yy ; ðxðy = fey (10.7) 


Occasionally, implicit functions arise 


g(x,y) =0 (10.8) 


and we wish to find 
y=f(x) (10.9) 
To do this, we apply the chain rule using Eq. 10.5 on Eq. 10.8 to yield 


de = E dx + Edy =0 (10.10) 


Solving for dy/dx gives 


(75 


dy _ _ of 
de ~~ Tor, * a (10.11) 
ay 
Because of the implicit properties of partial derivatives, ôg cannot be cancelled 
as would be the case for ordinary derivatives. 








If: 


dy 
2 Dvn 
x“ +y°=Ax, find a: 


We can accomplish this exercise in two ways. The first way simply requires 
solution for y (taking the positive root): 


y = VAx — x? 
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Hence, 


[3-7] 
dy 1 1 as 


rn rar 


> O eae 
On the other hand, we could have defined 
g(x,y) =O=x? +y?’ -Àx 


The partial derivatives are 





og _ 7 ôg _ 
J = 2X7 AS a 2y 
hence, using Eq. 10.11 
(až) 
dy. .\0x}~ (2x-ìA) 
“p 
y 
Eliminating y gives 
B 
dy Z 
dx Ax — x? 


as before. 
This procedure can be easily extended to three variables, given the implicit 
form 


F(x,y,z) =0 (10.12) 
and we wish to find 


z=g(x,y) (10.13) 


One of the procedures found useful in solving partial differential equations is 
the so-called combination of variables method, or similarity transform. The 
strategy here is to reduce a partial differential equation to an ordinary one by 
judicious combination of independent variables. Considerable care must be 
given to changing independent variables. 

Consider the partial differential equation 


Z- (10.14) 
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Suppose there exists a combined variable such that 
u(x,y)=f(n) and 7 =g(x,y) 
We first write the total differential 
df 

du = dn?” 
But 7 is a function of two variables, so write 

_ ên an 

dn = Jx dx + ay dy 
hence, 
ð 
du =f' DET + a a| 

But since u(x, y), we can also write 


du = Fe de + É dy 


(10.15) 


(10.16) 


(10.17) 


(10.18) 


(10.19) 


Now, on comparing Eq. 10.18 and 10.19, and equating like coefficients of dx 


and dy, we find 
M fn j 
Ou pr on 
y May 


(10.20) 


(10.21) 


To obtain second derivatives, we follow the same procedure. Thus, to find 


ð?u/ðx?, we write in general 
ðu r on 
ay =I xy) =f (M5 
The total differentials are 


ou 8u 3u 
d{5e) = ax? ae ot ðyðx dy 


iis sed + SE de + Say 


Replacing dn from Eq. 10.17 yields 


jia HE an g 3 | ae + HE On i a | oy 


(10.22) 


(10.23) 


(10.24) 


(10.25) 
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Equating like coefficients of dx and dy between Eqs. 10.23 and 10.25 yields 


u dab an ap 


u dp dan , db 
Jyðx = m i Jy + Jy (10.27) 
Suppose we had selected for 7 
ia (10.28) 
v4y 
This would yield from Eqs. 10.20 and 10.21 
ðu 1 
ax “S a) F (10.29) 
Ox y4 y 
(-2) 
ðu , 2 
ie =f) (10.30) 


From Eq. 10.22, this implies the dependence y(n, y) instead of Y(n, x, y), 
hence Eq. 10.26 becomes simply 


u dap an 
ax = an È Ox (10.31) 


It is clear that the partial 04% /0n is required. There is a persistent mistake in the 
literature by writing this as an ordinary derivative. Now from Eq. 10.22 


8u ô ô 
5 = (10.32) 


ô 
wS AKO 





hence finally we arrive at the unambiguous result 

au én Y 1 $ 

ss = frz) =f |z] (10.33) 
Inserting this and Eq. 10.30 into the original equation (Eq. 10.14) yields 


Eb) 


f(a) qq =f) (10.34) 
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Cancelling y shows that a single independent variable results so that Eq. 10.28 
was in fact a proper choice to reduce this particular PDE to an ODE, viz. 


d2 
d'f df 
2 10. 
dn + Frig (10.35) 


The importance of variables transformation cannot be overstated, for certain 
boundary conditions, since very useful solutions can be obtained to otherwise 
intractable problems. The above particular solution is suitable for the case of 
dynamic diffusion into an unbounded domain, subject to a step change at the 
origin (taking y to be the time variable and x to be the unbounded length 
variable). 


Classification and Characteristics of Linear Equations 


The general linear equation of second order can be expressed 


ð?z ð?z 
Po +022 + aoe = § (10.36) 





where the coefficients P,Q, R depend only on x, y, whereas S depends on 
x, y,z,0z/dx,dz/dy. The terms involving second derivatives are of special 
importance, since they provide the basis for classification of type of PDE. By 
analogy with the nomenclature used to describe conic sections (planes passed 
through a cone) written as 


ax? + 2bxy + cy? =d (10.37) 


then we can classify Eq. 10.36 for constant coefficients when P, Q, R take values 
a, b, c, respectively. The discriminant for the case of constant coefficients a, b, c 
is defined 


A =b? — 4ac (10.38) 
so that when 
A <0: Elliptic equation 
A =0: Parabolic equation (10.39) 
A> 0: Hyperbolic equation 


Typical examples occurring in chemical engineering are, Fick’s second law of 
diffusion 


ac aC 
ap Daa (10.40) 
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which is parabolic, since a = D, b = 0, and c = 0, and Newton’s law for wave 
motion 


3u au 
Or =p ay? ( 10.41) 


which is hyperbolic, since a = 1, b = 0, and c = —p, and finally Laplace’s 
equation for heat conduction 


K+ “5 =0 (10.42) 


which is elliptic, since a = 1, b = 0, and c = 1. 

The homogeneous linear equation of second order occurs frequently. It is the 
special form when S = 0. In particular, when P, Q, R are constants, denoted by 
a, b, c, respectively, we write 


az az a°z 
a52 tbazay +y? =0 (10.43) 


which contains only second derivatives and is called a homogeneous equation. 
The discriminant is (b? — 4ac). A solution to the linear homogeneous equation 
can be proposed as 


z=f(y + Ax) (10.44) 
This implies the variable change 
n=ytax (10.45) 


so from the previous lessons, we see 


8?z n oe n az n 
ms Fay TA Daf) (10.46) 
Inserting these into Eq. 10.43 shows 
av’ +bA+c=0 (10.47) 


which yields two characteristic values A,,A,. Now, since the original equation 
was linear, then superposition requires (as in ODEs) the general solution 


z=f(y +A,x) + e(y + àx) (10.48) 


In fact, we see the discriminant (b? — 4ac) appears within the quadratic 
equation for A 


—b + vb? — 4ac 
2a 


A= (10.49) 
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Whereas the functions f and g are unspecified and quite arbitrary at this point, 
nonetheless, much can be learned by observation of the arguments, now 
established to be (y + Ax). Now, suppose a = 1, b = —3, and c = 2, hence 
(b? — 4ac) = 1 > 0, so the equation is hyperbolic with roots A, = 1,A, = 2; 
hence, in general we can write 


z=f(y+x)+e(y + 2x) (10.50) 


Moreover, if a = 0 and b + 0, only one root obtains 
b 
z= fly - 2x) + g(x) (10.51) 


and the second solution, g, depends only on x, since in general g(x) also 
satisfies the original equation. Finally, if both a = b = 0, then it is clear by 
successive integrations of 3?z/ðy? that 


z=f(x) + ye(x) (10.52) 


which is linear with respect to y. To see this, first integrate partially with respect 
to y 


Oz 
By = B(x) 
Integrate again to find z = f(x) + yg(x). 
Another exceptional case occurs when repeated roots arise. This can be 


treated in a manner analogous to the case for repeated roots in the Method of 
Frobenius (CASE II). Thus, the second solution is obtained by taking the limit 


aa) + Ax) yer = xf'(y + Ax) = xg(x + A,x) (10.53) 
so for repeated roots A = A, we have 
z=f(y+àÀx)+xg(x + Àx) (10.54) 
and it is clear that the two solutions are linearly independent. 


Now, for elliptic equations such that (b? — 4ac) < 0, complex conjugate roots 
occur, so for this case, taking Laplace’s equation as example 


az az 
— + — =0 10.55 
ax? ôy? ( ) 
we have 
z=f(y+ġx)+g(y-ix) (10.56) 


And for the hyperbolic equation, such that (b? — 4ac) > 0, we write the wave 
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equation as an example 


07u ôu 
eee Le 10.57 
ðt? dy? 0 (10.57) 
with general solution 
u=f(y + vet) +g(y-— vpt) (10.58) 


An example of parabolic equations with (b? — ac) = 0 is 


ð?z az a2z 


so that a repeated root A = 1 occurs. The general solution is 
z=f(x+y)+xg(x+y) (10.60) 


which is made up of linearly independent solutions. 

Although we have derived general solutions, nothing has been said about the 
specific functional form taken by f and g, since these are completely arbitrary, 
other than the requirement that they must be continuous, with continuous 
derivatives. For example, considering the parabolic equation given in (10.59), 
the specific function f(x + y) = c sinh(x + y) is seen, by substitution, to satisfy 
the equation. The discussion in this section has determined only the arguments, 
not specific functions. 


10.2 PARTICULAR SOLUTIONS FOR PDEs 


In the previous sections, we learned that certain general, nonspecific solutions 
evolved for linear, partial differential equations (PDEs), but these were of little 
value on a computational, applied engineering level. However, we did learn that 
a subtle change of variables could often lead to significant simplification. In fact, 
the overall strategy in solving a PDE is usually to reduce the PDE to an ODE, 
or sets of ODEs. This strategy can only be accomplished for certain particular 
boundary conditions. Thus, the solution methods discussed next are termed 
particular solutions, or collections of particular solutions. They are suited only 
for very specific particular boundary (or initial) conditions, and lead to well- 
known, specific functions in mathematical physics. This is certainly more satisfy- 
ing to an engineer than writing a solution as f(x + 2y). 

Thus, the remainder of this chapter deals with solving linear, homogeneous 
equations, using the following three approaches to reduce PDEs to ODEs. 


1. Combination of Variables Sometimes called a similarity transform, this 
technique seeks to combine all independent variables into one variable, 
which may then produce a single ODE. It is applicable only to cases where 
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variables are unbounded e.g., 0 < t < ~,0 <x < œ. It is suitable for only 
one type of boundary or initial condition and produces a single particular 
solution. 

2. Separation of Variables This is the most widely used method in applied 
mathematics, and its strategy is to break the dependent variable into 
component parts, each depending (usually) on a single independent vari- 
able; invariably, it leads to a multiple of particular solutions. 

3. Laplace Transforms The Laplace transform is an integral technique, which 
basically integrates time out of the equation, thereby reducing a PDE to an 
ODE. 


There are other methods to treat single and simultaneous PDE, most especially 
the Finite Transform methods, which are treated generally in Chapter 11. The 
Laplace transform is especially useful in this regard, as we saw in Chapter 9, 
since it easily copes with simultaneous equations. 

It is clear from these remarks that no general solution is possible, and the 
methods that have evolved are closely tied to specific boundary conditions. We 
discuss boundary and initial conditions next. 


10.2.1 Boundary and Initial Conditions 


On considering boundary conditions, it must be borne in mind that at least two 
independent variables exist in attempting to solve partial differential equations. 
We reflect on the derivations for Model II in Chapter 1 and note that 
principally three types of boundary or initial conditions arise. 


1. Function specified at boundary; e.g., for T(r, z) 
T=f(r)atz=0; T=g(z) at r=R 
2. Derivative of function specified at boundary 


oT OT 
ap 7 9 at r=0; -k7 = 2 at r=R 


3. Mixed functions at boundary 


Ke = A(T = Tw) at r=R, forall z 


The first type includes initial conditions, which may be written for T(t, x) 
T(0,x) =f(x) (10.61) 

This means at time zero, temperature T is distributed according to the function 

f(x), which does not exclude a simple constant such as f(x) = 7;. At some 


boundary, time variation may also occur, so 


T(t,0) =g(t) (10.62) 
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Neither of these type (1) conditions are homogeneous. However, if the bound- 
ary value is a fixed constant, such as 


T(t,0) = To 
then we could define a new variable 6 = T — T) and see 
a(t,0) =0 (10.63) 


which is indeed homogeneous at the boundary. 
For type (2) conditions, the classical symmetry condition nearly always arises 
in cylindrical and spherical coordinate systems, along the centerline 


At 0 at r=R (10.64) 


or 
For such coordinate systems, r is always positive, so to insure symmetrical 
profiles of T, we must invoke Eq. 10.64. This condition can also arise at a finite 
position, for example, at an insulated tube wall (r = R) where conduction flux 
tends to zero, so that 


-k5-=0 at r=R (10.65) 


For electrically heated tube walls, the heat entering is uniform and constant, so 
that we would write at a tube boundary 


~K = 9 at r=R (10.66) 


Since flux is a vector quantity, it is clear that dT /dr > 0 near the wall, hence Q 
is a negative quantity, as it should be since it moves in the anti-r direction. It is 
not possible to convert the electrically heated wall condition to a homogeneous 
boundary condition for T. However, the insulated wall (Eq. 10.65) is homoge- 
neous without further modification. 

The mixed type (3) includes both a function and its derivative (or its integral). 
For example, we showed in Chapter 1 the homogeneous type (3) condition 


-kE =n(T-Ty) at r=R (10.67) 


which simply says the conduction flux is exactly balanced by heat transfer at the 
wall. By replacing @ = T — T, (provided T, is constant), we see this condition 
is also homogeneous 


a6 
-k3 =h0 at r=R (10.68) 


This is a powerful boundary condition, since it actually contains both type (1) 
and type (2) as subsets. Thus, for large values of h (high velocity) then h > œ, 
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and Eq. 10.68 reduces to @(z,R) = 0, which is the homogeneous type (1) 
condition. On the other hand, if A gets very small, then in the limit when h 
approaches 0, we obtain type (2), specifically Eq. 10.65, which is an insulated 
boundary. 

Occasionally, a mixed condition arises as an integro-differential balance. 
Suppose a stirred pot of solvent is used to extract oil from (assumed) spherically 
shaped, porous seeds. The mass rate from the boundary of the many seeds (m 
in number) is computed from Fick’s law, where c(r,t) denotes composition 
within the seeds: 


N= -m(4rR?) DRD 


and the accumulation in the solvent is VdC/dt, so that the oil conservation 
balance for the solvent phase is: 


dC 
vi = -m(4rR?)D 


act, t) 


where C(t) is the oil composition in the stirred solvent. If the initial solvent 
contains no oil, then integration yields the integro boundary condition: 


VC(t) = -m f ‘4r Rp RD) dt (10.69) 


Such boundary conditions can be handled most easily using a Laplace transform 
solution method, as we demonstrate later in this chapter. 

The number of boundary or initial conditions required to solve an ordinary 
differential equation, as we saw in Chapter 2, corresponded to the number of 
arbitrary constants of integration generated in the course of analysis. Thus, we 
showed that nth order equations generated n arbitrary constants; this also 
implies the application of boundary or initial conditions totalling n conditions. 
In partial differential equations, at least two independent variables exist, so, for 
example, an equation describing transient temperature distribution in a long 
cylindrical rod of metal; that is, 


ôT eaei 1) 


pat ET ar\" ar or? + or 


(10.70) 
will require at least one condition for time (usually an initial condition) and two 
for fixed spatial positions (say, r = 0,r = R). As a rule, then, we usually need 
one fixed condition for each order of each partial derivative. This is not always 
the case; for example, an initial condition is not necessary if the time-periodic 
solution is sought; for example, 


T(t,r) =f(r)e (10.71) 


For such cases, only conditions at the boundaries (7 = 0,r = R) are needed. 
Similar arguments apply when dealing with the angular position in cylindrical or 


10.3 Combination of Variables Method 409 


spherical coordinates, namely, that solution must be periodic in angle so that it 
repeats itself every 27 radians. 

The range of variables can be open (unbounded) or closed (bounded). If all 
the independent variables are closed, we classify such equations as “boundary 
value problems.” If only initial values are necessary, with no bounds specified 
then we speak of “initial value problems.” In the next section, we develop the 
method of combination of variables, which is strictly applicable only to initial 
value problems. 


10.3 COMBINATION OF VARIABLES METHOD 


We introduced the idea of change of variables in Section 10.1. The coupling of 
variables transformation and suitable initial conditions often lead to useful 
particular solutions. Consider the case of an unbounded solid material with 
initially constant temperature To in the whole domain 0 < x < œ. At the face of 
the solid, the temperature is suddenly raised to T, (a constant). This so-called 
step change at the position x = 0 causes heat to diffuse into the solid in a 
wavelike fashion. For an element of this solid of cross-sectional area A, density 
p, heat capacity C,, and conductivity k, the transient heat balance for an 
element Ax thick is 


oT 
(4, A) lx — (4, A) le+ax = AAxpC, 3r (10.72) 
Dividing by AAx, and taking limits gives 


E ðq, oT 


Fe = Cy ae (10.73) 





Introducing Fourier’s law as q, = —k éT/dx then yields 


T T 
Say? = OL (10.74) 
where a = k/pC, is thermal diffusivity (cm’/s). It is clear that both indepen- 
dent variables are unbounded, that is, 0 < x < œ, 0 < t < œ. Next, we carefully 
list the initial conditions, and any other behavioral patterns we expect 


T=T, at t=0, alx (10.75) 
T=T, at x=0, allt (10.76) 
For some position within the solid matrix (say x,), we certainly expect the 
temperature to rise to 7,, eventually, that is, when ¢ approaches infinity. 
Moreover, for some finite time (say t,) we certainly expect, far from the face at 


x = 0, that temperature is unchanged; that is, we expect at ¢, that T = Tọ as x 
approaches infinity. We can write these expectations as follows 


T>T, t>% x>0 (10.77) 
T>To x7”, t>0 (10.78) 
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There appears to be some symmetry for conditions at zero and infinity, and this 
is the first prerequisite for a combination of variables approach to be applicable. 
Now, the combination of variables method is often called a “similarity trans- 
form.” This nomenclature arises from the manner we use to select a combined 
variable. Let us next write a rough approximation to Eq. 10.74, to an order of 
magnitude 


AT AT 


Cae w a (10.79) 


This suggests roughly at ~ x”, which we interpret to mean the change in at is 
similar in size to a change in x2. Or, equivalently, a change in (at)'/? is similar 


to a change in x. On viewing the symmetry of our boundary conditions at zero 
and infinity, these qualitative arguments suggest the combined variable 


(10.80) 


which is dimensionless. Comparing this with conditions listed in Eqs. 10.75 to 
10.78 we see 


T = Tọ, when either t=0 or x7”, so y97> (10.81) 
T=T,, wheneither t>», or x=0, so 70 (10.82) 
An alternative way to set the combined variable is to write 4 in terms of 


penetration distance 5(t), which represents the distance from the surface when 
the first temperature rise (of arbitrary size) occurs. 


x 
n= KO (10.83) 

Now, to use this variable change, we write the hypothesis 
T(x,t) = f(n) (10.84) 


The hypothesis fails if any variable other than n appears in the final equation. 
We next transform variables, using the procedure outlined in Section 10.1. It is 
worth repeating here; Eq. 10.84 implies equality of total differentials 


dT(x,t) =df(n) (10.85) 
We now apply the chain rule to both sides 


aT... aT, _ df 


Jx dx + or at = dn” (10.86) 
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Now taking the total differentiation of n(x, t), defined in Eq. 10.83, we get 
_ on an 
dy = Jx & + gr at (10.87) 
Inserting this into Eq. 10.86 gives the necessary comparative information 
oT oT, 4 on on 
ay + gtfo) qn B+ a, at (10.88) 


Equating like coefficients from both sides gives 


ae =f ge =f") 5G (10.89) 
Tr(a) fm- (10.90) 


We now need to find 3?T/ôx?. To do this, we represent the RHS of Eq. 10.89 
as (nm, t) and the LHS as F(x, t); thus, we have taken 


F(x,1) = E (10.91) 


, 1 
y(n,t) =F (10.92) 
Now, equating total differentials of F and y as the next stage 
dF(x,t) = db(n,t) (10.93) 
we again apply the chain rule 
oF aF , op ay 
ax + oy at = 5 aa + GB, at (10.94) 


Here, we take careful note that the first term on the RHS is the partial with 
respect to 7! Many serious mistakes are made by not observing this fact. 

The sought-after term can be obtained again by replacing dn from Eq. 10.87 
and equating like coefficients of dx and dt 


dF _ db ðn 
ae = Oy Be (10.95) 
As an aside, we also obtained the (redundant) information 
ô ow ð ð 
Ea y (10.96) 


ðt ðq ðt ðt 
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Replacing F and y from Eqs. 10.91 and 10.92 gives 


PT n 1 ôn yp 1 
Frege ( 50) ox =f aay (10.97) 


Inserting the results from Eq. 10.97 and 10.90 into the original equation gives 
finally the condition 


if ; 1 dô 
aE -¢'(-15 T) (10.984) 
As we show next, it is convenient to set 
ô dé 
ad 2 (10.98b) 
and since ô(0) = 0, we find 
5(t) = v4at (10.98c) 


which thereby justifies the original hypothesis; that is T(x, t) = f(m) and now 
n =x/(4at)'/*. This expression can be integrated twice, by first letting p = 


df/dn 
p'+2np =0 (10.99) 


yielding 


p = Aexp( - n?) = a (10.100) 


The reason for selecting Eq. 10.98b is now obvious. A perfectly acceptable 
solution is obtained by integrating again 


f(n) =A fexp(—n?)dn +B (10.101) 


However, it would be useful to express our result in terms of known tabulated 
functions. In Chapter 4, we showed that the definite integral, the error function, 
takes a form similar to the above 


erf(n) = = [exo -B?)4p (10.102) 


Now, since the constants A, B are completely arbitrary, we can write f(n) as 


f(n) = Cerf(n) +B (10.103) 
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The conditions required to find the arbitrary constants C, B are simply 
f(0) = T, and f(») = Ty (10.104) 
hence B = T, and C = (Ty — T,), since erf(~) = 1, by definition (that is, the 


error function has been normalized using the factor 2/ Ym to insure erf(%) = 1). 
Written in terms of T and (x, t) we finally have 





T(x,t) = (To - T,Jert( | +T, (10.105) 


and the reader can easily verify that the four original conditions (Eqs. 10.75- 
10.78) are satisfied. A plot of (T — T,)/(T) — T,) versus x/ ¥(4at) is shown in 
Fig. 10.1. 

If we change the original boundary conditions, for example, by requiring a 
constant heat flux at the boundary x = 0, the above solution is invalid. How- 
ever, if we differentiated Eq. 10.74 with respect to x, multiplied by —k, then 
introduce the vector q, = —kdT/dx we see 


a? a 
ayala) = 9p (4x) (10.106) 


This yields an identical equation to the previous one, but the unknown 
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Figure 10.1 Plot of (T — T,)/A(T) — T,) versus 
x/v4at. 
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dependent variable is q, instead of T. Now, for the new boundary conditions, 
we may write 


q,=0 at t=0, x>0 (10.107) 
q,=4, at x=0, t>0 (10.108) 
4:7 9,, t>, x>0 (10.109) 
4,70, x70, t>0 (10.110) 


We see these conditions are identical to Eqs. 10.75-10.78 except the symbols for 
variables are changed, so we can write immediately 





q(x, t) z ds 4 qs rt| as (10.111) 


This is written more conveniently in terms of the complementary error function, 
erfc(m) = 1 — erf(7); hence, 





q,(x,t) =q; erfe( | (10.112) 


To find temperature profiles for the constant flux case, simply replace q, = 
—kôT/ðx and integrate partially with respect to x. To do this, we need to call 
upon material in Chapter 4. If the temperature far from the heated surface is 
denoted by T) = T(~, t), then partial integration yields 


x 


T(x,t) —Ty = (-£) [ete Ja (10.113) 


Since the partial integration implies holding £ constant, we can rewrite this 
integral in terms of 7 


x 


T(x,t)-T= (- F) vaa f%" erfe(n)dn (10.114) 





The integral 
f erf(n) dn 
is given in Chapter 4, so we have 
À 1 Ta 
T(x,t)- T= (- F) Viar fe - erf(n)) - re(n?) vat (10.115) 


The lower limit on the first term is troublesome, but can be shown to zero, since 
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for large arguments (Chapter 4) 





erf(x)~ 1- Trae =x?) (10.116) 
where a,, p > 0. Thus, in the limit 
f . Qx 3 
limx(1 — erf(x)) = limy > T exp(—x^) > 0 (10.117) 


Hence, the temperature distribution for constant flux at x = 0 becomes 


4at x? 


T(x,t)=T%+% ta exp - rod 2 at = en( 7 }| (10.118) 


In particular, the temperature rise at the interface x = 0 is important 


T(0,t) =T + ¢y (10.119) 


The particular solution (C erf(7) + B) derived here has many applications, and 
arises in innumerable transport and physics problems. 


LAMINAR FLOW CVD REACTOR 


Chemical vapor deposition (CVD) has become an important technique to grow 
electronically active layers for all kinds of solid-state devices. Thus, the active 
metal organic (MO) vapor is swept into a two-dimensional slit reactor by a 
carrier gas, and deposition occurs at the hot top and bottom plates as shown in 
Fig. 10.2. 

The reaction at the plate surfaces can be written 


MO>M+0O 





Figure 10.2 Schematic diagram of CVD reactor. 
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Develop an expression to compute rate of loss of MO for diffusion limited, 
laminar flow conditions. 


Under laminar flow conditions, the velocity profile can be taken to be fully 





developed 
x 2 
v,= Us = (5) (10.120) 
where 
_ ApB? _ 3 
Umax = ZuL Ta zvo 
and 


L = reactor length 
B = half-width of reactor 
u = gas viscosity 
Ap = pressure drop 
Vo = average velocity 


Denoting the metal organic as species A, the material balance, ignoring axial 
diffusion, can be shown to be 


Cae - (3) | =D,—#4 (10.121) 


where D, denotes molecular diffusion of species A. 
Suitable boundary conditions are 


ôC 
a =0 at x=0 (symmetry) (10.122) 

ðC 
ae om KC, at x= +B (10.123) 
C,=ci at z=0 (10.124) 


The second boundary condition indicates diffusive flux is exactly balanced by 
rate of decomposition at the wall. Under the stipulated conditions of 
“diffusion-limited,” the implication is that k — œ, so that for the present 
analysis 


D, ôC 
tim |- 52 54 =0=C, at x=4B (10.125) 


k>œ 


If such reactors are quite short, so that contact time is small, most of the 
depletion of A occurs very near the wall, whereas the core composition hardly 
changes. Thus, the principal impact of the velocity profile occurs near the wall. 
This suggests we introduce a coordinate system (y) emanating from the wall and 
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since, for half the symmetrical reactor, we have: 
x+y=B (10.126) 


then velocity in terms of y is 


V, = Ura (3) 2 (3)| (10.127) 


This can be approximated to a linear form near the wall since in that vicinity 
y/B < 1; hence, 


v, = Wml F) (10.128) 


Thus, replacing x with y from Eq. 10.126 into the diffusion term, we have the 
approximate expression (after Leveque 1928): 


E 4 = Da (10.129) 
subject to the diffusion-limited wall condition 
C,=0 at y=0, z>0 (10.130) 
and the entrance condition 
C=C at z=0, y>0 (10.131) 


For very thin layers near the wall, the bulk flow appears far away, so we write 
for short penetration 


C47? Coy 7 @ (10.132) 


On the other hand, if the reactors were very long (z — œ), we would expect all 
of the metal organic component to be depleted, so that 


C,20,z >% (10.133) 


The symmetry of the boundary conditions suggests a combination of variables 
approach. It is clear that similarity must exist as before, since 


2Umax¥? ~ BD yz 
so that our first guess for a combined (dimensionless) variable is 


y 


BD,z\'” 
2v 


No = (10.134) 





max 


418 Chapter 10 Solution Techniques for Models Producing PDEs 


The exact combined variable can be found as before by writing n = y/6(2), 
which leads to the convenient form 


(ee (10.135) 


( 9BD,z i 





2v 


max 


It is easy to see that only two values of 7 will satisfy the four conditions, 
Eg. 10.130-10.133; thus, taking C4 = f(y) 


f=Cy at n=% (z=0 or y=) (10.136) 
f=0 at 7 =0 (z= or y=0) (10.137) 


We have thus satisfied the conditions necessary to undertake a combined 
variable solution. Following the same procedure as in the thermal diffusion 
problem, we see 




















dC of dn 1 
Sf = LS p-a | (10.138) 
IC, of on 1 1 
Jy = dn dy = f'(n) 9BD,z 1/3 (10.139) 
| Umax 
PC, mi a 2o (10.140) 
ay? M opp) | ov 
2U max 
ve 
= f"(n) 9BD,2z 
2V max 
Inserting these into the defining equation shows 
tomal [L394] -urma oaa 
3 (2a) / 
2U max 


Collecting and combining terms, we find 
f"(n) + 3n°f'(m) = 0 (10.142) 
Integrating once by replacing p = f’ 


pia) =Aen(—1)= (10.140) 
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Integrating again gives 
f(n) =A f exp(-n°) dn +B (10.144) 


It is convenient to introduce definite limits 


f(n) = pf exp(—B°) dB + B (10.145) 


Evaluating D, B using Eqs. 10.136 and 10.137 shows 
A a C40 
B = 0, D = —— A~ (10.146) 
Í, exp( — B°) dB 


As we showed in Chapter 4, the integral can be found in terms of the tabulated 
Gamma function 


P(x) = f tte dt (10.147) 
0 
by letting B°? = t,3B7dB = dt; hence, 


[ e(-8°) dpa 3r(3) Š r(3] (10.148) 


This allows our final result to be written 


n 
(-8°) dB 
£ Z LEa = 7 (10.149) 
r(3} 


This will be valid only for short contact conditions up to 7 ~ 1. 
The mass flux at the wall is the important quantity, and this can be computed 
from 


N)(z) - 0,54] adl (10.150) 


so the local flux is 


(10.151) 
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The average flux rate can be computed from 
— 1 pL 
NMo=T f N,(z) dz (10.152) 


which yields finally, for a single plate 








(10.153) 


For two active plates, the total surface area for width W is 2(WL) so the net loss 
rate (moles /sec) of metal organic (A) is 


R = 2(WL)N, 
hence, 


2 v LD? 1/3 
a WG pays (10.154) 


It is usual to express rates in terms of average velocity, which is Vo = 2V max/ 3- 
Combining the numerical factors gives in terms of Uo, 


R= 





32/3 voL?D? | ? 


Fredes 


3 


(10.155) 


where 37/7/T(4/3) = 2.33. This type of analysis was used by Van De Ven et al. 
(1986) to predict CVD behavior. 


10.4 SEPARATION OF VARIABLES METHOD 


We have seen in the previous section that the combination of variables (similar- 
ity transform) is applicable only to initial value problems, with unbounded 
independent variables. Nonetheless, we gave an example where such an ap- 
proach could be applied under conditions of short contact time (which is the 
same as short penetration for the length variable). Thus, we pretended that a 
boundary was infinite in extent, when in fact it was physically finite. For large 
contact time (deep penetration) such an approach breaks down, and the 
solution becomes invalid. 

To cope with finite boundaries, we next introduce the separation of variables 
method. This method is thus capable of attacking boundary value problems and 
leads invariably to sets of ODE (rather than a single one). Since only linear 
equations are amenable to this method, we can obviously invoke the principle of 
superposition. This means that solutions of sets of ODE can be summed to 
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produce a complete solution. These sets of equations will be shown to be 
countably infinite, so that the problem of finding an infinite set of arbitrary 
constants of integration arises. This problem will finally be resolved, for homo- 
geneous boundary conditions, by invoking a condition called orthogonality. The 
properties of orthogonal functions will allow the arbitrary constants to be 
computed one at a time, and is the singularly most important property to finally 
close up the complete solution. Thus, we reserve a separate section to study 
orthogonality and the famous Sturm—Liouville conditions. 

We illustrate the method by a practical chemical engineering example in the 
next section. We shall proceed as far along on this problem as possible until new 
information is needed to fully resolve a complete solution. 


10.4.1 Coated Wall Reactor 


Consider a hollow, tubular reactor (Fig. 10.3), the inside walls of which are 
coated with a catalyst (or the tube itself could be constructed of a catalyst 
metal). 

A feed stock composed of species A entering with an inert fluid passes 
through the reactor. At the tube wall, the irreversible catalytic reaction takes 
place 


A — Products 


If the reactor is not too long, the velocity profile is not fully developed, so that it 
is taken to be plug shaped and the heterogeneous reaction at the wall (r = R) is 
just balanced by diffusion of A from the flowing phase 


py 24 


or |p 7 KCK, z) (10.156) 


At steady state, the balance between convection and diffusion for an annular 
element (ignoring axial diffusion) is 


Up2mrArC4|, —Vo2mrArCy),,,, t+Az(277rI,)|, —Az(271I,4)|,.44, = 0 





z z+ âz 


Figure 10.3 Schematic diagram of a coated wall 
reactor. 
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Dividing by 27ArAz, and taking limits, yields 


ôC ô 
=o as Li z(a) =0 


Inserting Fick’s law, J, = —D,48C4/ôr finally gives 


D, a {ôC ac 
A (r5) = Vyas (10.157) 


It is convenient to combine parameters to produce dimensionless, independent 
variables. This eliminates lots of clutter and reduces algebraic repetition. First, 
define dimensionless radius as € = r/R. When this is inserted into Eq. 10.157, 
the second dimensionless group becomes evident 


D,14{,0C,\ aC, 
REENE DE | T Voaz 


Now, if we combine all remaining parameters with z, the results must be 
dimensionless, so let 


(10.158) 


S|N 
Bho 


This is actually the ratio of local residence time (z/v,) divided by diffusion 
time, R?/D,, so that it is clearly dimensionless. Now the PDE is free of 
parameters 


: A z) oC (10.159) 


EENS OE J OE 
Moreover, we see the variables range as, taking C,(7,0) = Cao (the inlet 


composition) 


O<é<1, O<f<m, 0<C,< Cy (10.160) 


Our strategy is to reduce the PDE to ODEs. The method of separation of 
variables requires that two functions describe the solution g(é) and Z(¢). The 
o depends only on radial position é, and Z(¢) depends only on axial location ¢. 
There are several possibilities of combining these to construct C,(é, £). It is 
usual to start with a product of functions 


CCEE) = e(€)Z(¢) (10.161) 


This must satisfy Eq. 10.159 and any associated boundary /initial conditions, so 
insert the above into Eq. 10.159 to find 


28) 3 ae (EGE | =F (10.162) 
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We can see we have already accomplished one of our original purposes, that is, 
we now have only ordinary differential relations. We next separate variables by 
dividing throughout by Z(Z)@(€) 


(10.163) 


Henceforth, it is convenient to use primes to denote differentiation, since it is 
clear that only one independent variable belongs to each function, thus let 


Ga nee (10.164) 


Z = TE ọ = é 


Although the variables are now separated, we have not yet decoupled the 
equations so that they can be solved separately. Since one side of Eq. 10.163 
cannot vary without the other’s consent, it is clear that they must both equal the 
same (arbitrary) constant, which we denote as —A”. Hence, 


1 
(e + ze) ; 
ae = Z ae (10.165) 


We have selected a negative constant (or zero, since A = 0 is still a possibility) 
on physical grounds, since it is clear that the first order solution 


Z = Ky exp(+A°¢) 
obeys physical expectations only when —A’ is proposed as the separation 


constant; that is, species A disappears for an infinitely long reactor, so that 
C,(r, ©) > 0. We now have two separated equations 


g" + zo + Wo =0 (10.166) 
Z'+WZ=0 (10.167) 


By comparison with Bessel’s equation in Section 3.5, we see that the solution to 
Eq. 10.166 is 


p(€) = AJo AE) + BY(AE) (10.168) 
and of course, the Z solution is 
Z(¢) = Ky exp(—A’) (10.169) 


We need to place the boundary /initial conditions in terms of g and Z. Now, 
along the center line of the tube, we must have symmetry, so the homogeneous 
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condition there is 


aC, aC 
ap ee at €=0 (10.170) 


Inserting the proposed solution 


= 9(€)Z(¢) 


we have 
de ; 
Z(¢)Ge|_.=9 + 9(0) =0 (10.171) 
¿=0 
since at least Z(£) must be finite. At the tube wall, we have from Eq. 10.156 


Z 
-D, AG) E =kZ(f)o at ¿=1 (10.172) 


Cancelling Z(£) and combining the parameters to form a Hatta number = 
Ha = kR/D,, we have the homogeneous wall condition 


g'(1) + Ha g(1) =0 (10.173) 


Thus, the two boundary conditions for (é) (Eqs. 10.171 and 10.173) are seen 
to be homogeneous, which we shall presently see is of paramount importance in 
our quest to find an analytical solution. We also note that the centerline 
condition, ¢'(0) = 0, is formally equivalent to the requirement that ¢(0) is at 
least finite. This latter condition is often easier to apply in practice than the 
formal application of the zero derivative condition. 

To cover all possibilities (other than +A’, which we have excluded on physical 
grounds), we must also inspect the case when A=0. The solutions to 
Eqs. 10.166 and 10.167 for this case are obtained by direct integration of the 
exact differentials 


ale af) -0 (10.174) 
dZ =0 (10.175) 

yielding the functions 
g =A, ln +B, Z=K, (10.176) 


Combining all the solutions obtained thus far gives (where products of constants 
are given new symbols) 


C, = exp(-Xf)[Ci(Aé) + DY,(AE)] + EINE +F — (10.177) 


We learned in Section (3.5) that Y,(0) > — œ, and we know that In(0) > —, 
hence finiteness at £ = 0 requires that we immediately set D = E = 0. More- 
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over, the physical state of the system, as argued earlier, is such that we require 
C, > 0 as ¢ > », hence we must also set F = 0. We finally have the compact 
form 


CAE, E) = Cexp(—¥E)Jq(AE) (10.178) 


where, exclusive of the arbitrary constant C, Z(¢) = exp(—A*Z) and o(€) = 
J)(A€). The reader can easily verify that ¢’(0) = 0. 
We have two conditions remaining that have not been used 


Ca =C» $=0; ¢'(1) + Hag(1) =0 (10.179) 


and we have two unknown constants, C and A. Apply next the wall condition to 
see, using Eq. 3.197 


AJ (A) = Ha Jo(A) (10.180) 


There are many, countably infinite, positive values of A that satisfy this tran- 
scendental relation, a few of which are tabulated in Table 3.3. This obviously 
means there are many functions 


Onl E) = Jo(Ané) 


which satisfy the original Eq. 10.166. The sum of all solutions is the most 
general result, by superposition, so we must rewrite Eq. 10.178 to reflect this 


CES) = LC, exp(-A2,6)Jo(An€) (10.181) 
1 


n= 


where A, denotes the smallest (excluding zero, which has already been counted) 
root to the eigenvalue equation 


AI W(An) = Ha Jo(An) (10.182) 


This relation gives the countably infinite characteristic values (eigenvalues) for 
the system of equations. 

It remains only to find the infinite number of values for C,,, using the final 
condition 


C,(€,0) = Cy = y CJ o(An€) (10.183) 
n=1 


This appears to be a formidable task. To accomplish it, we shall need some new 
tools. Under certain conditions, it may be possible to compute C,„ without a 
trial-and-error basis. To do this, we shall need to study a class of ODE with 
homogeneous boundary conditions called the Sturm—Liouville equation. We 
shall return to the coated-wall reactor after we garner knowledge of the 
properties of orthogonal functions. 
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10.5 ORTHOGONAL FUNCTIONS AND STURM-LIOUVILLE CONDITIONS 


The new tool we needed in the previous coated-wall reactor problem can be 
stated very simply as 


[rel x)en(2) de =0 if men (10.184) 


Thus, two functions 
¢,(x) and n(x), where n +m 


are said to be orthogonal over the interval a, b if the integral of the product of 
the functions with respect to a weighting function r(x) over the range a,b is 
identically zero. This is a powerful result, but it only arises for a certain class of 
ODEs, called Sturm-Liouville equations. By comparing a specific equation with 
the general Sturm—Liouville form, the needed weighting function r(x) can be 
deduced. 


10.5.1 The Sturm—Liouville Equation 


Any equation that can be put into the general form 





Flow] + lao + Br(2)] (4) = 0 (10.185) 


where £ is a constant, and p, q,r are continuous functions of x, is said to be of 
Sturm—Liouville type. For example, if we compare Eq. 10.166, rewritten as 


d {| dọ 
zl) P (10.186) 


we would conclude that it is of the Sturm—Liouville type if we take 


p(é) =€ a(é) =90, r(é) =€, and B=X 


Thus, for any discrete set of values B,,, then corresponding solutions y = ¢,, will 
be obtained. Suppose for two distinct values, say B,, and B,,, we have solutions 
Pn and E,- Each of these must satisfy Eq. 10.185, so write 





zleo] + [a(x) + B,r(x)]¢, = 0 (10.187) 
[sy Ge | + [a(x) + Bp r(*)] Om = 0 (10.188) 


Our aim is to derive the orthogonality condition (Eq. 10.184) and suitable 
boundary conditions. To do this, multiply the first of the above equations by ¢,, 
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and the second by ọ„, then subtract the two equations to find g(x) eliminated 


One| Oa) | - ents |r) GE | + (Bp — Bur) On m =O 
(10.189) 


The range of independent variables is given as a physical condition, so integrate 
the above between arbitrary points a and b 


(Ba - Bn) J TO) nm de = Soil py e] dx 


dg, 





- fonti e E |a (10.190) 


It is clear that the LHS is almost the same as Eq. 10.184. We inspect ways to 
cause the RHS to become zero (when n is different from m). Each of the 
integrals on the RHS can be integrated by parts, for example, the first integral 
can be decomposed as 


b dg APin de 
„a x) fe] = fon x | - Te de & (10.191 
[end] r(x) Ge | = eao Ge | — foe) (10.191) 
The second integral in Eq. 10.190 yields 
b dEn 
[endl p ma 


When these are subtracted, the integrals cancel, so that we finally have from 
Eq. 10.190 


ma dx (10.192) 








enoo ee] - f'ola 


(Bn ~ Bn) [10nn de = plo E - en] (40.193) 


We see that RHS will vanish if any two of the three homogeneous boundary 
conditions are imposed 


(ij) x=a or b, y=0 Pn = Om = 0 
(ii) x=a or b, ® =0 GO, = 9), =0 
(iii) x=a or b, A = Ny 0, = Non, Pm = NEm 


We now see the singular importance of homogeneous boundary conditions, 
which we have reiterated time and again. For example, referring back to the 
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coated-wall reactor problem in the previous section, we had the conditions 


p,(0)=0 and (1) = —Ha¢,(1) (10.194) 
By comparison, we identify a = 0, b = 1, x = é, and N = —Ha. Thus, it is easy 
to see 
G1) @ (1) - Pn(L)G%(1) = 0 (10.195) 
since for n or m, 
g'(1) = -Ha (1) (10.196) 
then 
n(1)[—Ha n(1)] — %m(1)[—Ha ¢,(1)] = 0 (10.197) 
Also, at the lower limit 
Pr(9)Pin(9) — Pm(9)¢;,(0) = 0 (10.198) 


which must be true for the reactor problem since ¢/,(0) = 0 for n or m. 

We can now finish the reactor problem using the fact that the cylindrical 
equation was of Sturm—Liouville type with homogeneous boundary conditions. 
When this is the case, the solutions ¢,, m are said to be orthogonal functions 
with respect to the weighting function r(x). Since we identified the weighting 
function for the reactor as r(€) = ¢, we can write when n is different from m 


Í "E@n(£) Pm( €) dé = 0 (10.199) 


where 
¢n(€) = Jo(An€)> Pml E) y Jo(Amé) 


We apply this condition to the final stage of the reactor problem represented by 
Eq. 10.183 


Cao = X CJo(An€) (10.200) 
n=1 
Multiply both sides by €/J,(A,,é) and then integrate between 0 and 1 
1 bass 1 
Caf EJo(Amé) dE = ÈX cf EJCAnE)Jo( AmE) dE (10.201) 
n=1 


But all terms within the summation are identically zero (owing to the orthogo- 
nality condition, Eq. 10.199), except for the case n = m. Thus, among the 
infinite integrations, only one remains, and we can solve directly for C, by 
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requiring n = m 


Cao f EJo(Ané) dé 
C, = —>1—— (10.202) 


Í Ea Ang) dë 


We call upon Eq. 3.204 for the integral in the numerator, and Eq. 3.207 for the 
denominator, respectively 


reo, £) dé = aa) ) (10.203) 


and 
1 1 
feng) dé = 5[JG(,) + I7Q,)] (10.204) 
The eigenvalue expression, Eq. 10.182, could be used to eliminate J,(A,,), since 


JAn) = Ha— 


a ) (10.205) 


Inserting this and solving for C, finally gives 


1 2 Ha 
EC SS S 2 
Ca Cao Àn) a2, + Ha’) (10 06) 


Inserting this into Eq. 10.181 gives the analytical solution to compute C,(r, z) 


C,(7,z) = 2 Ha Jo(A,€) ee 
a rea 2 TE + Ha) nA) xp(—A4%) (10.207) 


where eigenvalues are determined from Eq. 10.205. 

Table 3.3 shows, if Ha = 10, the first three eigenvalues are 2.1795, 5.0332, 
and 7.9569. 

The flux at the wall is simply 


ô 
= N= -|p 4 4] = kC (R, z) (10.208) 
r r=R 


Far downstream, such that 


¢ = zD4/(R?vo) > 1 
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the first term in the series dominates, so that approximately 
2 Ha zD, 
No(z) = kCaoT i + Ha] exp( -4 S| (10.209) 


We can also compute the average composition downstream, and since Vo is 
constant, this is written 


aa f"C (7, z)rdr zi 
a= — Car, z)rdr (10.210) 
2r f rdr 
0 
In terms of €, this is 
— 1 
C= 2f CECE dé (10.211) 


Using the Bessel integral relationship, Eq. 3.204, we find 


Zm = J(A,,)exp(—A2.£) 
Ca = 4 Ha Cao È A, Jo(A,) [A2 + Ha?] 


n=1 


(10.212) 


But since the eigenvalue expression is J,(A,,) = Ha J)(A)/A,,, we can eliminate 
J,(A,,) again to get finally, 


_ p E 
Ca age y ERON 10.213 
Cao i 2 a2 [a2 + Ha?| i l 


The plot of the reduced concentration (Eq. 10.213) versus ¢ is shown in 
Fig. 10.4 for various values of Ha number. 





Figure 10.4 Plot of Eq. 10.213 versus ¢. 
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Far downstream, where { > 1, we can truncate the series to a single term, so 
that approximately 


Ci. 4 Ha? zD, 
wo = pT -A 10.214 
Cao M [Az + Ha?] exo - 1 Rvo a) ( ) 


Thus, the In(C,/C4,) varies linearly with position z. This suggests studying 
experimental reactors of different length (fixed vo ) or varying vo (fixed z). 
Baron et al. (1952) used this model to study oxidation of sulfur dioxide on a 
vanadium pentoxide catalyst. 


COOLING FLUIDS IN LAMINAR PIPE FLOW 


In Chapter 1, we considered the problem of heat transfer in laminar pipe flow. 
If it is permissible to ignore axial conduction, the transport equation we derived 
there was given by Eq. 1.31 with the term kd?T/dz” ~ 0 


OT! A OY BT 
zvoli - (Fe). eau S) (10.215) 


where a = k/pC,, defines thermal diffusivity. The constant entrance tempera- 
ture is denoted To and the constant wall temperature is T„. Apply the method 
of separation of variables to find T(r, z). 

To solve this linear problem, it is convenient, as before, to introduce dimen- 
sionless independent variables; thus, 


r Za 





¿= R? [= Ro Umax = 2Uq (10.216) 
so that the uncluttered equation becomes 
(i= e = zalez 4 (10.217) 
E IEN OÈ 
The boundary/initial conditions are 
T=T, at é=1 (10.218) 
oT 
JE =0 at é=0 (10.219) 
T=T at ¢=0 (10.220) 


It is clear by inspection that conditions must be homogeneous in the £ domain, 
if we are to effect an analytical solution. To insure this condition at the outset, 
we follow the advice of Chapter 1 and define 


6=T-T, (10.221) 
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The new conditions on @ are now 


00 


0=0, €=1 3 


=0, €=0; 0=T;-T,, £=0 (10.222) 


the first two of which are clearly homogeneous. Next replace T with 0 in 
Eq. 10.217, and propose 


olé č) = (€)Z(¢) (10.223) 


Inserting this into Eq. 10.217, and rearranging to separate variables, gives 


Da ae) 
LAL Ieee ee: (10.224) 


The negative separation constant is implied to insure that (T-T, )= 0 
diminishes as £ —> œ. The two ODEs resulting are 


d | dọ 
gl) + WE(1 -Ee =0 (10.225) 
A +¥Z=0 (10.226) 


It is clear that Eq. 10.225 is a Sturm-Liouville equation with 


p(é) =é, a(é)=0, r(é) =&(1-€*) and B= 


It is also clear that the homogeneous boundary conditions in Eq. 10.222 require 
that 


g’(0) = 0, y(1) = 0 (10.227) 
which are also of the Sturm-—Liouville type. These statements insure that the 
solutions g, and ,, are in fact orthogonal with respect to r(é) = (1 — €7). 
The polynomials generated by the solution to Eq. 10.225 are called Graetz 


polynomials. The only Graetz function, which is finite at the centerline, can be 
found by applying the method of Frobenius to get (Problem 3.4) 


elé) = Gz(é,A) (10.228) 
Ss A? X? 
Gega) =1- (Fe (ill Zhe piace (10.229) 
Combining the solutions for Z(¢) and ọ gives for A # 0 


0 = AGz(é, A)exp(—A’Z) (10.230) 
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As in the previous reactor problem, the solution when A = 0 is simply: Blné + 
C. But since Iné is not finite at the centerline, set B = 0. The remaining 
solutions are summed as before 


6 = AGz(é, A)exp(—A7Z) + C (10.231) 


It is clear for an infinitely long heat exchanger, that T > T, as z —> œ, hence 
6 > 0 as ¢ > œ, so that we set C = 0. We now have the compact result 


@ = AGz(€, A)exp(—2L) (10.232) 


If we apply the wall condition, @ = 0 at é = 1, then we obtain, since exp (—A°Z) 
is at least finite 


Gz(1,A) = 0, é=1 (10.233) 
There exists countably infinite roots to satisfy Eq. 10.229 when é = 1 


o=1-(4)+(H)r+4)+-- (10.234) 


the smallest positive root takes a value of 2.704, and the next largest is 6.66 
(Jacob 1949). 
Since there are many solutions, the general result by superposition is 


OCEL) = E A,Gz,(€)exp(-*2£) (10.235) 
n=1 


Henceforth, we shall denote Gz,(é) as the eigenfunction Gz,(é,A,,). The 
condition at the inlet can now be applied 


(To- T,) = x A,,Gz,(€) (10.236) 
n=1 


Multiplying both sides by the weighting function r(é) = ¿(1 — £?) and by 
Gz,,(é), where n + m, then integrating between 0 to 1, gives 


m- T)f "Gzp(£)&(1 — £?) dé 

r j (10.237) 

= DA, Í, Gz,(E)GZn(E)E(1 — £?) dé 
n=ł1 


434 


Chapter 10 Solution Techniques for Models Producing PDEs 


Invoking the orthogonality conditions eliminates all terms save one (when 
n = m) within the summation, so that we can solve for A, 


(To — T,) f "Gz, €)&(1 — £?) dé 
Ae E (10.238) 
f CODEN - 6?) dé 


The Graetz eigenfunctions and eigenvalues are not widely tabulated. However, 
Brown (1960) has computed a large number of eigenvalues suitable for most 
problems. The final result can be written in dimensionless form as 


T-T, è 
Ty T, T È AnGenl Eex(— Ant) (10.239) 





w 


where A’), = A,/(T, — T,) and the eigenvalues are found from Gz(1, A,,) = 0. 
The above series converges very slowly (as does the polynomial represented by 
Eq. 10.229), hence a large number of terms must be retained, especially for the 
entrance region. In this regard, Schechter (1967) has worked out an approxi- 
mate solution based on variational calculus, which needs only two terms to find 
an accurate prediction of mean fluid temperature. The average (mixing-cup) 
temperature for the present case can be found by integration using Eq. 10.239 


fT. - &E dE 
TE) = ~—_____——_- (10.240) 


Í (1 -E)E dé 


10.6 INHOMOGENEOUS EQUATIONS 


We have used elementary change of variables as a method to convert certain 
inhomogeneous boundary conditions to homogeneous form. This was a clear 
imperative in order to use, in the final steps, the properties of orthogonality. 
Without this property, series coefficients cannot be computed individually. 

In certain cases, the boundary inhomogeneity cannot be removed by elemen- 
tary substitution (e.g., constant boundary flux). In other cases, the defining 
equation itself is not homogeneous. Both sets of circumstances lead to inhome- 
geneous equations. 

A fairly general way of coping with inhomogeneous PDE is to apply methods 
already introduced in Chapter 9, specifically, the concept of deviation variables 
(similar, but not to be confused with perturbation variables). This technique is 
best illustrated by way of examples. 
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TRANSIENT COOLING OF NUCLEAR FUEL PELLETS 
Spherical pellets of uranium undergo self-generated heating at a rate per unit 


volume Q, while being cooled at the boundary through a heat transfer coeffi- 
cient h, so for a single pellet on start-up (æ = k/pC,) 


0 ô 
Teas] + Q (10.241) 
subject to boundary and initial condition 


aT 
r=R; -k3 =h(T- J) (10.2422) 
t=0; T(0,r) =T, (10.2425) 


where T, is the flowing coolant fluid temperature (constant). Find the relation- 
ship to predict the transient response of the pellet, T(r, t). 

It is clear that the heat balance produces an inhomogeneous equation, owing 
to the (assumed) constant heat source term Q. This means of course that a 
separation of variables approach will not lead to a Sturm—Liouville equation. 
However, the following expedient will produce a result that is homogeneous; let 
temperature be decomposed into two parts: a steady state (the future steady 
state) and a deviation from steady state 


T(r,t) = T(r) + (r,t) (10.243) 


Of course, the steady state must be represented by 


1 df „dT Q _ 
ehg | + pC, =0 (10.244) 


which can be integrated directly to yield 


ae F) =- Q 2 dr 


dr k 
hence, 
dT Qr 
Dr er 
dr ee a | 
aT _ Or LG 
dr k3 r 
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But symmetry must be maintained at the centerline, hence take C, = 0, and 
integrate again 


Qr? 


T(r) = - KT +C, 
Now, cooling at the boundary requires Eq. 10.242a to be obeyed at all times, so 
that 

R Q R? 
Q3 -i -25 + C, = T) 
hence, solve for C, to get 
_ QR _ QR? 
Cs = ay, + 6k + T; 


Hence, the steady-state temperature profile (as t —> ©) is 


F R R? r\? 

T(r) = 1; + B+ Mh - (Fy (10.245) 
Thus, when the decomposed form of temperature is substituted into the 
defining equation and boundary conditions, we get 


oy 1 ð oy 
= ans (73 (10.246a) 
Sipe “Pe 
r=0; F= (10.2465) 
r=R;  -k2 = hy (10.246c) 
r 
t=0; y(r,0) = T) - T(r) (10.246) 


where the steady part removes Q according to Eq. 10.244. 
It is clear in the limit as t — ©, that y must vanish. In terms of dimensionless 
independent variables, we use 


ay Z aale) (10.247a) 
¿= 0; s -0 (10.247b) 
¿=1; -3 Bi y (10.247c) 
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where 


The equation for y and boundary conditions are fully homogeneous. Apply 
separation of variables in the usual way by proposing 


y(€,7) = o(€)6(r) (10.248) 


we obtain 


gle ae do 


é dé dt 2 
m ATA (10.249) 
So, the required solutions are obtained from 
1 d | dẹ PRA 
agl 4 + Xp = (10.250) 
do 29 = 
T + à0=0 (10.251) 


The equation for @ is of the Sturm—Liouville type if we stipulate p(é) = 
é?, q(é) = 0, and the weighting function must be r(¢) = €?. The equation for o 
is easier to solve by defining » = u(é)/é; hence, obtain 


d*u 


dE +Wu =0 (10.252) 
which has solution 
u( ë) = Ag sin(Aé) + By cos( Ag) (10.253) 
so that 
sin(A cos(A 
v(é) = Aen + peo (10.254) 
The solution for 8 is 
6 = K exp( —à°7) (10.255) 


When A = 0, the solution can be seen to be simply C/é + D, so that the 
combined solution is 


si Ae) N pana (Aas F +D (10.256) 
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Finiteness at the centerline requires B = C = 0, and since y > 0 as 7 > &, 


then D = 0, so the compact form results 


exp( —)’7) (10.257) 


y(é,7) = AOS) 


which vanishes as 7 > ©. If we apply the boundary condition at £ = 1, there 
results 

sin(A) — Acos(A) = Bisin(A) (10.258) 
There are countably infinite values of A, which satisfy this; hence, we use A,, to 
count these (noting A = 0 has already been counted), and write the eigenvalue 
expression 

A, cot(A,,) — 1 = —Bi (10.259) 
For large Bi (high velocity coolant), this reduces to 
sin(A,,) = 0 

hence, when Bi > œ, A, = n(n = 1,2,3,...). Even for finite Bi, the spacing 
for successive eigenvalues is very close to m. 


The general solution now must be written as a superposition of all possible 
solutions 


y(é,7) = 3 4, a!) exp( —Aj7) (10.260) 
n=1 


It remains only to find A,, using the orthogonality condition together with the 
initial condition (Eq. 10.246d) 


QR e -È A, T08 £) (10.261) 


(To = %) - OR 35 + GE) + 


If we multiply throughout by the eigenfunction sin(A,,é)/é and the weighting 
function r(é) = é?, then integrate over the range of orthogonality, all terms 
disappear on the RHS except for the case when A, = Àm 


A, J sin? (A£) dé = [ie sin(A,.é) 


R R R? 
xin- 1) - Sq + ze) + Orel ag 
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Performing the integrals, we obtain 


A 1 1 sin(A,,)cos(A,,) 
a 


R1 R (2 - poset) 


-|-™- SG + z 


QR? 
+ eR 





(342, — 6)sin(A,,) — (A$, — 6A,,)cos(A,,) | 
A4 


n 


Collecting terms, using the eigenvalue expression to simplify, we finally obtain 





E | 
œ 2 ; 
y(é,7) ; Àn cos A, sin(A,é) s 
po =2B F S r e —À 10.262 
Ty — T; id [Bi — 1+ cos?A,| An £ APSA ) 
where 
QR? . hR 
J a a 
k k(To-T;) k 


The parameter Bi is the ratio of film to conduction transfer, and N, is the ratio 
of the generation to conduction transfer. 
The response at the center is illustrated in Fig. 10.5. 





Figure 10.5 Temperature deviation at pellet center. 
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CONDUCTION IN FINITE SLABS 





Consider a homogeneous slab, initially at a temperature Tọ, when suddenly the 
face at position x = 0 is raised to T, (> Ty), while the face at x = L is held at 


T= Ty 
T(0,t) =T, (10.2634) 
T(L,t) = To (10.263b) 
T(x,0) = To (10.263c) 


The transient conduction equation in rectangular coordinates is 


ôT 8T 
Or = ETE (10.264) 


Find the temperature response T(x, t). 


At the outset, it is clear that the boundary conditions are inhomogeneous, for 
if we defined 


0 = T i To 
then it is true that the boundary condition at x = L would become homoge- 
neous, but the one at x = 0 is still inhomogeneous. 
Again, we propose a structure made up of steady plus unsteady parts, 
T(x,t) = T(x) +y(x,t) (10.265) 


The (future) steady-state part obviously satisfies 


dT = = 
t5 =0 TO)=T; T(L)=T% (10.266) 


hence, 


T(x) = (T ~7,)(Z) +7, (10.267) 


Inserting Eq. 10.265 into Eq. 10.264 gives 


ð 8?y 
z = ET (10.268) 
since 
se 
SOT is 
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More importantly, the boundary conditions (10.263) show 
y(0,t) =y(L,t) =0 (10.269) 


which are clearly homogeneous. The price we pay for this simplification occurs 
in the initial condition for y 


t=0;  y(x,0) = T(x,0) - T(x) = To - T,- (To - T)(Ẹ) (10.270) 


It is now convenient to use dimensionless independent variables, so let 
yielding 


subject to 
y(0,7) =y(1,7) =0 
y(&,0) = (T) — T,)Q — £) 


Separation of variables proceeds as before by letting 





y = 9(€)@(7) 
giving 
de. do 
dé i dr = —})2 
C 0 
hence, 
d'o 2 
dë? +g =0 (10.271a) 
a +\0=0 (10.2715) 


The solutions of the ODEs are by now familiar 


(£) =Asin(A £) + Bcos(Aé) (10.2724) 
9 = K exp( —A?r) (10.2725) 


The solution for the case when A = 0 is easily seen to be Cë + D, so that the 
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superposition of the two cases yields 
y = [Asin(Aé) + Boos(Ag)]exp(—A’r) + CE + D (10.273) 


Now, since y(0,7) = 0, then D = 0 and B = 0. Moreover, since y(1,7) = 0, we 
must also have 


0 = Asin(A)exp(—A’7) + C 
The only nontrivial way this can be satisfied is to set 
C = 0; sin(A) = 0 


But there exists countably infinite A to satisfy sin(A) = 0, hence, write the 
eigenvalue result 


A, =n (n = 1,2,3,...) (10.274) 
This suggests a superposition of all solutions as 
y= VA, sin(nié)exp( —n? 177) (10.275) 
n=1 
Inspection of Eq. 10.271 shows this to be of the Sturm-—Liouville type if 


p(x) = 1, gq =0, and r(x) = 1. Moreover, if we inspect the original form, 
y = 9(€)6(r), then clearly 


y(0,7) =0=9(0)0(r) ~. o(0) = 0 


and 
y(1,7) =0= @(1)0(r) --. e(1) = 0 
This means that all solutions »,(é) are such that 
¢,(0) =¢,(1) =0 for n= 1,2,3,... (10.276) 


So since the boundary values for all eigenfunctions are homogeneous and of the 
Sturm—Liouville type, we can write the orthogonality condition immediately 


frelx)en(x)de=0 for n#m (10.277) 
0 


We will use this in the final stage to find the coefficients A,. The last remaining 
unused condition is the initial value 


y(€,0) =(Ty- T,)(1-£) = LA, sin(nwé) (10.278) 
1 


n= 
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Multiplying both sides by 
Pml E) dé = sin(mé) dé 


integrating and invoking the orthogonality condition, Eq. 10.278 yields for the 
casen =m 


(To — T,) f (1 - €)sin(naré) dé = A, f'sin*(nré) dë (10.279) 
0 0 


hence, 


— 20-7.) _ 2(To = Ts) 


A, X — (10.280) 
and the final expression for y(é, 7) is 
y(é,7) <> sin(n7é) 22 
+’ =2 —— exp( -n r'r 10.281 
moa a ae (10.281) 


n= 


10.7 APPLICATIONS OF LAPLACE TRANSFORMS FOR 
SOLUTIONS OF PDEs 


The Laplace transform is not limited to ordinary derivatives, but it can also be 
applied to functions of two independent variables f(x, t). Usually the transform 
is taken with respect to the time variable, but it can also be applied to spatial 
variables x, as long as 0 < x < œ. The appropriate variable is usually selected 
based on the suitability of initial conditions, since only initial value problems 
can be treated by Laplace transforms. Henceforth, we shall imply transforms 
with respect to time, unless otherwise stated. 

The first derivative is treated just as before, except the initial condition must 
now in general depend on the second independent variable; thus, 


a|n] = Le dt = [ f(x, te] + sf ie~ dt (10.282) 


The second term on the RHS defines the Laplace transform, and the upper 
bound in the first term can be made to be dominated by appropriate selection of 
s; hence, 


z| = sF(x,s) — f(x,0) (10.283) 


where it is emphasized that F depends on x. 
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Multiplying both sides by 
Pml E) dé = sin(mé) dé 


integrating and invoking the orthogonality condition, Eq. 10.278 yields for the 
casen =m 


(To — T,) f (1 - €)sin(naré) dé = A, f'sin*(nré) dë (10.279) 
0 0 


hence, 


— 20-7.) _ 2(To = Ts) 


A, X — (10.280) 
and the final expression for y(é, 7) is 
y(é,7) <> sin(n7é) 22 
+’ =2 —— exp( -n r'r 10.281 
moa a ae (10.281) 


n= 


10.7 APPLICATIONS OF LAPLACE TRANSFORMS FOR 
SOLUTIONS OF PDEs 


The Laplace transform is not limited to ordinary derivatives, but it can also be 
applied to functions of two independent variables f(x, t). Usually the transform 
is taken with respect to the time variable, but it can also be applied to spatial 
variables x, as long as 0 < x < œ. The appropriate variable is usually selected 
based on the suitability of initial conditions, since only initial value problems 
can be treated by Laplace transforms. Henceforth, we shall imply transforms 
with respect to time, unless otherwise stated. 

The first derivative is treated just as before, except the initial condition must 
now in general depend on the second independent variable; thus, 


a|n] = Le dt = [ f(x, te] + sf ie~ dt (10.282) 


The second term on the RHS defines the Laplace transform, and the upper 
bound in the first term can be made to be dominated by appropriate selection of 
s; hence, 


z| = sF(x,s) — f(x,0) (10.283) 


where it is emphasized that F depends on x. 
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Similarly, the second time derivative can be obtained as 


3 S 2 
a|? frn) = [eS dt = F(x, 8) - (2,0) - Le 


at? t=0 
(10.284) 
Transforms of spatial derivatives are also easily obtained as 
OE Sf gael 
z| st) = Í, et dt (10.285) 


The partial implies holding time constant, and, moreover, since time is com- 
pletely integrated out of the equation, thus we can take the ordinary derivative 
with respect to x and write 


2 -sr d p” =st d 
fe of at = ale f(x,t)dt=-F(x,s) (10.286) 


So we finally arrive at 








0 d 
Z af = arts) (10.287) 
where s is now a parameter. Similarly, 
g| EL| CFOs) (10.288) 
ax? dx? " 


and for mixed partials 


arf d (° _,, Of d 
2| 25 Ere ps 57 at = [SE s) -f(x,0)] (10.289) 
We now have all the necessary tools to apply the Laplace transform method to 
linear partial differential equations, of the initial value type. The power of the 
Laplace transform in PDE applications is the ease with which it can cope with 
simultaneous equations. Few analytical methods have this facility. 





We saw in Chapter 1 that packed bed adsorbers can be described by the 
simultaneous, coupled PDEs 


ôC ac ac* 


Voge teg + (1-2) KG =0 (10.290) 


* 
(1-2) KS = k,a(C - C*) (10.291) 
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where C(z, t) is the flowing solute composition and C* is the value that would 
be in equilibrium with the solid phase, such that q = KC*, where K is the 
linear partition coefficient. In such packed beds, £ denotes voidage, V, depicts 
superficial fluid velocity, and ka is the volumetric mass transfer coefficient. If 
the initial conditions are such that 


C(z,0)=0 and C*(z,0)=0 (10.292) 
and at the bed entrance 
C(0,t) = Co (constant inlet composition) (10.293) 


find the transient behavior of the exit composition C using Laplace transforms. 
It is possible to apply the Laplace transform directly, but this leads to some 
intractable problems later. The equations are easier to treat if their form is 
changed at the outset. The thrust of the following variable transformation is to 
eliminate one of the derivatives, as we shall see. 
We shall first need to express velocity as an interstitial value, which is the 
actual linear velocity moving through the interstices of the bed 


V= (10.294) 


so we rewrite the overall bed balance using V 


aC aC , (1-—e)Kôc* _ 
Vao ta r ma! (10.295) 


Next, since a time response cannot occur until the local residence time is 
exceeded, define the relative time scale as 


@=t-z/V (10.296) 


which is the difference between real time and local fluid residence time. We 
effect the change of variables 


C(z,t) =C(z,@) 


(10.297) 
C*(z,t) = C*(z, 8) 


Considering the transformation of C(z,t) to C(z, 6), we first write the total 
differential 


dC(z,t) = dC(z,6@) 
Next, expand this by the chain rule 


aC 


az 


ðC ôC ðC 
dz +E ae -E| az +3 | a0 





ô 


t 


446 Chapter 10 Solution Techniques for Models Producing PDEs 


In order to form an identity, we shall equate multipliers of dz on left- and 
right-hand sides, and the same for dt; to do this, we need to find d0, which is 
from Eq. 10.296 


do = di - G 


Now, equating coefficients of dz and dt shows 

















C| _9C| _ 12C 
Oz t Ta ôz 0 V 0g z 
ac} _ ac 
ôt |, 00 |z 
Similarly, we can easily see 
ac*| — ac* 
ôt |, 06 |z 








Inserting these into Eqs. 10.295 and 10.291 gives 


ôC 
Vaz 








= -(*2\(c-cr) (10.298) 


E€ 
* 
a- e) Ke =k.a(C — C*) (10.299) 


To make this system of coupled equations even more compact, combine the 
remaining constant parameters with the independent variables thusly: 


k.a 
f= (=| . F +++ dimensionless distance 


is (10.300) 
T= (ii) -0 ---+ dimensionless relative time 
When this is done, we have the very clean form of equations 
z s00 (10.301) 
a =(C-C*) (10.302) 


The relative time scale is such that at any position z, the time required for a 
slug of fluid to reach this point is exactly t = z/V, which corresponds to 6 = 0 
or in dimensionless terms, 7 = 0. Thus, at this point in time, the portion of the 
bed in front of the slug is completely clean and is identical with the initial 
condition, so 


C(¢,0) = 0 (10.303) 
C*(¢,0) =0 (10.304) 
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Moreover, for all r > 0 at the entrance where ¢ = 0, the concentration is fixed 
C(0,r) = Cy (10.305) 

Thus, even with a transformation of variables, the initial and boundary condi- 


tions are unchanged. 
Taking Laplace transforms with respect to 7, we obtain 


ae = ~(C(é,s) — C*(Z,5)) 


sC*(,5) = (C(é,5) — C*(¢,5)) 


Solving the second equation for C* yields 





The integral of this is simply 





CCE, s) = A(s)exp(- $72) = A exp( ~£)exp/ L ) (10.306) 


where A(s) is the arbitrary constant of integration. The transform of the step 
change at the bed entrance is 


ZC(0,7) = ZC, = Co/s 


so the arbitrary constant becomes A = C,/s and we are left to invert the 
function 





C(g,s) = Cos exp ~£)exp( 5 $ I ) (10.307) 


The shifting theorem could be used to good effect except for the term 1/s. The 
transforms in Appendix D shows that #~'(1/s)e~*/* equals J (2vkt ), which is 
directly applicable to the present problem if we can replace s with (s + 1) in 
the multiplier. To do this, we inspect the process of integration with respect to £ 


[woot] (i-o £5] aos 








This shows that the exponential can be expressed in integral form, which also 
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allows direct inversion of the transform; hence, 





i „exp(-B)exp( 5 B z) 


CCRC | a 8 


Using the shifting theorem and noting that 
Jy(2V— kt.) = Jo(2ivkt ) = I,(2vkt ) 


according to Equations 3.158 and 3.159, we obtain finally, 
g 
C(7,£) = h: - f exp( —B)exp( —7) lo(2VBr ) dp Cou(r) (10.309) 


where u(r) is inserted to remind that a response occurs only when 7 > 0, and 
u(0) = 0. 

Since the impulse response is simply the time derivative of the step response, 
we can also obtain 


C(7,2),= Coy É exp —{-7)1,(2yf7) (10.310) 


where Cy now denotes the weighting factor for the impulse input, that is, 
C(0, 7) = C,6(r). In arriving at Eq. 10.310, we have used the J function, 
tabulated in Perry (1973), defined here as 


4 
(fr) =1- [eB — 7) 1)(2VBr ) dB 
which has the useful property 


J(f,7) + J(7, 2) = 14+ exp(-7 - £)I)(2v7¢) 


The step and impulse responses are illustrated in Fig. 10.6. 

As a lead into treating the case of multivalued singularities, we shall recon- 
sider the thermal diffusion problem discussed in Section 10.3, where a combina- 
tion of variables approach was used. Again, we consider a semiinfinite slab, 
initially at a temperature 7, throughout, when suddenly the face at x = 0 is 
raised to T,, where T, > Tọ. The partial differential equation describing the 
dynamics of heat diffusion was derived to be 


er _ at 
X y2 E ôt 


We can apply Laplace transforms directly, but this of course will carry with it 
the initial condition on T. We can cause this initial condition to be zero by 
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C(L,t) 







Step response 


Impulse response 


t 


Figure 10.6 Response curves at exit of packed bed 
adsorber, L = 100 cm, £ = 0.4, K = 2, k.a = 0.1 sec™', 
V) = 4 cm/sec. 


defining the new variable 0 = T — T,, so we now have 


370 06 
oon = (10.311) 
Taking Laplace transforms yields 
d70(x, 
a = s0(x, 5) (10.312) 


This is a second order ODE with characteristic roots + y¥s/a, so the general 


solution is: 
O(x,s) = A(s)exp(- y/= x) + B(s)exp( y/= x) (10.313) 


For any real or complex value of s it is clear the second solution is inadmissible 
since it is required that 6 —> 0 as x ~ œ, hence, we take B(s) = 0. To find 
A(s), we use the condition at x = 0, the transform of which is 

£6(0,t) =(T, ~ Ty) = (T, - T)/s (10.314) 


so that A(s) = (T, — T,)/s and we now have 


6(x,5) = C= 10) oxp(— yx} (10.315) 


The table in Appendix D shows that the inverse Laplace transform 
LY (1/s)exp(—kvs ) = erfe(k /2Vt), which we can use to complete the above 
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solution. We note that the equivalence k = x/ Va ; hence, 





6(x,t) =T(x,t) — q = (T, - To erfe| 5) (10.316) 


which is identical to the result obtained in Section 10.3. 
EXAMPLE 107 


The Nusselt problem is similar to the Graetz problem studied in Example 10.3, 
except the velocity profile is plug shaped. Starting with the transport equation 


TERA 
dz r ér\ Or 
subject to 
T=T, at r=R 
T= T at x=0 


ôT 
ao at r=0 


apply Laplace transforms with respect to distance z to find the relation to 
predict T(z, r). 

This model is suitable for the case of heating liquids in laminar flow, since the 
wall layer sustains lower viscosity than central core fluid, hence the overall 
velocity profile becomes more plug shaped. 

The first stage in the solution is to rectify the defining equation as 


Z a : s ; 
T= > RZ’ dimensionless local residence time 
0 
r j ; ; : 
é= R> dimensionless radial coordinate 
S T-T dimensionless temperature, 
Te — To which assures zero initial condition 


Introducing the new variables reposes the problem without excess baggage 
00 1 ô 00 
ae = gale) 

subject to 

0(0,£)=0 
6(7,1) =6, =1 


06 
z =O €é=0 
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We now take Laplace transforms with respect to 7, which is timelike 


o(s, £) aji e-0(7,€) dr 
to obtain 


ld d0(s, 
s0(s,é) = a Gea 


Performing the differentiation and rearranging yields Bessel’s equation 


d?0(s,é) 
dë 


E22 ees! 4 ere 8) _ eras, 2) =0 


We can express solutions in terms of I(Vs £) or Jo(ivs €); we select the latter 
because of its known transcendental properties (i.e., see Table 3.2, which gives 
eigenvalues for J,(A,,) = 0). 

The general solution can now be written as 


O(s, E) = A(s)Jo(ivs £) + B(s)¥o(ivs £) 
However, at the centerline, the symmetry condition requires 6(7, €) (and as 


corollary, 6(s, €)) to be at least finite, hence, the function Y,(iys£ ) is inadmissi- 
ble, so set B(s) = 0. This gives the uncluttered result 


o(s, E£) = A(s)Jo(ivs £) 


The arbitrary constant A(s) is found by transforming the condition at £ = 1, so 
that 


£6(s,1) =Z(1) = 1/s 


so that A(s) becomes 





1 1 
AC) = 3 Favs) 
hence, we finally obtain 
ee ve Jo(ivs E) 


At first glance, this appears quite troublesome, since it appears to contain 
simple poles (e.g., at s = 0) and also multivalued complex functions within the 
arguments of transcendental functions (i.e., Jọ(ivs )). To show that the branch 
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point disappears, expand the Bessel functions in series according to Eq. 3.150 
2 4 
(sws) (36) 
J o(ivs ) abs zo +t 2 
(1!) (2!) 


which is an even series, thereby eliminating vs as a factor, and it also elimi- 
nates i 


1 1 254 
LJo(ivsé) _1 1+ Gsé+ Gas Pidy 


È Jo(ivs ) : 1+ ast ast... 


From this, it is clear that branch points do not exist, and the denominator 
contains only simple poles, which are the countably infinite roots of the 
polynomial 


1 1 2 £ 
slit gst gsto] =0 


The bracketed term obviously contains no poles at s, = 0, since at s, = 0 it 
became unity. It is easy to find the poles (s,,) by defining 


ifs, =A, 


hence, the countably infinite poles are obtained from 
Jà) = 0 
which from Table 3.2 gives, for example, the first two 
sı = — (2.4048) = -22 
s, = — (5.5201) = -A3 


There also exists a simple pole at s = 0, arising from the term 1/s. The 
inversion of 6(s, €) can now be written formally as 


ni 
a7r,é)= © Reso l] 


æ 


5,20 sJo(iys,, | 
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We calculate the residue at s = 0 using Eq. 9.78 


e*Jq(ivs £) 


Res[e*’F(s);_ s= 0] = n) 
0 s=0 


=1 


The remaining residues can be obtained using the method illustrated by 
Eq. 9.82 





Res[e F(s); s, = —1}] = ey 
as L) |, 
Now, the derivative is 
T d | si,(ivs)| =Ja(ivs) + sl as 


where we have defined u = ivs. The derivative dJ,(u)/du can be obtained 
from Eq. 3.197 


dlo 
a = HC 





hence we have 
d f : i ; 
So, remembering iys, = Àp the residues are 


> enh Jol rn €) 


Res[e°F(s); s, = -A] = = 
re y I An) 





Summing up all residues, yields finally 


6(7,€) =1-2 2 ei aE exp( —A;,7) 


where J,(A,,) = 0; n = 1,2,3... . The corresponding values of J,(A,,) can be 
interpolated using Table 3.1, or calculated directly using the expansion given in 
Eq. 3.149 where T(n + 2) = (n +1) 

The average for 0 can be obtained from 


(7) = 2f (7, é)EdE=1-4 3 exp( —A3r) /A2, 


n=) 
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Figure 10.7 Dimensionless temperature pro- 
files for plug flow heat exchanger. 


since the integral 


1 
[Jol AnB)E dE = TENANE =A) As 


is obtained from the general formula in Eq. 3.204. For conditions where 7 > 1, 
the series can be truncated since only the first exponential time function is 
significant, hence, approximately 


(7) = 1 — 4exp(—Ajr) /Aj 


It is also clear in the limit as + > 0, the summation of terms in Eq. 9.233 must 
be such that 


a JÀ, Tan) 
22a wre ia 


n=! 


The behavior of 6(7, £) is illustrated in Fig. 10.7. 
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10.9 PROBLEMS 


10.1, A very thin thermistor probe is placed into the center of a spherically 


shaped, unknown metal for the purposes of deducing thermal diffusivity. 
By weighing the metal ball, and measuring its diameter (2 R), the density 
was calculated (p). The ball is held in an oven overnight and reaches an 
initially uniform temperature T,. It is then placed in the middle of a 
stream of very fast flowing, cool liquid of temperature T,. The ball 
begins to cool and the thermistor records the centerline temperature. 
(a) Show that an elemental heat balance on the sphere yields 


ane eal 29T 
It TA ar\" Or 


where solid thermal diffusivity (a = k/pC,,) can be treated as con- 
stant for small temperature excursions. 
(b) Introduce dimensionless independent variables by letting 


and apply the method of separation of variables of the form 


T(E,7) = p(€)0(7) 


and give arguments that one must obtain 


1 df d 
palea) + Pe =0 
E 
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(c) Equation for g can be expressed as 


poe +268 de + P&~ =0 


> 


which has a structure that is matched by the Generalized Bessel 
equation. In particular, if we take 


a=2; b=0; c=0; d=; s=1 


then show that 
els. We. 
PZR? S 


e(é) = Fp (Aol) 4 Beh isthe) 


=X (real) 


Show that this can be written in simpler form as 


oe) = 4, Sms) +B, oe! 


(d) Next, show that the solution for the case when A = 0 yields 


T= £ +D 
and the complete solution must be 
T(&,7) = exp( —A°?7) a TOE + pee] - uD 


(e) What values should B and C take to insure admissibility? Give 
arguments to support your assertions. 

(f) What value must the constant D take to insure physical sense? 

(g) Apply the boundary condition at r= R or é= 1 and thereby 
deduce system eigenvalues. 

(h) What is the specific function representing (£)? What are the 
boundary values for the function o(£)? Are these homogeneous? Is 
the ODE describing (é), along with its boundary conditions, of the 
Sturm—Liouville type? If so, what is the proper weighting function? 

(i) Apply the initial condition and any other appropriate conditions to 
complete the analytical solution. 

(j) Suppose the sphere’s radius was R = 1 cm, and the initial tempera- 
ture was measured to be 30°C. The flowing coolant temperature was 
constant at a temperature of 20°C. After 6.05 sec, the centerline 
temperature measured 20.86° C. What is the thermal diffusivity of 
the solid? Centerline temperature behavior is illustrated in Fig. 10.8 
as a function of at/R?’. 

Ans: a = 1/19 cm?/sec 
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Figure 10.8 Centerline temperature behavior as a func- 
tion of at /R?. 


10.2,. We have seen in Example 10.2 (CVD Reactor) that conditions of short 
contact time (or short penetration) can lead to considerable simplifica- 
tions, to produce practical results. Consider the case of heat transfer for 
laminar tube flow, under conditions of short contact time. Ignoring axial 
conduction, the steady-state heat balance was shown for parabolic 
velocity profile 


Dj & 
NI 


13T 
~ OF OF rar] 


204 : (z) | 


where thermal diffusivity is a = k /pC,. For short penetration from a 
wall of temperature 7), we introduce the wall coordinate y = R — r, so 
that the conduction term close to the wall is approximately 


oe) set 


and the velocity close to the wall is 


ox 
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(a) By analogy with the CVD-reactor problem (Example 10.2), use the 
combined variable 





eee: aes 
9Raz]'? 
4u5 
(T -= T,) = f(n) 
and show that, for a fluid entering at Tọ 
f= Iy 1 n 
TT = Tr f, ex(-8°) dB 
"= a(z)" 


(b) By defining the flux at the wall as 


| 


we can define a local heat transfer coefficient based on the inlet 
temperature difference, so let 


do = ho(z)(To — Tp) 
hence, show that 


$) 1/3 


= 1/3 
hz) = a UgpC, e] 


(c) Define the average heat transfer coefficient using 


—_1 L 
h=: f, ho(z) dz 


and thus show the dimensionless result 
8 1/3 
De 13(5} 
Nu = 1.62|Re Pre | ; 1.62 = —— 


where 
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This result, after Leveque (1928), compares reasonably well with 
experiments. The multiplicative constant has been adjusted based on 
experimental data to give a value 1.86. 
10.3,. The Loschmidt diffusion cell is used to experimentally determine binary 
gas diffusivity. For ideal gases, the transport equation, for the hollow 
cylindrical cells, is Fick’s second law of diffusion 


Ox, = UEP 
ôt AB az? 


where x, denotes mole fraction A, z is distance and ¢ is time. Thus, 
two equivolume cylindrical cells, each of length L are joined by a thin, 
removable membrane. One cell is loaded with pure component A, the 
second is loaded with pure B. The thin membrane is suddenly removed, 
and interdiffusion commences, according to the above transport equa- 
tion. The initial and boundary conditions can be written 


OX 4 
“Oz. 
x,=1, -L<z<0, t=0 
a=9, O<z<L, t=0 


= 0, at z= ŁL 


(a) Apply the method of separation of variables and show 
(i) the expression to compute the system eigenvalues is: 


a, = (+): n = 0,1,2,° 





2 


(ii) the expression for x4 takes the form 





a 


7+ Da „sin(a „į exo - A? D4 42) 


n L? 
(b) Show that A, = —1/A,,, using the initial condition. 


(c) The average (well-mixed) composition of each chamber after an 
exposure time denoted as 7, is represented by the integrals 


f x4 dz 


(x4 ) BOT ` = 
dz 


L 
f x4 dz 
0 


fe dz 


(x4 )rop = 
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Figure 10.9 
Find expressions to compute the average compositions; truncate the 
series for large time. Typical behavior for average compositions are 
illustrated in Fig. 10.9 as a function of t = D,,t/L’. 
(d) For long contact time, deduce an approximate expression to calcu- 
late D,, directly from average composition. 
= 1 1 2 (Dap + for bottom 
Ans: (c) X%4 = x + ren -x RB | — for top 
10.4,. Modern blood dialysis modules are made up of around 1 million 


microsized, hollow fibers bound to a tube sheet in a fashion similar to a 
traditional countercurrent heat exchanger. Thus, blood containing un- 
wanted solute (such as uric acid) is forced into a header, which then 
distributes blood flow into each of the 1 million hollow fibers (tubes). A 
header at the exit recollects the cleansed blood, which is then pumped 
back to the patient. A dialysis solution (free of solutes, such as uric acid) 
passes in large volumes across the outer surface of the many hollow 
fiber tubes. The walls of the hollow fibers are semipermeable and allow 
certain substances, such as uric acid, to diffuse through the polymeric 
material and thence into the fast flowing dialysis solution. 

It is important to predict from first principles the time on-line to 
reduce blood solute content to certain acceptable levels (much as a 
functioning human kidney should do). 

Because the solute flux is small relative to total blood flow, we can 
model a single hollow fiber as a straight pipe with walls permeable to 
certain solutes, so at quasi-steady state in the flowing blood phase, the 
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solute balance for species A is taken as 


Voaz = Dae 5, (5 | 


where vo is the constant, uniform (plug) velocity profile, D, is solute 
diffusivity in blood, and C, is the solute molar composition. To account 
for mass transfer resistances through the wall and across the outer tube 
film resistance, we define an overall transport coefficient 

1 ty 1 


= = = + > 
Ko, D,, ko 


where ź„ is wall thickness, D,, is diffusivity of species A through 
polymeric wall, and kọ accounts for film resistance on the dialysis 
solution side. From this, we can write the flux at the blood-wall 
interface as 


aC 
-D4 <4 = Ky, [C,—- Cp],-rR 
or r=R 


where Cp is concentration of solute A in dialysis solution, usually taken 

as Zero. 

(a) We shall denote the blood inlet solute composition as C, at the 
axial position z = 0. For a single pass system, show that the average 
composition C4 obeys the analytical solution at position z = L 


LD 
oc: a exp| -1—5 

Cy Vo R 
E Ae 
0 n=1 A2 1+ n 

É Bi? 


where Bi = Kọ, R/D, and the eigenvalues are obtained from 








AI (An) = Bi Jo(A,,) 


Figure 10.10 illustrates behavior of the exit composition as Biot 
number changes. 

(b) For normal kidney function, a uric acid level for men is 3.5- 
8.5 mg/dl, and for women it is 2.5-7.5. Suppose the blood from a 
patient sustains a level 20 mg/dl, which as a one-pass design goal 
we wish to reduce to 7.5. Furthermore, take the hollow-fiber length 
to be 22.5 cm, with an inner radius of 0.25 mm, and wail thickness of 
0.1 mm. Diffusivity of uric acid through the polymeric wall is around 
1077 cm?/sec, while diffusivity of uric acid in blood is taken as 
2.5 X 1076 cm?/sec. You may correctly assume ky is quite large, so 
film resistance on the dialysis solution side is negligible. What is the 
required single-tube blood velocity to meet the design goal? 

Ans: 0.18 mm/sec 
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Figure 10.10 


10.5,. Adsorption of low-volatility substances on silica gel is controlled by 
surface diffusion (Masamune and Smith 1965) so that a model for 
uptake of solutes such as ethyl alcohol on spherical pellets suggests that 
equilibrium adsorption at the particle outer surface is followed by 
surface diffusion into the solid particle interior. Assuming the particle 
size is unchanged in time, the appropriate material balance is: 


subject to conditions 


qg=0, t=0, 0<r<R 
q=q*, t>0, r=R 


oq _ _ 
ap 7O t>0, r=0 
The composition of the solid phase q(r,t) (moles solute/gram solid) 
can be determined by separation of variables. The case of spherical 
geometry can be mitigated somewhat by a change of variables: q = 
u(r,t)/r, hence, yielding the elementary result 


au _ piu 


Ot ar? 
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(a) Find the average particle composition defined as 


q= (gs) far? ar 


0 


and show that the final result agrees with Crank (1975) 


6 & 1 -n?n Dt 
a e a | 


Sja 


(b) Do and Rice (1986) suggest a linear driving force (LDF) result can 
be obtained by assuming the existence of a parabolic profile within 
the particle 


q =a (t) +a (t)r? 
Use this and the transport equation to show 


0g 15D = 
a = pa q* - 3) 
This LDF approximation has become widely used to model compli- 
cated processes, such as Pressure—Swing-Adsorption. 
10.6*. When a thin membrane is stretched over a cylindrical hoop, the drum- 
head surface movement w(r, t) obeys the approximate force balance 


Lap wyi 
Orar ar) Par 


where p is membrane density grams /cm?, and o is the applied tension, 
dynes per centimeter. Suppose the initial condition is such that the 
membrane shape is 


w(r,0) = woli = (x) | 


where R denotes hoop radius. 
(a) Show that the membrane vibrates according to the relation 


wrt) a S hn) r T Àn 
moe 4h PR Jeos fF R 
where 


JaAn) =0 
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Note, recurrence relations show 


nA) = eed 


so 


8 
A = a 
j MIA) 


(b) Find an expression to compute the lowest possible frequency; this is 
related to the method of tuning drums, violins, and so on. 
epee set 2.405 [T 
‘OF RVG 

One method to assess axial dispersion in packed beds is to inject a small 
amount of solute upstream, Nọ, and measure its distribution down- 
stream C,(x,t). Thus, for plug flow with interstitial velocity v, the 
material balance can be shown to be 


ac ôC a? 
p—4t + ae SS Ca 
Ox ot a ax2 


where D, denotes axial dispersion coefficient. A simpler equation re- 
sults by introducing a coordinate moving with the fluid: z = x — vt. 
(a) Show that the change of coordinate gives a form of Fick’s second 
law 
aC, aC, 


ot a 922 





(b) A new particular solution (to some unspecified problem) can be 
obtained by differentiating the error function solution for step input; 
show that this gives 








C,= us exf - z? | 
^ V4D,t 4D,t 
We shall use this solution to describe response to a pulse of solute. 
(c) Find the constant K by noting that N, must be conserved at any 


time, t > 0 to get! 


1 


C i EACS D S ae 
'4(Z,¢) >. A; [4r D,t exp 4D,t 


where A, is flow area, defined as total area times porosity. 


'The behavior at z = 0 is similar to an impulse, in the sense that C, > x as ¢ > 0. 


10.8*. 
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(d) Use this result to suggest methods for finding D, if experimental 
response curves at some position x = L are known. Note, the 
residence time for injected solute is L/v, yet the maximum of C4 
arrives earlier by an amount D,/v? , when D,/v? « L/v. Prove 
this assertion. 

An incompressible fluid, initially at rest in a circular tube of length L, is 

subjected to the application of a step change in pressure gradient, so 

that for laminar conditions, the local velocity along the tube axis obeys 


a _19/,a) , Ap 
Por > ar\" ar L 


At the final steady state, the velocity profile obeys 


1 ôð(/ a0 Ap 
wear (tar) + G2 0 
hence, since 
r=R, t=0 and r=0, Z = 0 
r 


then 





As it stands, the equation describing transient velocity is inhomoge- 
neous, and a separation of variables approach will fail. This can be 
remedied by the following technique. Define velocity as being made up 
of two parts, a steady part plus a deviation from steady state 


v(r,t)=0(r)+y(r,t) 


When this is inserted above, the steady part causes cancellation of 
Ap/L; hence, 


oy _ 12,9 
Pot ET ar\" or 


(a) Show that the deviation velocity y(r, t) must obey the initial condi- 
tion 


a 
y(r,0) = -2v1 - (x) | 
where 


R? Ap 
Hom ei 
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and vy is the average tube velocity at steady state; the no-slip and 
symmetry conditions are also obeyed; hence, 


dy(0,t) ty _ 
or 


(b) The equation and boundary conditions are now homogeneous; apply 
the separation variables method and show 


y(R,t) =0 and 


y(é,7) = x A,,Jo(A,€)exp(—A7,7) 


n=1 


where 


r pt 
ESR T= RE Jo(An) = 0 


(c) Evaluate A, and obtain the analytical prediction 
y(é, 7) = 2 
=> = sz IA —À 
Up -23 T ) of n€ )exp(— ar) 


The absolute velocity is calculated using 


v(é,7) _ _ py. 16 laa 
Eu =2(1 — ?) XL Bia Ael AZT) 


(d) Estimate the time required for the centerline velocity to reach 99% 
of the final steady value if u/p = 1 cm?/sec and the tube radius 
is 1 cm. The development of centerline velocity is depicted in 
Fig. 10.11. 

Ans.: ts; = 0.814 sec 
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Figure 10.12 


10.9*. The production of metals in industries involves solidification, and sand 

molds are used extensively (see Fig. 10.12). 

(a) As a result of heat transfer during the solidification process, where 
is the dominant heat transfer resistance located? Explain your 
answer. 

(b) To understand the heat flow in the sand mold, set up the coordinate 
x as shown in the figure. Explain why the coordinate system selected 
is a good one. 

(c) If there is no heat resistance in the metal melt, what is the boundary 
condition at x = 0 (i.e., at metal/sand mold interface)? 

(d) In practice, the temperature profile in the mold penetrates only a 
short distance. (Short penetration theory is applicable.) Considering 
this circumstance, suggest a suitable condition far from the 
metal-—sand interface. 

(e) The sand mold is initially at ambient temperature before the metal 
melt is poured into the mold. Write down the initial condition for 
the heat balance equation. 

(f) Show that the appropriate transient heat balance is given by 


ar PT 
at “ay? 


(g) Show that a particular solution to part (f) can be written in terms of 
the error function (Chapter 4) 


T=Ty 


>=— = erf 
To T Ty | 


war) 


where 7,, is the melt temperature, and T, is the initial sand mold 
temperature. 
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(h) Show the local heat flux at x = 0 is given by 


oT _ k(Ty — To) 


Qylx-0 = — Ox l-0 ai 


(i) Let L be the thickness of the solid metal (see Fig. 10.8), carry out 
the heat balance around the solid metal and show that the heat 


balance is 


H dL _ k(Tu- To) 
PmMUmM t ~ Arat 


What do py and H,, represent? What is the initial condition for 


this heat balance equation? 


(j) Integrate the equation in part (i) to derive the solution for the metal 
thickness L as a function of time. Discuss this result and suggest 


ways to reduce the solidification time. 


10.10*. In order to obtain the solubility of gas in a polymer membrane and the 
diffusivity of the dissolved gas within the membrane, an experimental 
system is set up as follows. A membrane is placed between two closed 


reservoirs—one is large and the other is small (see Fig. 10.13). 


Initially, the membrane and the two reservoirs are thoroughly evacu- 
ated with a vacuum pump. The system is then isolated from the vacuum 
pump by closing in-line valves. Next, a dose of gas is introduced into the 
bottom large reservoir, such that its pressure is Py. This gas then 
dissolves into the membrane and then diffuses to the top (small) 
reservoir, where its pressure is recorded with a highly sensitive pressure 


transducer. 


(a) If composition varies only in the direction normal to the flat inter- 
face, perform a transient shell balance on a thin slice of membrane 


using Fick’s law to describe diffusion flux of dissolved gas. 







Small reservoir 


** 






Membrane 
Pressure 


transducer 


Constant Po 


Large reservoir 


Figure 10.13 
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(b) Solubility can be described by Henry’s law, so that at the lower 
interface (denoted as x = 0) take the boundary condition 


C(x = 0;t) = HP, 


Pressure is so low that convective transport in the membrane by 
Darcy’s law is negligible. 
(c) Show that the solution to the mass balance equation is 


m- l-3 žļ]-ż yae) 


n?m’ Dt 
n 


exo| — 7 

n=1 L 

(d) Note there are two distinct group of terms in this solution. What 
does the first (bracketed) term represent? 

(e) If the volume of the small reservoir is V and the recorded pressure 
at the time ¢ is P, write down the mass balance equation of this 
reservoir, and show that it has the form 

V dP ðC 
R,T de TAP ay ci 
where A denotes surface area. 

(f) Substitute the solution for C in part (c) to the mass balance 
equation of part (e), and integrate to show that the solution for the 
pressure of the small reservoir is 


P  AR,T 2H? & estar) |; n?m? Dt 
P; = Ti (api + ae L - exp| (- ==") 


n=1 


The response of the small reservoir pressure ratio is illustrated in 
Fig. 10.14. 
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Figure 10.14 
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(g) At sufficiently large time, the solution of part (f) is reduced to 


AR, TP, LH 
pe) 


Use this relation to show how the solubility and diffusivity are 
determined from experimental data. 

10.11*. Dissolution of a solid particle in a finite volume (e.g., dissolution of a 
medicine tablet in an organ) may be considered as a kinetic process with 
the existence of a surface layer adjacent to the solid surface and the 
diffusion through this layer being the controlling step to the dissolution 
process. The dissolved material is then consumed by the different parts 
of the organ according to a first order chemical reaction. 

(a) The thickness of the surface layer around the solid particle is taken 
as ô. Assuming the particle is spherical in shape, derive the mass 
balance equation for the dissolved species in this layer (see Fig. 
10.15). Then show that under quasi-steady-state conditions the mass 
balance equation is 


hae does this quasi steady state imply? What do D and C repre- 
(b) The boundary conditions to the mass balance in part (a) are: 
r=R; C= Co 
r=R+6; C=C, 
What do R, Co, and C, represent? 


(c) If the density of the particle is p and the molecular weight is M, 
show that the particle radius is governed by the following equation 


p dR aC 


M dt “POr | -r 


(Hint: Carry out mass balance around the particle.) 





Figure 10.15 


(d) 


(e) 
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If the consumption of the dissolved species in the finite volume is 
very fast, that is, C, = 0, solve the mass balance equation for the 
dissolved species in the surface layer in part (a) and the particle 
radius equation in part (c) to derive a solution for the particle radius 
as a function of time, and then determine the time it takes to 
dissolve completely the solid particle. 

If the consumption of the dissolved species in the finite volume is 
slow and the rate of consumption per unit volume is kC,, derive a 
mass balance equation for the dissolved species in the finite volume. 
Solve this mass balance equation together with the mass balance in 
part (a) and the particle radius equation in part (d) to obtain 
solutions for the particle radius and the dissolved species concentra- 
tions as a function of time. 


ò 
po| Ro + T) 


10.12*. As a design engineer, you are asked by your boss to design a wetted wall 
tower to reduce a toxic gas in an air stream down to some acceptable 
level. At your disposal are two solvents, which you can use in the tower; 
one is nonreactive with the toxic gas but is cheap, whereas the other is 
reactive and quite expensive. In order to choose which solvent to use, 


you 


gas 


m 


Figure 10.16 





will need to analyze a model to describe the absorption of the toxic 
into the flowing solvent (see Fig. 10.16). 
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(a) For the nonreactive solvent, derive from first principles the mass 
balance equation for the absorbed toxic gas into the solvent and 


show 
x\7]aC 7c 
Vos 7 (3) |< =, Doe 


(b) What are the boundary conditions for the mass balance equation 
obtained in part (a). Consider two cases. In Case 1, the gas stream is 
turbulent, whereas in Case 2, it is not. 

(c) For the reactive solvent, derive from the first principles the mass 
balance for the absorbed toxic species and assume that the reaction 
between the absorbed toxic species and the solvent follows first 
order kinetics. 


Vas |1 - (3) cc = v2 -kC 


(d) Assuming that you have obtained the solution for the distribution of 
absorbed concentration of the toxic species, obtain a formula to 
calculate the mass flux (moles/area-time) into the falling film as a 
function of z. 


ôC 


N(z) = -Dy 





x=0 


Next, for a falling film of length L and width W, obtain a formula 
for the mass transfer (moles/time) into the film. 


Mass flux = W f" N(2) dz = -wpf $E dz 
0 0 


x=0 





(e) For a given length and width and a given flow rate of liquid, which 
solvent do you expect to give higher absorption rate and why? 

The heat exchanger described in Section 1.2 operates at steady state 

until an upset occurs in the inlet temperature. 

(a) Show that the fluid temperature response obeys the PDE 


oc at 


oT 2h 
POL + VopC ae. =F Galen i LA =0 


p 


with the stipulation that the wall temperature (T) remains every- 
where constant. 
(b) Introduce deviation variables of the form 


T(z,t) = T(z) + T(z,t) 


Talt) = To + T(t) 
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and show that the following equations result 


af aT (2h 
PC ar + VoeC, a7 + (z R \f = 0; T(z, 0) = 0; T(0, th= T(t) 
af. 2hys. = 
VieC, a + z7- 7,] =0 


The solution to the steady-state equation has already been obtained 
and is given in Eq. 1.17 as 


= = 2h z 
T(z) = T, + (To = Ta)ewo| ~ vi) 


(c) If the inlet temperature sustains a step change of magnitude aT, 
(0 < @ < 1), so that Ê (t) = aT,u(t), show that the Laplace trans- 
form £T(z, t) is 


T(s, z) = aT, exp( =srT)exp( —7T/T;) 
where 


z : : 
tape local residence time 
0 





2h \ 
T= ( R | ++ thermal time constant 
(d) Invert the Laplace transform and show that 
T(t,r) = aTh exp( - = u(t -= 7) 


where 


u(t - 1) = 0 whent<r 
1 whenżt>r 


Thus, the disturbance does not appear at the heat exchanger exit 
until one full residence time has elapsed. The dynamics associated 
with the wall may have considerable significance, as illustrated in 
Problem 10.14*. 

10.14*. Suppose the heat exchanger in Problem 10.13 is operated so that the 
coolant stream temperature outside the tubular wall is relatively con- 
stant, but the wall temperature is allowed to vary. Denote the inside and 
outside film coefficients as h; and ho, respectively, and if conduction 
along the wall axis can be ignored, it is easy to show the applicable 
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thermal balances are 


aT ôT 2h, 
PCD oF + Vue Cn 3z =F pR (T(t) = T,(t)] =0 
A PyCpw ae z h,P(T oe T,) T ho PT, E T.) 


where A,, denotes the wall cross-sectional area and T, represents the 
(constant) coolant temperature. The inner and outer tube perimeters 
are approximately equal, so take P, ~ Pa = P = 27R. 

(a) Rearrange the dynamic equations into a more tractable form and 


show that 
ôT OT 1 
a OF ga ce ea 
ôT, 1 1 
C- i me T,,) = n = T.) 
where 


T = 2Z/Vo: >> hot fluid residence time 


2h, \7" 
T= [z] +++ inner thermal time constant 


he 
To = | Rott} +++ outer thermal time constant 





C= (z - 1 Pace = . . . thermal capacitance ratio 
R, = outer tube radius 
(b) Introduce perturbation variables of the form 
T(t,r) = T(r) + T(t,7) 
T,(t,7) = T,(7) + T,(t,7) 


and show that the new dynamic equations are: 


aT af la a 

ar t ar tz (F-t)=0 
f ijs a EA 
Cor =a Aah 


where we note that T, is constant (hence, Î, = 0). 
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(c) Solve the steady-state equations and show that the overall heat 
transfer coefficient, 1/U = 1/h; + 1/ho, arises naturally 


PC) = T, + (Ty - T.)exn| - gar | 


where To denotes the steady inlet temperature and U denotes 
overall heat transfer coefficient: 


U =hjho/(h; + ho) 
the local wall temperature must obey 
h; ho 
T,(7) = h +h, hot (7) + E+ hot 


where in the limit as hy/h; > œ, we see that T, > T., which 
corresponds to the condition in Problem 10.13 


(d) To reduce algebra in subsequent manipulations, and since it is clear 
that exchangers do not respond to inlet disturbances until £ > 7, it is 
wise to introduce a change of variables by letting 

@=t-—T=t-Zz/Vy 


Show that the dynamic equations become, since T(t, 7) 


= T(6,7) 
aÊ la a 
a a he) a0 
Gh, Neha se EE 
Ca = afe Î,) - zÊ) 


(e) Take Laplace transforms with respect to @ to obtain, for an inlet 
step of aT u(t) = T(t, 0): 


‘A 1/7; A 
T,(s, T) = Urim rim S T) 


and since T(t, 0) = T(6,0), because 6 =t when 7 = 0; hence, 
LT(6,0) = aTy/s, 


t/t? 


1 
T(s, T) =aT, exp| - =. exp Cs + 1/7, + 1/7, 





(f) Invert the Laplace transform, T(s, 7), noting that 


eo" = ex( + )- o(2Vkt ) 
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in Appendix D, and noting further that 


5 (ez) = (5$*)( 5) (5) 


hence use the shifting-theorem to see 














T(0,7) =aT, exp( - z) 


x [ucoye=**1(2vze) + a f'e- (2VEE ) ap| 


where u(0) is inserted to remind that no response occurs unless 
6 > 0, and the parameters are 


= 1 1 + 1 =1 
geel Pig , sec 
T 
k = —>,sec™! 
Cr? 


6=t-—7>0,sec 


The response is similar to Problem 10.13 at small @ > 0 (one 
residence time). Unlike the previous problem, dynamic behavior 
continues, owing to the thermal capacitance effect of the wall. 
10.15,. Show that a formally equivalent solution for Example 10.6 can be 
obtained by writing Eq. 10.307 as 





C 
CCE, s) = expl -iex $4] 


-a(o 


and hence, obtain 








ous) = u(r)exp(—7 - £)Iy(2yé7 ) 
+ [exp(-B = £) I9(2V BE ) dp 


where u(r) is inserted because no response occurs until 7 > 0. Compare 
this with Eq. 10.309 to prove the property for J functions 


I(E, T) +I(4,£) = 14+ exp( -7 — £)Ip(2V 72) 
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10.16*. Consider the stirred pot discussed in Section 10.2.1, whereby pure 
solvent is used to extract oil from spherically shaped (e.g., soy beans) 
seeds. Suppose m seeds of radius R containing oil composition Cy are 
thrown into a well-stirred pot containing pure solvent. The material 
balances for transient extraction are seen to be, for the solvent solution 


yc = -m(4r ryp Rn 
t 
and for the porous seeds, we have 

ðc „1 0 ðc 

at Par" dr 


(a) Express the equations using dimensionless independent variables 
and obtain the coupled integro-differential balances 





C(t) = -3a f $6 dr 
0 é=1 
a _ 1 a ade 
dr T pIE BE 


where 


r tD m{4 ; ; 
¿=R T= Ro 7(37R"| -++ (capacity ratio) 


(b) Apply Laplace transforms for the well-stirred condition (i.e., C(r) = 
c(1,7)) so that film resistance is negligible, and thus obtain the 
transient composition of oil in the solvent phase 


C(7) a 2 exp( —A;,7) 


= -6 e EN 
Co l+a ad [A2, + 9a + 9a?| 








where 


3ad,, 
tana, = => A, > 0 
Àn + 3a 


Note: Use series expansions to show that a simple pole exists at 
s=0. 

Eigenvalues are tabulated in Table 10.1 for the values of a = 0.2, 
0.5, and 1, and Fig. 10.17 illustrates the response of solvent composi- 
tion with time. 
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3ar 
Table 10.1 Eigenvalues for tan A,, = een 
M, + 3a 

i a=0.2 a=0.5 a=1 

1 3.3117 1012 3.5058 8947 3.7263 8470 
2 6.3756 5983 6.5023 8663 6.6814 3485 
3 9.4875 1775 9.5776 6992 9.7155 6609 
4 12.6137 2372 12.6830 1447 12.7927 1161 
5 15.7459 5800 15.8020 4234 15.8923 9684 
6 18.8812 6941 18.9283 0870 19.0048 4951 
7 22.0183 5816 22.0588 3600 22.1251 0812 
8 25.1565 6476 25.1920 7365 25.2504 4796 
9 28.2955 1960 28.3271 3870 28.3792 6573 
10 31.4349 9965 31.4634 9280 31.5105 6238 
11 34.5748 6239 34.6007 8953 34.6436 8526 
12 37.7150 1258 37.7387 9608 37.7781 9091 
13 40.8553 8411 40.8773 5031 40.9137 6798 
14 43.9959 2970 44.0163 3589 44.0501 9163 
15 47.1366 1467 47.1556 6720 47.1872 9559 
0.5 = 

0.4 

0.3 


C(t) 


Figure 10.17 


10.17*. The problem of desorption of bound solute from particles thrown into a 
well-stirred pot of solvent is formally equivalent to the leaching of oil 
from seeds, worked out in Problem 10.16. Thus, fluid-filled sorbent 
particles, initially containing solute on the solid phase, obey the linear 
partition relationship 


q = Ke 
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where q denotes solid solute composition as moles solute per unit 
volume solid, and c is the solute in the fluid phase within the solid pore 
structure with composition moles per unit volume fluid. 

The material balance for a single particle in the stirred pot is 


cĉ 1 ô ðc 
TED = eD, = (75 


where D, denotes pore diffusivity, e is the particle void fraction (poros- 
ity) and (1 — £) represents solid volume fraction. 

Inserting the linear partition coefficient and rearranging, we find the 
identical diffusion equation as in the oil seed problem 


dc 1 df ðc 
Ir =D 5,(" a) 


where the new diffusivity is seen to be 


eD, 
D=——— 
e+(l1-—e)K 


The mass balance for m particles exchanging solute with an initially 
clean solvent is also similar to the oil seed problem for constant solvent 
volume V 


© = —m(47R?)eD, eea 1) 


V 
where the derivative is evaluated at the outer rim of the particle where 
r=R. 

(a) Introduce dimensionless variables é = r/R,7 = tD/R? and show 
that the process of physical desorption is formally equivalent to the 
leaching problem of 10.16 if the capacity ratio is defined as 


m( 37R*)Le + (1-.¢)K] 
a= —+>—_ Y-—-—... 
(b) The reverse process of adsorption from concentrated solutions in 


well-stirred pots can be worked out using the above equations, 
except the initial conditions are reversed 


c(0) = Co, c(r,0) = q(r,0) =0 


Use Laplace transforms to show that the bulk, well-stirred solution 
varies according to the relation 


C(r) 1 z exp( —A3t) 
Co Ite x as (9a + 9a? + X72) 
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where the eigenvalues are found from 


tandA, = aa 
"3a +d 


(c) As a final check on results, use an elementary, overall material 
balance (initial system solute = final system solute) to prove that, 
for desorption 


Qa 





Ae Tra 
and for adsorption 
1 
GST a 


The evaluation of the often-missed pole at s = 0 can be circum- 
vented in this and Problem 10.16 by writing variables as a deviation 
from future steady state, that is, 

c(r,t) =C() + ĉ(r,t) 


It is easy to see that the deviation variable at r = R is 


exp({—A7,7) 
9a + 9a? +22 


é _ oO 
= t6ad 


n=1 


where the positive sign corresponds to adsorption and the negative 
to desorption. 

10.18*. Heat regenerators operate in a manner similar to packed bed adsorbers. 
Thus, large beds of solids (ceramic or metal balls, river rocks, etc.) are 
heated using, for example, warm daytime air, and this stored heat is 
then recycled for home-heating at night. Thus, consider a packed bed of 
solid with voidage € into which air of uniform temperature Tọ is 
injected. The bed sustains an initial temperature 7;. The air exiting the 
packed bed is thus heated, and the bed is cooled, hence, the heat 
exchange is a transient process much the same as adsorption or desorp- 
tion of solute from granular beds. 

(a) Perform a transient heat balance on the packed bed, assuming the 
superficial gas velocity is uniform and constant at a value U, and the 
walls are perfectly insulated, and thus show 


orf aT, Ply 
EPC POP +(1- E)P LSE + Une 5 pay =0 


where x denotes axial position from the bed inlet. 
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(b) Perform a transient heat balance on the solid phase, taking the 
volumetric gas film coefficient to be hga, where a denotes interfa- 
cial area of the solid phase per unit column volume and show 


aT, 
(1 g E)PsCs r T —hga(T, = T;) 


(c) Introduce interstitial velocity, v = U)/e and the change of variables, 
which accounts for the reality that a thermal wavefront has a null 
response until the residence time (x/v) is exceeded 


XxX 
@=t-— 
U 
to show that 


OT, hoa 
f G 
ocol aE), = e (T-T) 





af, 
C- e)p.e,( Gg) = -realt - 7) 


(d) Combine the remaining variables to remove excess baggage and 


obtain 
a = (%~ Ty) 
aT, 
== = -(7,-T, 
where dr (7, — T) 
xhça | Ohga 





a epycyd’ 77 (1 =e) p,c, 


(e) Solve the remaining equation using Laplace transforms, noting the 
initial bed temperature is 7; and the inlet air temperature is Tọ, and 
show? 

T, — T, 
i f 
EEN exp(—¢ — 7) Ig(2y7¢ ) - u(r) 





+ exp( ~£) f expl -6)lo(2VB{ ) dp 
where u(0) = 0, u(0*) = 1. 


4 Noting the symmetrical property of the J function 
ra 
Wé,7)=1- f exp( -7 — B)Io(2yzB ) dB 
so that 
I(E.) + I(r.) = 1 + exp(-1 - B)hy(2y7¢) 


hence, it can be shown that another form of solution is obtainable, which is strictly analogous to the 
results in Example 10.6. 
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10.19. 


(Note: u(r) is added as a reminder that a response cannot occur 
until time exceeds local residence time, that is, when 7 > 0). 
Program the series expansion for the Bessel function (compare 
truncating the series expansion at 10, then 20 terms, and note when 
x > 5: Ip(x) = e*/V27x), and use the Trapezoidal or Simpsons 
rule to compute the integral and thus produce plots of the dimen- 
sionless exit temperature versus real time ft using the following solid 
and air properties at 20°C 


(f 


— 


packed height at exit = 300 cm 
voidage = 0.4 
superficial gas velocity = 30 cm/sec 
hga = 0.8 cal/cm?-hr-°C 


p; = 0.00144 g/cm? 


Ps = 2 8/cm° 
c= 0.2 cal/g-°C 


c, = 0.237 cal/g-°C 


(g) Suppose the initial bed temperature (T,) is 25°C, and the inlet 
temperature (To) is 20° C. Use the properties in part (£) to compute 
the time corresponding to air exiting the bed at 21° C. 
A capillary-tube method to analyze binary liquid diffusivity was reported 
in Mickley et al. (1957): a straight, narrow bore capillary tube of known 
internal length has one end sealed and is filled with a binary solution of 
known composition. The capillary is maintained in a vertical position 
with the open end pointed upward. A slow stream of pure solvent is 
allowed to continuously sweep past the open mouth of the capillary 
tube. We shall designate species A as solute and species B as solvent. 
After an elapsed time, 7, the capillary is removed and the solution it 
contains is well mixed and then analyzed for composition, to find how 
much solute A was extracted. Generally, several such experiments are 
conducted at different values of r. 

If the diffusivity does not change too much with composition (actually, 
an average diffusivity is computed corresponding to the average compo- 
sition between initial and final state), the transient form of Fick’s law for 
equimolar counter diffusion and constant molar density is 


xa ax 4 
ôt AB az? 
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where z denotes position (z = 0 is the position of the open mouth and 
z = L is the closed end). Suitable initial and boundary conditions are 


t=0, X4 = Xo (initial composition known) 
z=0; x4=0 (pure solvent at mouth) 

Ox 4 ; 
z=L; D; B3 70 (impermeable boundary) 


(a) Apply the method of separation of variables and show that suitable 
Sturm-Liouville conditions exist for the application of the orthogo- 
nality condition. 

(b) Show that the appropriate eigenvalues for the stated conditions are 
given by 





A, = (3+): n= 1,2,3,-°° 


(c) The fraction solute A remaining (after an experiment) is computed 
using 


_ 1 pLx4(z,t) 
R= il, Xo dz 


show that R obeys the analytical result 


œ eN 22-9 D,pt 
Ret Sy ees - Gra DE | Pat) 
T n=l (2n — 1) L 


(d) Indicate by a graphical representation how long time exper- 
iments could be used to find D,, directly (long time implies 
Dipt/L* > 1). 

10.20*. The capillary-tube experiment described in Problem 10.19 was analyzed 
from the point of view of long time (D,,t/L? > 1). We wish to 
reconsider this analysis in order to derive a suitable relationship for 
short-time conditions, such that D,,t/L? < 1. For short-time condi- 
tions, the effect of concentration-dependent diffusivity is minimized 
(Rice and Goodner 1986). In the analysis to follow, use dimensionless 
independent variables 
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(a) Apply Laplace transforms to the nondimensional transport equation 
and show that 





1- ot | 


s? | 1 + exp(—2vs) 


(b) The so-called Initial-Value theorem can be derived from the 
definition 


[fle dt = sF(s) = FO) 


The existence of the Laplace Transform depends on the condition 
that any exponential order for f(t) is dominated by e~*, so that in 
the limit s > œ 


lim s- F(s) = f(0) 


So, for example, if we apply this all the way as s > œ for the 
function R(s) we find 


lim sR(s) = 1 = R(0) 


soe 


which correctly shows that the fraction remaining at time zero is 
unity (no extraction took place). 

If we carry the limit for R(s) only partly, that is, let s > large, we 
find the compact transform 


= 1 1 
R(s) eS p7 
hence, for small time show that 
D t 1/2 
R(t) =1-2 2an, ) 
(1) (2 


(c) For moderate times (D,,t/L? ~ 1), the denominator of R(s) can be 
expanded using the Binomial theorem 


1 


eqs 2 
IFE l-e+e 


hence, show that the additional terms are 
D, pt \ D, pt L 
R(t) =1-2 an — {4 AB e|- | 
(1) [ TL? TL? R Dast 


+4 et 








L? 
Digi 
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10.21,. The analysis of heat transfer in Example 10.7, the so-called Nusselt 
problem, could have been inverted without resort to Residue theory, by 
a clever use of partial fraction expansion. If it is known that only distinct 
poles exist, as in this example, then 0@(s, é) could be expanded as an 
infinity of partial fractions 


1 Jo(iVsé) _ Ao 


MO Saas) T S 


+E 
n=1 n 

(a) Show that the first coefficient is simply Ay = 1. 

(b) The remaining poles (eigenvalues) were found by setting Jo(ivs y= 0, 
hence, we obtained s, = —A?, since Jo(A,,) = 0. For any of the 
remaining coefficients, say A;, we could use the usual partial-frac- 
tion algorithm to see 





A,;= lim (s -= 5;) a 


where 
f(s) =J(ivsé); g(s) =s: Ja(ivs) 


However, in doing so, we arrive at the indeterminancy 0/0, since 
g(s;) = 0. To resolve this, expand g(s) around the point s, using the 
Taylor series 














= ôg 1 a°g 3 
g(s) KO a a cee) +’ 
and show that 

f(s;) JaA; 

A; = J 539, o( j ) 
og AjJ(A;) 
os sj 

(c) Invert the partial fractions term by term and show that the results 


are identical to Example 10.7. 
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Transform Methods 
for Linear PDEs 


11.1 INTRODUCTION 


486 


In the previous chapters, partial differential equations with finite space domain 
were treated by the method of separation of variables. Certain conditions must 
be satisfied before this method could yield practical results. We can summarize 
these conditions as follows: 


1. The partial differential equation must be linear. 

2. One independent variable must have a finite domain. 

3. The boundary conditions must be homogeneous for at least one indepen- 
dent variable. 

4. The resulting ODEs must be solvable, preferably in analytical form. 


With reference to item (4), quite often the ODEs generated by separation of 
variables do not produce easy analytical solutions. Under such conditions, it 
may be easier to solve the PDE by approximate or numerical methods, such as 
the orthogonal collocation technique, which is presented in Chapter 12. Also, 
the separation of variables technique does not easily cope with coupled PDE, or 
simultaneous equations in general. For such circumstances, transform methods 
have had great success, notably the Laplace transform. Other transform meth- 
ods are possible, as we show in the present chapter. 

The spatial domain for problems normally encountered in chemical engineer- 
ing are usually composed of rectangular, cylindrical, or spherical coordinates. 
Linear problems having these types of domain usually result in ODEs (after the 
application of separation of variables) that are solvable. Solutions of these 
ODEs normally take the form of trigonometric, hyperbolic, Bessel, and so forth. 
Among special functions, these three are familiar to engineers because they 
arise so frequently. They are widely tabulated in handbooks, for example, the 
handbook by Abramowitz and Stegun (1964) provides an excellent resource on 
the properties of special functions. 

If the boundary conditions arising in linear analysis are nonhomogeneous, 
they must be transformed to become homogeneous as taught in Chapters 1 and 
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10. This is normally done by transforming the dependent variable so that the 
new partial differential equation will have homogeneous boundary conditions. 

Although the separation of variables method is easy to apply, nonetheless, 
considerable practice is required to use it successfully. In this section, a method 
called the Sturm-Liouville integral transform will be presented. This method is 
also known as the finite integral transform method. It has the distinct advantage 
of all operational mathematics, which is simplicity. 


11.2 TRANSFORMS IN FINITE DOMAIN: 
STURM-LIOUVILLE TRANSFORMS 


The strategy for using Sturm—Liouville transforms is, first, to carefully lay out 
the algebraic rules for this class of operator. Obviously, the defining equation 
and boundary conditions must be of the Sturm—Liouville type, as discussed in 
Chapter 10. 


11.2.1 Development of Integral Transform Pairs 


The method of finite integral transforms (FIT) involves an operator (similar to 
the Heaviside operator), which transforms the original equation into another, 
simpler domain. The solution in the new domain will be seen to be quite 
elementary. However, to be of practical value, it must be transformed back to 
the original space. The operation for this inverse transformation, together with 
the original operator, will form what we will call later the integral transform 
pair. Figure 11.1 illustrates the mapping of the integral transform pair. The 
Laplace transform and its inverse defined in Eqs. 9.1 and 9.3 form an integral 
transform pair. 

We shall denote the transform pairs as L (forward operator) and L7! 
(inverse operator), similar to the operators D and D`! discussed in Chapter 2. 
Figure 11.1 outlines in graphic form the movement between domains, much the 
same as the Laplace transform moves from ¢ to s domains, and back again. The 
solution methodology within the space A is very difficult and tortuous. The 
solution may be more easily obtained by transforming the original equation into 
space B, where the solution is more straightforward. Following this, the desired 


Space A 


Space B 





Desired 
solution 


Figure 11.1 Schematic diagram of the transform pair. 
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solution can be obtained by the inversion process using the operator L~!. The 
method becomes particularly attractive when solving certain types of simultane- 
ous, coupled partial differential equations. 

Because they depend on the Sturm-—Liouville equation, the separation of 
variables method and the integral transform yield exactly the same solution, as 
you would expect. But the advantage of the integral transform is the simplicity 
of handling coupled PDEs, for which other methods are unwieldy. Moreover, in 
applying the finite integral transform, the boundary conditions need not be 
homogeneous (See Section 11.2.3). 





To demonstrate the development of the integral transform pair in a practical 
way, consider the Fickian diffusion or Fourier heat conduction problem in a slab 
object (Fig. 11.2) 


Of ae (11.1) 
where y could represent a dimensionless concentration or temperature. 
The partial differential Eq. 11.1 is subjected to conditions 
ð 
x= 0; z = (11.2a) 
x=1; y=0 (11.25) 
t= 0; y=1 (11.3) 


We note that the boundary conditions (11.2) are homogeneous. We define the 
spatial domain as (0,1) but any general domain (a, b) can be readily converted 
to (0, 1) by a simple linear transformation 


x= wa (11.4) 


ZEA. 


x=-l x=0 x= 


Figure 11.2 Temperature profile in a slab 
object. 
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where x’ € (a,b) and x € (0,1). This convenient symbolism simply means, x’ is 
bounded by a and b, soa <x’ <b and0 <x <1. 

Now multiply the LHS and RHS of Eq. 11.1 by a continuous function K,(x) 
(called the kernel) such that the function K,(x) belongs to an infinite-dimen- 
sional space of twice differentiable functions in the domain (0, 1). Eq. 11.1 then 
becomes 


ihe 3K C2) (11.5) 


We can see analogies with the Laplace transform, which has an unbounded 
domain and the kernel is 


K(x) =e" (11.6) 


If we integrate Eq. 11.5 with respect to x over the whole domain of interest, we 
find 


ran y(x,t)K,(x) de = fo Y K(x) dx (11.72) 


Since the function K,,(x) is assumed to be twice differentiable, we can carry out 
integration by parts on the integral in the RHS of Eq. 11.7a twice to see 








g [IDK a) de = |K) = KAD], fy DK, de (11.76) 


Now, making use of the boundary conditions (11.2) to evaluate the square 
bracket term on the RHS of Eq. 11.7b, we have 





K,(1) = y(0, t) 





[ago ,t) xO], pË PK, oy 


GL 91K (3) d = 


(11.8) 


Up to this point, it looks as if the new Eq. 11.8 is just as complicated as the 
original Eq. 11.1. However, at this point we have not specified the specific form 
for the kernel function K,(x). It is Eq. 11.8 that provides the hint to simplify 
matters. It is our aim to solve for 


ik 'y(x,t)K,(x) dx 


so the RHS must also be known or written in terms of this integral product. 
Since the following variables are not known or specified 


oy(1,t 
A and y(0,t) 
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we have only one way to remove the bracketed terms (so-called unwelcome 
terms) in the RHS of Eq. 11.8 and that is by setting 





dK, 
x= 0; We = 0 (11.94) 
x=1; K, = (11.95) 


Equations 11.9 specify boundary conditions for the function K,,(x) (even though 
this function is still unknown at this stage), and it is noted that these boundary 
conditions are identical in form to the boundary conditions (11.2) for the 
function y. 

Having defined the boundary conditions (11.9), Eq. 11.8 now takes the simple 
structure 


ye 





af y(x,t)K (11.10) 





To proceed further, we shall need to specify K,(x). Equation 11.10 is now 
simpler, but cannot be solved because the LHS and RHS appear to involve two 
different functional forms. One way to resolve this difficulty is to define K,, by 
setting 


a’?K (x 
ELD -2K,(2) a111) 
from which the reader can see that the integral product yK, exists on both 
sides of the equation. 

We could have made the RHS of Eq. 11.11 a positive number rather than 
negative, but it can be proved that the negative number is the only option that 
will yield physically admissible solutions. This will be proved later in dealing 
with a general Sturm-Liouville system (see Section 11.2.2). 

With Eq. 11.11, Eq. 11.10 becomes 


d fi cease 
Ti h, Yet) K(x) de = Ea f (x K(x) a (11.12) 


Now, Eq. 11.11 for K,(x) is subject to two boundary conditions (11.9) and is 
called the associated eigenproblem for Eq. 11.1. The function K,(%) is called 
the kernel or eigenfunction, whereas &, is the corresponding eigenvalue. The 
solution for this particular eigenproblem subject to conditions (11.9) is 

K,(x) = cos(é,x) (11.13) 


where the countably infinite eigenvalues are 


é, = (n — a for n = 1,2,3,...,% (11.14) 
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which arises since K,(1) = cos(é,,) = 0. The first eigenvalue is 7/2, and succes- 
sive eigenvalues differ by m. 

In arriving at Eq. 11.13, the multiplicative constant of integration for cos(é,,x) 
has been arbitrarily set equal to unity. The actual values of the multiplicative 
constants are added later when the inversion process takes place. 

It is cumbersome to carry the full integral representation all the way through 
the analysis, so we define <y, K,,) as an “image” of the function y, defined as 


ly, K,) = f IKA) dx (11.15) 


This is typical operator format; for example, we replace K,, with e7™*, we would 
have the Laplace transform with respect to time, written for an unbounded time 
domain as 


Ly = | ye dt 
i 
Now Eq. 11.12 can be written compactly using this image as 


Ey, Ky) = EY, Ky) (11.16) 


which is a simple, first order ODE in the variable <y, K,,) = f(t). 

This result is clearly much simpler than the original partial differential 
equation 11.1. To solve this first order equation for <y, K,,) we need to specify 
an initial condition. This can be readily found by inspecting the “image” of the 
initial condition (11.3) where, since y(x,0) = 1, we have 


t=0; <y,K,) = (1, K,) (11.17) 


where (1, K,,) by definition in Eq. 11.15 is simply 


1 n 

pape sl 
9 (n a z)" 
We remind the reader that K,(x) is a function of x only. 


The solution of the simple first order ODE in Eq. 11.16 subject to the initial 
condition (11.17) is quite simple, so the sought after f(t) is 


sin(é,x) 


(1, K,) = ['K, de = z 





(y, Kp) = (1, K Je" (11.18) 


where (1, K,,) is a computable constant as shown in the previous step. Up to 
this point, one can easily recognize the similarity between the separation of 
variables and the integral transform approaches by noting the appearance of the 
exponential function on the RHS of Eq. 11.18 and by noting the analogous 
eigenproblem in Eq. 11.11. 


492 Chapter 11 Transform Methods for Linear PDEs 








Kı Subspac 
Space A 1 pace 


Projection Kp Subspace 


K,, Subspace 


Figure 11.3 Mapping diagram. 


The image of y by the forward integral transform is (y, K,,), and of course 
there are infinite eigenfunctions K,, so there are infinite solutions for <y, K,,) 
where n = 1,2,... . This is the basis for a special type of function space, called 
a Hilbert space. In fact, whether we like it or not, every time we deal with an 
infinity of series solutions, we are in a sense dealing with Hilbert space. In the 
context of the present problem, the Hilbert space is an infinite-dimensional 
space, and this space has infinite coordinates and each coordinate is repre- 
sented by an eigenfunction. This arises because the eigenvalues given in 
Eq. 11.14 are countably infinite. 

The mapping diagram (Fig. 11.3) shows that a function y in the space A is 
mathematically equivalent to the many images <y, Kı), <y, K2), and so on. 
From elementary vector analysis in a three-dimensional Euclidean space, we 
may regard K,, as one of the coordinates and (y, K,,) is the projection of y 
onto the coordinate K,,. 

We shall return to the subject of Hilbert space when we will deal with the 
generalized integral transform. For the present, let us return to the solution 
(y, K,) in the space B. Of course, this solution is not what we desire. It is 
y(x,t) that we are after. In analogy with Euclidean space, if we know the 
projection on the coordinate K, as (y, K„), the function y can be recon- 
structed in terms of a linear combination of all, countably infinite, coordinates; 
hence, 


oo 


y= ¥ a,(t)K,(*) (11.19) 


m=1 


where a, is some set of arbitrary functions of time. 

The only task remaining is to find suitable values for a,,(t), which must be 
clearly dependent on time, t. Since the function K,(x) is the eigenfunction, an 
orthogonality condition must be associated with it. This condition simply states 
that, under a proper definition of an inner product (to be defined shortly), the 
eigenfunctions are orthogonal to each other. As we have shown in Chapter 10, 
the orthogonality condition for the present problem (cf. Eq. 11.11 with 
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Sturm-Liouville equation) is obviously, 


[K()K(x)de=0 for n#m (11.20) 
0 


The integral form of this orthogonality condition is identical to the definition of 
the integral transform (11.15) if we replace y with K,,(x) and see 


(Kp Km) = [Ky 2) Kyl 2) de (11.21) 
0 


where obviously (K,,, Km) = (Kms Kn? 

We shall use this as the definition of the inner product for the present case. 
The eigenfunction K,(x) is orthogonal to all other eigenfunctions except to 
itself, since when n = m, the integral is finite; that is, 


f K(x) de #0 
0 


By multiplying both sides of Eq. 11.19 by K,,, and integrating over the domain 
[0, 1], we obtain the inner products on the RHS as 


ly, K) =4,(K,,Kn> + È ani Km Ky) (11.22) 
m=1 
m#n 


Making use of the orthogonality condition (11.20), the summation of series 
terms in the RHS of Eq. 11.22 is identically zero. Thus, the coefficients a,, (or 
a,,) can be found directly 


(y,K,) Q, K,e7&" 


a, = TK,, K5 = XK, Ky (11.23) 
since (y, K,,) is known from Equation (11.18). 
Substituting a, from Eq. 11.23 into Eq. 11.19, we have, since m =n 
Z O, Ka? 
y= Xu CK. K,) Kal) (11.24) 


Equations 11.15 and 11.24 define the integral transform pairs for the finite 
integral transform. The complete solution is now at hand, when the integrals 
(1,K,,) and (K,, K,,) are inserted along with K,, = cos(é,,x). 

Since we now know the solutions to the eigenfunction and eigenvalue prob- 
lems as Eqs. 11.13 and 11.14, then the solution for y is simply 





-2% ME) 
n=1 n 


3 cos(£„x)e 7E" (11.25) 
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since it is easy to see 


(1,K,) = l cos(é„x) dx = nlé) 


(Ka Ka) = f 


J es aED) 1 
f cos*(é,x) dx |3 ++ : 


4é,, 2 
with é, defined in Eq. 11.14. This is exactly the same form obtainable by the 
method of separation of variables. 

Equation 11.24 not only defines the inversion process, but also states that the 
function y can be expressed as a linear combination of all scaled projections 


(y, Ka? 


KK,, K)” ( 11 .26a) 
with the unit vector in normalized form as 
K 

b,(x) = Piss) ee (11.265) 


[<K,,; KS)" 


The normalized unit vector ¢,(x) means that ¢¢,,¢,,) = 1. Thus, the normal- 
ized form of Eq. 11.24 is usually written as 


mt (Ky Ky] [Ky Ky]? 
= 1, K,, 
= 2 eis a cos( é,,x )exp(—é/t) (11.27) 


which is a direct analogue of a three-dimensional Euclidean vector space. For 
example, a vector a has the representation in rectangular coordinates as 


a=a,it+a,j+a,k (11.28) 


where i, j, and k are unit vectors of the three directional coordinates and 
4i, A, a, are projections of the vector a onto these coordinates. Thus, it is clear 
that the finite integral transform is similar to the Euclidean vector space except 
that countably infinite coordinates exist. 

Schematic plots of y(x,t) as function of x and t are shown in Fig. 11.2. 


11.2.2 The Eigenvalue Problem and the Orthogonality Condition 


Using an elementary example, we have introduced the methodology and the 
conceptual framework for the finite integral transform, most notably the con- 
cept of the integral transform pairs. The function y is called the object and the 
product pair (y, K,,) is called the integral transform of y or the “image” of y. 
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The operator < , > is called the transform operator or the inner product. K,(x) 
is called the kernel of the transform and can be regarded as a coordinate in the 
infinite dimensional Hilbert space, within which an inner product is defined. 
The equation describing the kernel K,, is called the associated eigenproblem. 

In this section, we will apply the finite integral transform to a general 
Sturm—Liouville system, and the integral transform is therefore called the 
Sturm—Liouville integral transform. Thus, all finite integral transforms are 
covered at once: Fourier, Hankel, and so forth. 

It was clear in the previous example that cosine functions occurred in the 
natural course of analysis. In fact, the transformation we performed there is 
often called the finite Fourier transform. However, the broad category of such 
finite transforms are called Sturm—Liouville. 

The eigenvalue problem of a general Sturm—Liouville system must be of the 
following general form, in analogy with the Sturm—Liouville relation given by 
Eq. 10.185 


ilw] —qa(x)K(x) + ér(x)K(x)=0 (11.29) 


where x lies between a and b and € is a constant (replacing B in Eq. 10.185). 
We have written q(x) with a negative sign in the present case, and stipulate that 
q(x) = 0. 

The boundary conditions for an eigenvalue problem must be homogeneous 


x =a; A,K(a) + A) =0 (11.30a) 


aa 


x=b;  B,K(b) +B, =0 (11.30) 


where A,, A, and B,, B, are constants, which can take zero values. 

These forms admit dK/dx = 0 or K =Q at either x =a or x =b. The 
conditions on the functions p(x), q(x), and r(x) are not too restrictive. These 
are: p(x), g(x), r(x), and dp/dx are continuous, and p(x) and r(x) are 
positive and g(x) is nonnegative in the domain [a, b]. 

Since generally there is more than one eigenvalue and its corresponding 
eigenfunction, we denote the nth eigenvalue and its eigenfunction as é, and 
K,(x). 

The Sturm—Liouville equations corresponding to eigenvalues €, and é,, are 


A (x) Ba KAE |- aK) + Era) KC) = 0 (11.31a) 


5 | oa) Aah Kl KAD | L a(x) K(x) + bat 2) Ku) = 0 (11.318) 
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The corresponding general, homogeneous boundary conditions suitable for 
orthogonality are 








dK dK 

x =a; A,K,(a) +A, a) = A,K,,(a) + A, ae) =0 (11.32a) 
dK,(b dK,,(b 

x = b; B,K,(b) + B, ak ) L BLK, (b) + B, zÍ ) L0 (11.325) 








Multiplying Eq. 11.31a by K,,(x) and Eq. 11.31b by K„(x) and eliminating g(x) 
between the two resulting equations, we obtain 


-gb Zlew + £9) A | 
= (é, = Em) (4) K, (+) K,,(*) (11.33) 


Integrating Eq. 11.33 with respect to x over the domain of interest yields 


= fae AH Yalan ae fa po AH Ha a 











= (En — En) fr 8) Ky 2) Kyl 2) de (11.34) 
Carrying out integration by parts on the two integrals in the LHS of Eq. 11.34 
gives 
dK i 
| r(x) K(x) A LY + [ray K, (2) KD 
= (En En) f TANT dx (11.35) 


Finally, substituting the homogeneous boundary conditions (Eq. 11.32) into Eq. 
11.35, terms cancel and what remains is the orthogonality condition 


JEK 2) Kn 2) dx=0 for n#m (11.36) 


which is the inner product for the general case (cf. Eq. 11.21). 

We say that K,(x) is orthogonal to K,,(x) with respect to the weighting 
function r(x). This orthogonality condition provides us a way to define the inner 
product (or the integral transform) for the Hilbert space. This integral tranform 
on any function g(x, t) is defined as 


(g(x,t),K,) = f’r(x) a4, ) K(x) de (11.37) 
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where g(x,t) is any continuous function. With this definition of integral 
transform (inner product), the coordinate K, of the Hilbert space is then 
orthogonal to all other coordinates, and the so-called unit vector of the K,, 
coordinate, as mentioned previously, is simply 


K(x) 


M 11.38 
KRR” aii 


$,(*) = 


where it is easy to see that (¢,, 4, = 1, which implies normalization. With this 
definition of the unit vector, an arbitrary function y can be represented by the 
following series expansion 


ie (y, K,) 
y= E [eK Kyo) for a<x<b (1139) 


where <y, K,,)/[(K,,, K,,]'”7 is viewed as the scaled projection of the function 
y onto the coordinate K,. It is also called the Fourier constant in many 
textbooks. Equation 11.39 can be proved by assuming that y can be expressed as 
a linear combination of K,,; then after applying the orthogonality condition (Eq. 
11.36), we obtain the expression previously given. 

Next, we will prove that the eigenvalues are positive. Let us start from 
Eq. 11.35, and if we take ¿, = a, + iß„ and let &,, be the conjugate of &,, so 
that we have 


Em E An = iB, 
Eq. 11.35 then becomes 


n b 
P(x) k) ÉE 





- [ooro A j + 





a 


= 2B, f r(x) K,(2)K,(x) de (11.40) 


where K, is the complex conjugate of K,,(x). 
Using the homogeneous boundary conditions (Eqs. 11.32), Eq. 11.40 becomes 


2iB, [°r(x)K2(x) de = 0 (11.41) 


Now since r(x) is assumed positive over the domain (a,b), the integral of 
Eq. 11.41 is therefore positive definite. Hence, we must have 


B= 9 (11.42) 


This proves that the eigenvalues of the Sturm—Liouville system are real, not 
complex numbers. 
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We have just established that the eigenvalues are real. Next, we wish to show 
that they are positive. Multiplying Eq. 11.29 by K,, and integrating the result 
with respect to x from a to b, we obtain 


feoj | dx + f’a(x)[K (2) d 


(11.43) 
Pr KP ae 


En 


Since p(x) and r(x) are positive functions and g(x) is nonnegative (i. e., g(x) 
can be zero), it is clear from Eq. 11.43 that all integrals are positive definite, 
hence é, must be positive. 

The above analysis (from Eq. 11.31 to Eq. 11.43) has established the following 
theorem. 


Theorem 11.1 


For a Sturm—Liouville system defined as: 

d dK(x 

$| r(x) S| -ako + Er) K(x) = 0 
subject to 


A,K(a) +A, = B,K(b) + p, KO) =0 





and p(x), q(x), r(x), and dp(x)/dx are continuous; p(x) and r(x) are positive; 
and q(x) is nonnegative over the domain (a, b), the eigenfunction K,, will have 
the following orthogonality conditions: 


[Pr)K,(2)Ky(x) d= 0 for nem 


and the eigenvalues are real and positive. 


The eigenfunctions K,(x) together with the definition of integral transform 
(inner product) defined in Eq. 11.37 will define a Hilbert space, and any 
arbitrary function y can be represented as a series as 


eo ; K 
y= Yea k(x) (11.44) 
which defines the inverse transform. 

If the function y satisfies the same homogeneous boundary conditions as 
those for the eigenfunctions, then the series representation (Eq. 11.44) will 
converge uniformly to y for all x in the domain [a, b]. Proof of this can be 
found in Churchill (1958) using the Green’s function approach. 
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To generalize the integral transform approach, let us consider the following 
operator. 





-1.4 d]_ a(x) 
L = r(x) k [ooi] TES (11.45) 
This implies the eigenfunctions satisfy LK, = —&,K,, by comparison with 


Eq. 11.29. Here, r(x), p(x), q(x) are continuous functions and p(x), r(x) > 0, 
and q(x) is nonnegative, and the following two boundary operators are defined: 


M(-) = [ao +4] (11.46a) 
N(-) = ac) + a) (11.46) 


where M(-) is a boundary operator at the point x =a, and N(-) is the 
boundary operator at the point x = b. Henceforth, it will be understood that M 
operates at point a and N at point b. 

Suppose the problem we wish to solve is the ODE 


Ly(x) =f(x) (11.47a) 


where f(x) is some continuous forcing function. Further, suppose Eq. 11.47a is 
subject to the following boundary conditions 


My =0 and Ny = 0 (11.47b) 


that is, 


A,y(a,t) +A, AO = 9 and Byy(b,t) + By PLR — 9 


If we now take the approach of Example 11.1 as follows: 


1. Multiplying the LHS and RHS of Eq. 11.47a by K,(x). 

2. Integrating the result twice with respect to x from a to b. 

3. Making use of the boundary conditions (11.47b) and then removing the 
unwelcome terms. 


We then obtain the following associated eigenproblem for Eq. 11.47, which is 
the Sturm-Liouville system 


LK, = ~,K 


Á (11.48) 
MK, = 0 and NK,, = 0 


In the process of deriving the eigenproblem, the integral transform (inner 
product) evolves naturally and is given as in Eq. 11.37, and the transform of 
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Eq. 11.47a is simply, 
(Ly, Ka? = (f(x), Kn? (11.49) 


It is not difficult to prove (see Problems), using integration by parts, the 
following formula 


(Ly, K,) = Ly, LK, (11.50) 


If an operator L satisfies the above relation, it is called a self-adjoint operator. 
This self-adjoint property is important in the derivation of the Sturm—Liouville 
theorem. In fact, it was the critical component in the derivation of the orthogo- 
nality condition (11.36). 

Performing the self-adjoint operation (11.50) on the LHS of Eq. 11.49, we see 
directly 


Cy, LK,) = (f(x), Kn? (11.51) 


But from the definition of the Sturm—Liouville eigenvalue problem (Eq.11.48), 
the LHS of Eq. 11.51 gives 


cy, -én Kn?) = — éy, K,,) 
hence, we now have 
—é,<y,K,) = (f(x), Kn? 


which can be solved directly for (y, K,,> 
1 
(y, Ka) =- ET) K„? 


Thus, the self-adjoint property allows direct solution for the transform (y, K,,>. 
The inversion will then be given as shown in Eq. 11.39, that is, 


__ f SOK,’ 
y= be Ek Ky Ka) 0 (11.52) 


The solution is complete when the elementary integrals (K,, K,,) and <f, K,,) 
are inserted. 

One can see that the integral transform indeed facilitates the resolution of 
ODE boundary value problems and also partial differential equations comprised 
of Sturm-Liouville operators (e.g., Eq. 11.45). The simplicity of such opera- 
tional methods lead to algebraic solutions and also give a clearer view on 
how the solution is represented in Hilbert space. Moreover, students may find 
that the Sturm—Liouville integral transform is a faster and fail-safe way of 
getting the solution. Thus, Eq. 11.52 represents the solution to an almost infinite 
variety of ordinary differential equations, as we see in more detail in the 
homework section. 
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The application of the Sturm—Liouville integral transform using the general 
linear differential operator (11.45) has now been demonstrated. One of the 
important new components of this analysis is the self-adjoint property defined in 
Eq. 11.50. The linear differential operator is then called a self-adjoint differential 
operator. 

Before we apply the Sturm-—Liouville integral transform to practical prob- 
lems, we should inspect the self-adjoint property more carefully. Even when 
the linear differential operator (Eq. 11.45) possesses self-adjointness, the self- 
adjoint property is not complete since it actually depends on the type of 
boundary conditions applied. The homogeneous boundary condition operators, 
defined in Eq. 11.46, are fairly general and they lead naturally to the self-adjoint 
property. This self-adjoint property is only correct when the boundary condi- 
tions are unmixed as defined in Eq. 11.46, that is, conditions at one end do not 
involve the conditions at the other end. If the boundary conditions are mixed, 
then the self-adjoint property may not be applicable. 





Now we consider application of the transform technique to a transient problem 
of heat conduction or Fickian diffusion in a cylinder (Fig. 11.4). The slab 
problem (Example 11.1) was dealt with in Section 11.2.2. 

A transient heat or mass balance equation in a cylinder has the following 
form 


dy 14 dy\ _ 
a izh) = Ly (11.53) 
y=0 


ETN, 


x=-l x=0 x= 


Figure 11.4 Temperature profiles 
in a cylinder. 
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subject to the following initial and boundary conditions 


t=0; y=1 (11.54) 
=): ðY 
x= Q; z7r (11.55) 
x=1; y=0 (11.56) 


To apply the Sturm-Liouville integral transform, we follow the same procedure 
as described in Example 11.1; that is, 


1. Multiply Eq. 11.53 by xK,(x) and integrate the result with respect to x 
from 0 to 1. 

2. Apply the boundary conditions (11.55) and (11.56) and remove the unwel- 
come terms. 


We then obtain the following associated eigenproblem, which defines the kernel 
K,, of the transform 





K 
te (Ge) + €K,(x) =0 (11.572) 


and the requirements similar to Eqs. 11.8 and 11.9 are 


x=1; K,, =0 (11.57c) 


In symbolic form, we could write Eq. 11.57a as LK, = —&7K,(x). 

From the process outlined, not only do we obtain the equations for the kernel 
(Eq. 11.57), but also the definition of the integral transform, which evolved 
naturally to become 


(y, Ka) = [oOK, dx (11.58) 


where the natural weighting function for cylinders is x (for spheres it would be 
x7, and for slabs, unity). 

You may note that the eigenvalue in Eq. 11.57a is specified as £7. It is also 
clear that the solution of Eq. 11.57 is 


K, =Io(,x) (11.59) 


and the eigenvalues arise naturally from the boundary condition x = 1; K,, = 0, 
so that the transcendental relation allows computation of &,: 


Jo(En) = 0 (11.60) 


Again, the multiplicative constant for K,, is taken as unity. The properties of 
Bessel function are discussed in Chapter 3. 
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Applying the integral transform defined in Eq. 11.58 to Eq. 11.53, we have 
first 


Hy Ke L (Ey, K) (11.61) 


Now, applying the self-adjoint property as 


(Ly, Ka? = (y, LK,,) 


we get 
d(y,K,,) 
Sees = cy, LK,,) = (y, —&?K,,) 
where we have replaced LK, = —£?K,,. Now making use of the definition of 


the integral transform (Eq. 11.58), the above equation becomes 


AY, Kn) _ lao ti f 
a = f (EK, ) de = -E2 f yK, dx = - 11.62 
dt Í (~&:Kn) Ef n Eily, Ka? (11.62) 


Thus, the self-adjoint property accomplishes the steps from 11.10 to 11.16 in a 
single step! The initial condition for Eq. 11.62 is obtained by taking the 
transform of Eq. 11.54; that is, 





J 
t=0; (y, K) =<1,K,) = [PKC dx = fn) (11.63) 
0 n 
The solution of Eq. 11.62 subject to the initial condition (11.63) is 
ly, Ka) = (1, K Jei" (11.64) 


Finally, the inverse of (y, K,,) is simply, 


ii _K,, = 1, K,, _ 22 
y= E R RTK) = D pE (11.65) 


where K,(x) = Jo(€,,x), and the inner product for n = m is 


2 
< Kna, Kn a= f èen) dx ra Ji Gn) 


The solution methodology for the Sturm—Liouville integral transform is now 
quite straightforward and of course yields the same results as the separation of 
variables method, as the reader can verify. 

The solution form obtained in Eq. 11.65 for cylindrical coordinates is identi- 
cal in structure for other coordinates, that is, rectangular and spherical. The 
only difference among them is the definition of the eigenproblem. We tabulate 
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below the value for K,,, (1, K,,), and (K,, K,,) for the three geometries: slab, 
cylinder, and sphere, respectively. 


Slab 
1 sin(é,) 
K,, = cos(é,x), é,= (n — Z)" (1,K,) = 2", 
$ (11.66a) 
iK Kaa 3 
Cylinder 
2 
K, =Jo(Enx); JEn) = 0, 1, K,,> = ff) (K,,K,> = Ji Gn) 
(11.665) 
Sphere 
(11.66c) 


11.2.3 Inhomogeneous Boundary Conditions 


In the previous section, we developed the finite integral transform for a general 
Sturm—Liouville system. Homogeneous boundary conditions were used in the 
analysis up to this point. Here, we would like to discuss cases where the 
boundary conditions are not homogeneous, and determine if complications arise 
which impede the inversion process. 

If the boundary conditions are not homogeneous, they can be rendered so by 
rearranging the dependent variable as discussed in Chapter 1. To show this, we 
use an example which follows the nomenclature of the previous section 


oy _ 


Z =Ly (11.67) 
t=0; yY = y(x) (11.68) 
My =a (11.694) 
Ny =B (11.69d) 


where L, M, and N are operators of the type defined in Eqs. 11.45 and 11.46. 
We can decompose y(x, t) into two parts (such as deviation variables used in 
Chapters 9 and 10) 


y(x,t) = Y(x,t) + u(x) (11.70) 
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Substitution of Eq. 11.70 into Eqs. 11.67 to 11.69 yields 


oY 


gr 7 LY + Lu (11.71) 
t=0; Yrtu(x) =yo(x) (11.72) 
M(Y+u)=a (11.73a) 
N(Y+u)=B (11.73b) 


To make the boundary conditions for Y homogeneous, we could define the 
following auxiliary equation for u, which is simply the steady-state solution 


Lu=0; M(u)=a; N(u) =8 (11.74) 


Having defined u as in Eq. 11.74, the governing equations for the new depen- 
dent variable Y become 


oY 
a = LY (11.75) 
t=0; Y=yo(x) — u(x) (11.76) 
M(Y) =N(Y) =0 (11.77) 


This new set of equations for Y now can be readily solved by either the method 
of separation of variables or the Sturm—Liouville integral transform method. 
We must also find u(x), but this is simply described by an elementary ODE 
(Lu = 0), so the inhomogeneous boundary conditions (11.74) are not a serious 
impediment. 





We wish to investigate the solution of the following problem 


oy 
ao V*y (11.784) 


subject to the initial and boundary conditions 


7=0; y=0 (11.785) 
x=0; sy =0 (11.78¢) 

dy 
x=1; a Bi(1 — y) (11.78d) 


where the operator V? is the Laplacian operator defined as 


1af ð 
y? = AE z) (11.79) 
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with s being the shape factor of the domain. It takes a value of 0,1, or 2 for 
slab, cylindrical, or spherical coordinates. 

The model Eqs. 11.78 describe the concentration distribution in a particle 
where adsorption is taking place with a linear adsorption isotherm. The external 
film mass transfer is reflected in the dimensionless Biot (Bi) number. The model 
equations can also describe heat conduction in a solid object and the heat 
transfer coefficient is reflected in the dimensionless Bi parameter. 

We note that the boundary condition (11.78d) is inhomogeneous. To render 
the boundary conditions homogeneous, we need to solve the steady-state 


problem 
V7u =0 (11.802) 
subject to 
x =0; Mm = 9 and x=1; T — Bi(1 — u) (11.805) 
Solution of Eqs. 11.80 is simply 
u=1 (11.81) 


Thus the new dependent variable Y is defined as in Eq. 11.70; that is, 
Y=y-1 (11.82) 


Substitution of Eq. 11.82 into Eq. 11.78 would yield the following set of 
equations for Y having homogeneous boundary conditions 


or _w 
an V*Y (11.834) 
7=0; Y=-1 (11.835) 
oY 
x =0; TA 0 (11.83c) 
x =1; 2Y + Bi-Y=0 (11.834) 


This new set of equations now can be solved readily by the finite integral 
transform method. Using the procedure outlined in the last two examples, the 
following integral transform is derived as 


(Y, Kp) = f x°Y(x,7) K (x) de (11.84) 
0 


where the kernel of the transform is defined from the following associated 
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eigenproblem 
V°K, (x) + €2K,(x) =0 (11.854) 
dK, 
x =0; r a 0 (11.85)) 
dK 
x=1; ne + BiK, = 0 (11.85¢) 


Using the procedure described in the earlier sections, the solution for Y is 
readily seen to be 


(1, K,, \efnr 
--5 (KK) ~*~ K,(*) (11.86) 
and hence 
2 (1, K,e7 8" 
oe J 2 (Kns Kn? Sa ee 


For three different shapes, the expressions for K,(x), é,, (1, K,,) and (K,, Kn? 
are 


Slab 
K,(x) = cos(é,x) (11.88a) 
é, sin(é,,) = Bicos(é,) (11.885) 
{1,K,) = EEn (11.88c) 
n2 

(K,, K,) = sh + a (11.884) 

Cylinder 
K,, = Jo(€n*) (11.894) 
En Ji En) = Bi  Jo( én) (11.89b) 
(1,K,) = En) (11.89¢) 





(RERS= Tin) lı + ($) (11.89d) 
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Sphere 
x, = See) T 
é, cos(é,) = (1 — Bi) sin(é,) (11.905) 
al K, = [sin(é,,) aa cos(é,,)] (11.90c) 
Ba 1 cos?’ (£n) 
(K„, K,,) = 3l + (Bee) (11.90d) 


The concentration distribution is defined in Eq. 11.87, and of practical interest 
is the volumetric average. The volumetric average is defined as 


Yang = (8 + 1) f x°y(x,7) de (11.91) 
0 


Substitution of Eq. 11.87 into Eq. 11.91 yields the following general solution for 
the volumetric average 


œ 1, K, 2 F 
Yawe =1-(s+1) x es se e~ tir (11.92) 


Of further interest is the half-time of the process, that is, the time at which the 
average concentration is half of the equilibrium concentration. This is found by 
simply setting y,,, equal to 1/2, and solving the resulting equation for the 
half-time 7,5. For example, when Bi — œ, the following solution for the 
half-time is obtained 


0.06310 fors=1 
0.03055 fors =2 


0.19674 fors =0 
(11.93) 


The average concentration (or temperature) and the half-time solutions are 
particularly useful in adsorption and heat transfer studies, as a means to extract 
parameters from experimental measurements. 





As an alternative to the previous example, we can also solve the problems with 
inhomogeneous boundary conditions by direct application of the finite integral 
transform, without the necessity of homogenizing the boundary conditions. To 
demonstrate this, we consider the following transient diffusion and reaction 
problem for a catalyst particle of either slab, cylindrical, or spherical shape. The 
dimensionless mass balance equations in a catalyst particle with a first order 
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chemical reaction are 


oy — 02, _ 42 

yeah ae fel (11.944) 
o Oia 

x= 0; ae 0 (11.94¢c) 

x=1; y= (11.94d) 


where the Laplacian operator V? is defined as in Eq. 11.79, and ¢ is the Thiele 
modulus. 
If we applied the previous procedure, we must solve the steady-state equation 


V?u — pu =0 (11.952) 
x =0; Mm o and x=1; u=1 (11.955) 


and then the finite integral transform is applied on the following equation for 
Y(y=Y +u) 


L = V Y - ¢’Y (11.96a) 
7 
7=0; Y= -u(x) (11.96b) 
ay 
x =0; ae 0 (11.96c) 
x=1; Y=0 (11.96d) 


The solutions for the steady-state concentration u are 





u = e (11.97a) 
> (ox) 

u = ILO) (11.97b) 
_ sinh(ġx) 
= x sinh($) (11.97c) 


for slab, cylinder, and sphere, respectively. 
To find Y, we apply the finite integral transform to Eqs. 11.96a, where we 
again solve the following associated eigenproblem 


V?K,„ — ¢°K, + €2K, = 0 (11.982) 


dK 
x=0; A=) (11.985) 





dx 
x=1; K,, =0 (11.98c) 


510 Chapter 11 Transform Methods for Linear PDEs 


and then follow the procedure of the previous example to find the solution. 
However, it is possible to attack the problem directly, as we show next. 

To avoid the process of homogenization, we simply apply the integral trans- 
form directly to the original Eq. 11.94. For a given differential operator V? and 
the boundary conditions defined in Eqs. 11.94c and d, the kernel of the 
transform is defined from the following eigenproblem 





VK, + €2K, =0 (11.994) 
dK, 

x=0; =. (11.99b) 

x=1; K,=0 (11.99¢) 


This particular eigenproblem was obtained by simply applying the operator V? 
on K, and setting it equal to —€?K,,. The boundary condition of this eigenfunc- 
tion is the homogeneous version of Eqs. 11.94c and 11.94d. 

The several solutions for this eigenproblem itself have already been given in 
Eqs. 11.88, 11.89, and 11.90 for slab, cylinder, and sphere, respectively. 

The integral transform for this inhomogeneous problem is defined as before 


(y,K,) = [x97 K 2) dx (11.100) 


where the general weighting function is x°. 
Now applying the integral transform directly to the original equation Eq.11.94, 
we obtain 


we = &[(1, K,) — (y, Ka?) — ¢7¢y,K,) (11.101) 


where the first two terms in the RHS of Eq. 11.101 arise from the integration by 
parts, as illustrated earlier in Eq. 11.8. 

The initial condition of Eq. 11.101 is obtained by taking the transform of Eq. 
11.945; that is, 


T= 0; (y, K,) =0 (11.102) 


The solution of Eq. 11.101 subject to the initial condition (11.102) is 


E PEN (1, KpE -Er 


iat K) 
DESM Easa e e] 


(11.103) 


The first term on the RHS of Eq. 11.103 can be rearranged to give 


$? (1, Kp) én 


Pe Dene oa eter 
E z $) (E = $)° (11.104) 


(y, K,) = |<1,K,) — (1, Kp? 
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The inverse of Eq. 11.104 can now be readily obtained as 


-I E RAE K,(x) (11.1052) 
or 
Ce Ge 1S 1, K,)K,(x) 


y= E TEKO E E a GNCK,, Key 


> (1, K )é2e Er 


SE EA (11.105b) 


The first series on the RHS of Eq. 11.105b is in fact the series representation of 
the function “1,” that is, the solution can now be rewritten as 


1-8 F (1, K,)K,(x) 2 (1, K,€2e7 8" 


n=1 (E+ PXK, K,) 7 et (E+ PNK, K, (11.106) 


where K,(x), én, <1, K,»,(K,,K,,) are defined in Eqs. 11.88, 11.89, and 11.90 
for slab, cylinder, and sphere, respectively. 

The solution obtained by the second method is quite straightforward and 
faster than the traditional way, even though the conventional way could yield 
the steady-state solution in an analytical form (Equation 11.97), yet the second 
method yields the steady-state solution in a series form (the first two terms of 
Equation 11.106). The series in the second set of terms on the RHS of 
Eq. 11.106 has a slow convergence property. For the summation done by a 
computer, this is not really a hurdle, but the series can be further rearranged to 
have faster convergence rate. Interested readers should refer to Do and Bailey 
(1981) and Johnston and Do (1987) for this convergence enhancement. 


11.2.4 Inhomogeneous Equations 


The last section deals with the case of nonhomogeneous boundary conditions. 
Now we will study the problem when the equation itself is inhomogeneous. 
Now if the partial differential equation is inhomogeneous of the form 


Z = Ly - f(x) (11.107) 


7=0; y =y(x) (11.108) 


M(y) =N(y) =0 (11.109) 
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A new dependent variable Y can be introduced as in Eq. 11.70. Substituting Eq. 
11.70 into Eqs. 11.107 to 11.109 gives 


oY 


g ZLY + Lu - f(x) (11.110) 
7=0; Y + u(x) = y(x) (11.111) 
M(Y+u)=N(Y+u) =0 (11.112) 


Thus, if we define u as the steady-state solution 
Lu(x) —f(x) =0 and M(u) = N(u) = 0 (11.113) 


the new set of equations for Y are homogeneous and are the same as Eqs. 11.75 
to 11.77, which then can be readily solved by either the separation of variables 
method or the finite integral transform method. However, we can also attack 
this problem directly without introducing deviation from steady state, as we 
show next. 

As in the previous section, we can obtain the solution for y by directly 
applying the integral transform to Eq. 11.107. The kernel of the transform is 
obtained from an eigenproblem, which is defined by taking the operator L on 
K,, and setting the result equal to -EK n; that is, 


LK,(x) + £K, (x) =0 (11.114a) 
M(K,)=N(K,)=0 (11.114b) 
The application of the transform to Eq. 11.107 would yield 


ae = (Ly, K,) — f(x), Ky) (11.115) 


Using the self-adjoint property (obtained by integration by parts of the first term 
on the RHS of Eq. 11.115), we have 


aad = (y, LK,) — (f(*), Kn) (11.116) 


Next, using the definition of the kernel, Eq. 11.116 becomes 


Site = ERY, Ka) — f(x), Kn) (11.117) 


The initial condition of Eq. 11.117 is obtained by taking the transform of 
Eq. 11.108 


7=0; (y, Ka? = Yox), Kn? (11.118) 
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The solution of the J-factor ODE in Eq. 11.117, subject to the initial condition 
(11.118), is 


(y,K,) = -a fa), Ky) 


1 


+ koo. K,)> + z 


2) Kple- (11.119) 
from which the inverse can be obtained as 


—_ & F), KK AX) 
ž 5 » ELK ns Kp? 


Š [oco Ka) + BO) Klet 
+È ERK) (11.120) 
n=1 nr hn 


The first term on the RHS of Eq. 11.120 is the series representation of the 
steady-state solution u, defined in Eq. 11.113. 


11.2.5 Time-Dependent Boundary Conditions 


Even when the boundary conditions involve time-dependent functions, the 
method described in the previous section can be used to good effect. Let us 


demonstrate this by solving a mass transfer problem in a particle when the bulk 
concentration varies with time. 





The mass balance equations in dimensionless form are 


dy 
37 7 Vy (11.121) 
7=0; y=0 (11.122) 
dy 
x =0; ae = 0 (11.1234) 
x=1, ye (11.123) 


where V? is defined in Eq. 11.79. Equation 11.123b is the time-dependent 
boundary condition. 

The boundary condition (11.123b) represents the situation where the particle 
is exposed to a bulk concentration, which decays exponentially with time. 
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The general integral transform for any coordinate system is 
1 
(y, K,) = f-x*y(a,7)K,(x) dx (11.124) 
0 


where the kernel K,(x) is defined as in the eigenproblem equation 11.99. 
Taking the integral transform of Eq. 11.121 would give 


, K 
TE? L (gy, K,) (11.125) 


Carrying out the integration by parts of the first term on the RHS of Eq. 11.125 
gives 


1 
=| + fix(WK,)yde (11.126) 
0 0 





dy, K,,) sy OY ` 
ar T |A Kg Y 


Using the boundary conditions for y (Eqs. 11.123) and the boundary conditions 
for K,, (Eqs. 11.99b, c) along with Eq. 11.99 (V?K,, = —&?K,,), then Eq. 11.126 


becomes 


ay, Ky) dK,(1) _, 
“dr ee 


dr = éa Y Kp? (11.127) 


Multiplying Eq. 11.99a by x° and integrating the result from 0 to 1 gives 


in which the condition (11.995) has been used. 
Using Eq. 11.128, Eq. 11.127 can be rewritten as 


Hy En = E51, Ke-' — ERY, Kp? (11.129) 


Rearrange Eq. 11.129 as 


a + ECY, Ka? = ER, Kye (11.130) 


The initial condition for Eq. 11.130 can be obtained by taking the transform of 
Eq. 11.122 


T=0; (y, K, 2) =0 (11.131) 


Equation 11.130 is a first order ordinary differential equation with exponential 
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forcing function (J-factor form). The methods from Chapter 2 show 


-7 _ —E?r 
(y, K,) = £21, K) e (11.132) 
(én ~ 1) 
The inverse of the previous equation is 
= R 1,K e77 — eTEnT K 
y= L E Kple = e K (11.133) 
n=1 (E T: 1X Kpn, K,,) 


The mean concentration in the particle (of practical interest) is then given by 


œ E20, K Xle — e-t] 


(r) =(st+ DE E- IKK, K,) (11.134) 


where all eigenproperties are given in Eqs. 11.88, 11.89, and 11.90 for slab, 
cylinder, and sphere, respectively. For example, for a slab particle, the explicit 
solution is 


Figure 11.5 shows a plot of this mean concentration versus time. It rises from 
zero (initial state) to some maximum value and then decays to zero because of 
the depletion of the external source. 
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Figure 11.5 Plot of the mean concentration (Eq. 
11.134) versus 7. 
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11.2.6 Elliptic Partial Differential Equations 


We have demonstrated the application of the finite integral transform to a 
number of parabolic partial differential equations. These are important because 
they represent the broadest class of time-dependent PDEs dealt with by 
chemical engineers. Now we wish to illustrate its versatility by application to 
elliptic differential equations, which are typical of steady-state diffusional pro- 
cesses (heat, mass, momentum), in this case for two spatial variables. We have 
emphasized the parabolic PDEs, relative to the elliptic ones, because many texts 
and much mathematical research has focussed too long on elliptic PDEs. 





Consider the problem introduced in Chapter 1, connected with modeling the 
cooling of a bath owing to protruding cylindrical rods. The model equations in 
dimensionless form were given as 


MELE ce grey aie 

T zl) + ere (11.135) 
Pat: oe 2%) (11.1362) 

¿=1; -Biu (11.136b) 
pats we = 0 (11.1375) 


We note early that the boundary conditions are homogeneous in the -domain 
(Eq. 11.136). So if we take the integral transform with respect to this variable, 
the transform is defined as 


(u,K,) = f 'éu(é, E)K (E) dé (11.138) 


where K,(€) is the kernel of the transform and is defined in terms of the 
associated eigenproblem 














tae |e ae dé | + B2K,(é) =0 (11.1394) 
¿=0; di = (11.139b) 
¿£= 1; aa (11.139c) 


where, by comparison with the Sturm—Liouville equation, the weighting func- 
tion must be é. 
The solution of this associated eigenproblem is: 


K,(x) = Jo( Be) (11.140) 
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where the eigenvalues 8, are determined by inserting Eq. 11.140 into 
Eq. 11.139c to get the transcendental relation 


BrJ (Bn) = BiJo(B,) (11.141) 
Taking the integral transform of Eq. 11.135, we have 


(2 ae(€%e)-* DETSE TeK )=0 


Since the integral transform is with respect to é, the second term in the LHS 
then becomes 


(ż te Gag .)+ A? E u, K,) = (11.1424) 


Now let us consider the first term in the LHS of Eq. 11.1424 and utilize the 
definition of the transform as given in Eq. 11.138. We then have 


1d 
(z alet) J= MAI dé (eT) j|. dé (11.142b) 


Carrying out the integration by parts twice on the integral in the RHS of 
Eq. 11.1426 gives 
|a 


(zalea) K) pelele 


(zalet) x »)= (bag (62 ‘)} 


which is in fact the self-adjoint property. 
Using the definition of the eigenproblem (Eq 11.139a), Eq. 11.142c becomes 


(z rE (ezz) J= J, eul -63K,] i= -63 f éuK, dé 





(11.142c) 


that is, 
1d 3 
= dé ETE) K = —B<u, K,) (11.1424) 
Substituting Eq. 11.142d into Eq. 11.142a, we get 
dlu, K 
—ßB2<u, K„) + eee =0 (11.143) 


Taking the integral transform of Eq. 11.137, we have 


¢=0; (u, K p =(1,K,) (11.144a) 


d(u, K, 
f=1; tu Be 0 (11.144) 
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Equation 11.143 is a second order ordinary differential equation, and its general 
solution is 


(u, K,) = a exp] Et) +b exp( - 








B £) (11.145) 
Applying the transformed boundary conditions (11.144), the integration con- 
stants a and b can be found. The final solution written in terms of hyperbolic 


functions is 
B,(1 ~ 4) 
cosh | EA 


fe) 


(u, K,) = <1, K„? 
cosh( 5 


(11.146) 


Knowing the projection (u, K,,) on the basis function K,(€), the vector u can 
be constructed as a linear combination as was done previously to yield the 
inverse transform 

7 (u, K,) 
TKK.) 


n 14 


Wen K(x) (11.1472) 


or in terms of specific functions 


B,(1 = ¢) 
= <1, K,) cosh] £C = 6) 


u(é,¢) = 2 (KK KRD o O (11.147b) 


Equation 11.147b yields the solution of u in terms of é and ¢. Here, 


Eul 


(1, K,) = fik, (£) dé = [EEn £) dé = (11.1484) 


and 


2 
(Ky, Ky) = JERR) dg = 1) 





1+ (Be) (11.1485) 


The quantity of interest, flux through the base of the rod, which was needed in 
Chapter 1, is 


[= f i|- a 2 (11.149) 


Differentiate Eq. 11.147b with respect to ¢, evaluate this at ¢ = 0, and substi- 
tute the final result into Eq. 11.149 to get 


e )am($e) a 
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Substituting Eqs. 11.148 into Eq. 11.150 then yields 


ae fe) 


Since the original partial differential equation is elliptic, we could have taken 
the finite integral transform with respect to ¢ instead of é. If we now define 


ble 
i Ms 


(11.151) 


v=l-u (11.152) 


so that the boundary conditions in ¢ are homogeneous, we will have the 
following partial differential equation in terms of v. 


TIEA + wit =0 (11.153) 
é=0; A =0 (11.154a) 
é=1; i = Bi(1 - v) (11.154b) 
¢=0; v=0 (11.155a) 
=l; s =0 (11.155b) 


Now, let us define the finite integral transform with respect to ¢ as 
1 
(v,T,) = f OCE DTE) dé (11.156) 


and then we proceed with the usual integral transform procedure to obtain the 
solution for v, and hence, the heat flux. This will be left as a homework 
exercise. 

We now return to the problem of heat removal from a bath of hot solvent by 
way of protruding steel rods (Section 1.6). Various levels of modeling were 
carried out with the simplest level (level 1) being the case where the heat loss is 
controlled by the heat transfer through the gas film surrounding the steel rod. 
The rate of heat loss of this level 1 is (Eq. 1.55c) 


Q, = 27RhgL,(T, — Tp) (11.157) 


The highest level we dealt with in Chapter 1 is level 4, in which we considered 
the axial as well as radial heat conduction in the segment of the steel rod 
exposed to the atmosphere. The rate of heat loss is given in Eq. 1.89, and is 
written here in terms of integral flux J (Eq. 11.149) 


2m R?k 
0AT eR (11.158) 
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Step 1 


Step 2 


Step 3 


To investigate the significance of the radial and axial conduction in the steel 
rod, we investigate the following ratio of heat fluxes obtained for levels 1 and 4 


2 
Ratio = aa = SI (11.159) 


where A = R/L, and Bi =hA,R/k. 

Figure 11.6 shows this ratio versus A with the Biot as the parameter in the 
curves. The radial and axial heat conduction in the steel rod is insignificant 
when the ratio is close to one. This is possible when (i) the parameter Biot 
number is very small or (ii) the geometric factor A is much greater than about 1. 
Let us investigate these two possibilities. The first simply means that the heat 
transfer through the gas film surrounding the steel rod is much smaller than the 
heat conduction in the steel rod. Hence, the heat transfer is controlled by the 
gas film as we would expect on physical grounds. Thus, the level 4 solution is 
reduced to a level 1 solution. The second possibility is that the geometric factor 
A is much greater than about one. 

To summarize the method of finite integral transform, we list (as follows) the 
key steps in the application of this technique to solve PDE. 


Arrange the equation in the format such that the linear differential operator has 
the form as given in Eq. 11.45. 

Define the associated eigenproblem (given in Eq. 11.48) with the associated 
homogeneous boundary conditions. This eigenproblem defines the kernel of the 
transform. 

Define the integral transform (as given in Eq. 11.37) and apply this transform to 
the governing equation of Step 1. 


Biot = 1.0 





A 


Figure 11.6 Plot of Q,/Q, versus A with Biot as 
parameter. 
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Step 4 Integrate the result of Step 3 and use the boundary conditions of the equation 
as well as the eigenproblem; an equation for the image of y, that is, (y, K,,) 
should be obtained. 

Step 5 Solve the equation for the image (y, K,,) 

Step 6 Obtain the inverse y from the image by using either Eq. 11.24 or 11.39. 


We have presented the method of Sturm—Liouville integral transforms, and 
applied it to a number of problems in chemical engineering. Additional reading 
on this material can be found in Sneddon (1972) or Tranter (1958). 


11.3 GENERALIZED STURM-LIOUVILLE INTEGRAL TRANSFORM 


In the previous sections, we showed how the finite integral transform technique 
can be applied to single linear partial differential equations having finite spatial 
domain. The Sturm-—Liouville integral transform was presented with necessary 
concepts of eigenproblem and orthogonality to facilitate the solution of single 
partial or ordinary differential equations. In this section, we shall deal with 
coupled linear partial differential equations also having a finite spatial domain, 
and we set out to show that the same procedure can be applied if we introduce 
the concept of function space, with elements having state variables as compo- 
nents. This will require representation using vector analysis. 


11.3.1 Introduction 


We illustrated in the previous sections that a single equation can be solved by 
either the method of separation of variables or the method of finite integral 
transform. The integral transform is more evolutionary in format and requires 
less intuition and practice than the method of separation of variables. In this 
section, however, we will show how to apply a generalized form of the 
Sturm—Liouville integral transform to coupled PDEs. With this generalized 
integral transform, large systems of linear partial differential equations can be 
solved, and the methodology follows naturally from the Sturm—Liouville integral 
transform presented earlier. Although the procedure is developed in an evolu- 
tionary format, its application is not as straightforward as the Laplace transform 
(Chapters 9 and 10) if the problem has a timelike variable. 

The approach we shall take is to teach by example, as we did in the finite 
Sturm-—Liouville integral transform. We start by using the batch adsorber 
problem to illustrate the procedure. A comprehensive account of the method 
can be found in the book by Ramkrishna and Amundson (1987). 


11.3.2 The Batch Adsorber Problem 


To apply Sturm-—Liouville transforms to coupled PDEs, we shall need to 
introduce a new concept: function space. We introduce this methodology by way 
of a practical example: batch adsorption in a vessel (Fig. 11.7). 


522 Chapter 11 Transform Methods for Linear PDEs 


C, (2) 





Time 





Figure 11.7 Batch adsorber. 





Let us start with the derivation of the mass balance equations for a batch 
adsorber containing spherical adsorbent particles. The solute molecules diffuse 
from the bulk reservoir into the particles through a network of pores within the 
particle. The diffusion process is generally described by a Fickian type equation 


aC 

J= -Dpr (11.160) 
where D, is the effective diffusivity of the solute in the particle, and the flux J 
has units of moles transported per unit total cross-sectional area per unit time. 
During the diffusion of solute molecules through the network of pores, some 
of the solute molecules are adsorbed onto the interior surface of the particle. 
This process of adsorption is normally very fast relative to the diffusion process, 
and so we can model it as local equilibrium between the solute in the pore fluid 
and the solute bound to the interior surface of the particle. This partitioning is 
often referred to as the adsorption isotherm, which implies constant tempera- 
ture conditions. When the solute concentration in the pore is low enough, the 
relationship becomes linear (Henry’s law); hence, mathematically, we can write 


C, = KC (11.161) 


where C is the solute concentration in the pore, C, is the concentration on the 
interior surface, and K is the slope of the linear isotherm, which represents the 
strength of the adsorption. We take the units of C,, as moles per volume of 
particle (excluding the pore volume), so typical units would be moles /cm° solid. 

We are now in a position to derive the mass balance equation inside the 
particle. Carrying out the mass balance equation over a small element of 
thickness Ar at the position r (Fig. 11.8), we obtain for an element of spherical 


particle 


4ar7J|, — 4ar7J|-ear = Slam? Ar eC + 4rr7Ar(i - e)C,| (11.162) 
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O) 


Figure 11.8 Shell element of adsor- 
bent particle. 


The porosity € enters into the accumulation terms, thereby accounting sepa- 
rately for hold-up in fluid and solid phases. 

Dividing Eq. 11.162 by 47rAr, and taking the limit when the element shrinks 
to zero gives 


ac aC 1 ð 
eg t(l-e)-gr = -a gr (11.163) 


Now substituting Eqs. 11.160 and 11.161 into Eq. 11.163 gives 


(11.164) 


20C 
or 


ôC 1 ô 
[e + (1 -e)K] 5 =D. (7 sz > 


If diffusion only occurred in the pore fluid, we would replace D, with eDyore- AS 
it now stands, diffusion is allowed in both pore and solid phases (i.e., surface 
diffusion of adsorbed molecules may occur). 

This equation describes the change of the solute concentration in the void 
space of the particle. Basically it states that the rate of change of mass hold-up 
in the particle (LHS of Eq. 11.164) is balanced by the rate of intraparticle 
diffusion (RHS). Since the mass balance equation (Eq. 11.164) is second order 
with respect to the spatial variable, we shall need two boundary conditions to 
complete the mass balance on the particle. One condition will be at the center 
of the particle where symmetry must be maintained. The other is at the exterior 
surface of the particle. If the stirred pot containing the particles is well mixed, 
then the fluid at the surface of particles is the same composition as the 
well-mixed fluid. These physical requirements are written mathematically as 


ac 
r=0; ya 0 (11.1652) 


r=R; C=C, (11.1655) 
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where C, is the solute concentration in the reservoir. If the pot is not so well 
stirred, we would need to account for film resistance at the particle surface. 

Note that the solute concentration changes with time because the reservoir is 
finite (i.e., the solute capacity is finite). To learn how this solute concentration 
changes with time, we must also carry out a mass balance for the fluid contained 
in the reservoir (i.e., excluding the particles which carry their own pore fluid). 

Let the (dry) mass of the particle be m, and the particle density be Pp» hence, 
the number of particles in the reservoir is 


E 


= 4m R? 
3 





(11.166) 





The influx into a single particle is equal to the product of the flux at the exterior 
surface and the area of the exterior surface; that is, 


M= (rrd | p. EG] (11.167) 


So, the total mass loss from the reservoir is the product of the above two 
equations; that is, 


zle) a 


a z (11.168) 


Knowing this mass loss, the total mass balance equation for the solute in the 
reservoir is 


dC, 3{™p p CE-O 
da” R e 


= Pp or (11.169) 


where V is the fluid reservoir volume excluding the particle volume. This 
equation describes the concentration changes in the reservoir. The initial 
condition for this equation is 


t=0; Cy,=Cyo (11.170) 


If we assume that the particle is initially filled with inert solvent (i.e., free of 
solute), the initial condition for C then is 


t=0; C=0 (11.171) 


Before we demonstrate the method of generalized integral transforms, we 
convert the dimensional mass balance equations into dimensionless form. This 
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is achieved by defining the following dimensionless variables and parameters 


C G, | r Dt 
A=; = 5; r= (11.172 
Cso = RRF R? [e + (1 -—e€)K] ( ) 
m 
(=i + (1-«)K] 
a (411.173) 


V 


These new variables allow the transport equations to be represented in much 
more simplified form 


0A 1 ô 23A 

24 St | (11.1744) 
dA 
=~ = aa . Aay (11.174b) 
subject to the following initial and boundary conditions 
7=0; A=0; A,=1 (11.175) 
aA 

x= 0; ae 0 (11.1764) 
x=1; A=A, (11.1766) 


The previous set of equations describes the concentration changes in spherically 
shaped particles. For particles of slab and cylindrical shape, Eqs. 11.174 are 
simply replaced by 


ðA L ô oA 
dA, _—— (s + 1) 0A(1,7) 
y E aa ee) 


subject to the initial condition (11.175) and the boundary conditions (11.176). 
Here, the shape factor s can take a value of 0, 1, or 2 to account for slab, 
cylindrical, or spherical geometries, respectively. This structure allows very 
general solutions to evolve. 

The parameter B is dimensionless, and it is the ratio of the mass of adsorbate 
in the reservoir at equilibrium to the total mass of adsorbate in the particle (also 
at equilibrium). Generally, this parameter is of order of unity for a well- 
designed experiment. If this parameter is much larger than unity (i.e., very large 
reservoir), then there will be practically no change in the reservoir concentra- 
tion. When it is much less than unity, most of the solute in the reservoir will be 
adsorbed by the particle, hence, the bulk concentration will be close to zero at 
equilibrium. 

Equations 11.174 to 11.176 completely define the physical system for a batch 
adsorber. By suitable change of symbols, those equations can also describe the 
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heating or cooling of a solid in a finite liquid bath, with A being the dimension- 
less temperature of the solid object and A, being the dimensionless tempera- 
ture in the reservoir and B being the ratio of heat capacitances for the two 
phases. It can also be used to describe leaching from particles, as for liquid—solid 
extraction, when the boundary conditions are suitably modified. 

The batch adsorber problem will yield a finite steady-state concentration for 
both the individual particle and also within the well-mixed reservoir. This 
steady-state concentration can be readily obtained from Eqs. 11.174 as follows. 

Multiplying Eq. 11.174a by 3x? dx and integrating the result from 0 to 1, we 
obtain the following equation for average concentration 


dĀ _—— @A(1, 7) 
Ar = (11.178) 
where the mean concentration in the particle is defined as 
Ā=3f'xAdr (11.179) 
0 
Combining Eq. 11.1746 with Eq. 11.178 yields 
dA dA, 
ae =F Ba = 0 (11.180) 


This is the differential form of the overall mass balance equation combining 
both phases. Integrating this equation with respect to time and using the initial 
condition (11.175) yields the following integral overall mass balance equation 


A+BA,=B (11.181) 


As time approaches infinity, the fluid concentration in the adsorbent is equal to 
the concentration in the reservoir. Let this concentration be A,,. Then we have 


B 


AS eB) 


(11.182) 


We now define the following new variables, which are the deviation of the 
concentration variables from their corresponding steady-state values 


y =A -Aos (11.183a) 
Yp =A, — Ag (11.183b) 


the new mass balance equations will become 


dy 1 ðf 8y 
an 42 xz z) (11.1844) 
dy, 3 dy(1,7) 


Io aes Fs (11.184) 
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Key point 1: function space H 


MR E 
Element Q = FA 


Figure 11.9 Rule 1 of the gener- 
alized integral transform. 


subject to the following initial and boundary conditions in dimensionless form 


B 1 
T=0; y= -0+5 7 (i+ By (11.185) 
x =0; a =0 (11.1862) 
fae RG (11.1865) 


This set of equations (Eqs. 11.184) can be solved readily by the Laplace 
transform method, as was done in Problem 10.17. Here we are going to apply 
the method of generalized integral transforms to solve this set of equations. 

To apply this technique, it is necessary to define a function space. This is 
needed because we are dealing with two state variables (y and y,), and they are 
coupled through Eqs. 11.184. Let us denote this function space as H (Fig. 11.9). 

Inspecting the two differential equations (Eqs. 11.184), we see a logical choice 
for an element of the function space as simply the vector 


0 =[y, y] (11.187) 


where superscript T denotes transpose of a vector. The operation on state 
variables using vector algebra is detailed in Appendix B. 

Having defined our space, we need to designate a suitable operator, which 
manipulates variables in this function space. This operator is similar to integral 
or derivative operators in the case of scalar functions. By inspecting the RHS of 
Eqs. 11.184, we deduce the following operator for the function space of 
elements 0 


1 
Be 
3. (11.188) 
-5 lim 


>} 


Defining this matrix operator is the second key step in the methodology of the 
generalized integral transform method. The operator L applied onto an element 
Q will give another element also lying in the same space (Fig. 11.10). 
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Key point 2: operator 


Element Q = FA Element LQ 


Figure 11.10 Rule 2 of the generalized 
integral transform. 


With these definitions of the element and the operator, the original equations 
Eqs. 11.184 can be put into the very compact form 


dO 
F- = LO (11.189) 


which of course is just another way to represent Eqs. 11.184. 

Thus, so far we have created a function space H, which has the elements 2 
along with an operator L operating in that space. Now we need to stipulate 
properties for this space because not all combinations of y and y, can belong to 
the space. To belong to this space, the components y and y, of the element Q 
must satisfy the boundary conditions (Eqs. 11.186). This is the third key point of 
the methodology; that is, properties must be imposed on all elements of the 
space (Fig. 11.11). 

The initial condition from Eq. 11.185 can also be written in the compact form 


B 1 3 


ce aee TER +B) 


(11.190) 


Thus, we have cast the variables in the original equations into a format of a 
functional space. To apply the generalized integral transform, we need to endow 
our function space with an inner product; that is, an operation between two 


Key point 3: properties of function space 
Element Q = M 
Yb 


Figure 11.11 Rule 3 of the generalized inte- 
gral transform. 
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elements in the function space H. This is our fourth key point. The inner 
product for the function space is similar to the conventional dot product of the 
Euclidean vector space. 

Obviously, we can define an inner product to have any form at this point, but 
there will be only one definition of the inner product that will make the 
operator L self-adjoint, a property discussed earlier in the application of 
integral transforms. The inner product (i.e., the operation between two ele- 
ments) is not known at this stage, but it will arise naturally from the analysis of 
the associated eigenproblem. 


EIGENPROBLEM 


The form of the associated eigenproblem for Eq. 11.189 is derived in exactly the 
same way as in the last section. One simply uses the operator L, operates on the 
so-called eigenfunction K, and sets the result to equal to —éK. Thus, the 
eigenproblem is 


LK = -¢-K (11.191) 


where the components of this eigenfunction are W and D 
K =[w,D]" (11.192) 


We can view the vector K as special elements of the function space H. Since the 
eigenfunction K belongs to the function space H, its components must satisfy 
the properties set out for this space (recall our third key point), that is, they 
must satisfy the following conditions 


dW 
x= 0; Pr 0 (11.1934) 


x=1; W=D (11.193b) 


As we have observed with the Sturm-Liouville integral transform and we will 
observe later for this generalized integral transform, there will arise an infinite 
set of eigenvalues and an infinite set of corresponding eigenfunctions. We then 
rewrite Eqs. 11.191 to 11.193 as follows to represent the nth values 





LK, = —é,K,, (11.1944) 
dW, 

x=0; Z 7o (11.194b) 

x=1; W, = D, (11.194c) 


To obtain the analytical form for the eigenfunction and its eigenvalue, we need 
to solve Eqs. 11.194 by inserting K,, = [W,, D,,]’. Written in component form, 
Eq. 11.1944 becomes 





N 
Sa 
— 
= 
N 
a 
= 
— 
+ 
S 
= 
ll 
© 


(11.1954) 





3 
Be = ED, (11.1955) 
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Equation 11.195a@ is a linear second order ordinary differential equation. The 
methods taught in Chapters 2 and 3 can be used to solve this elementary 
equation. The solution for the boundary conditions stated (taking the multi- 
plicative constant as unity) is 


n 


sin( yé, x) 


(11.196) 


Equation 11.196 is the first component of the eigenfunction K,„. To obtain the 
second component D,, we can use either Eq. 11.194c or Eq. 11.195b. We use 
Eq. 11.194¢ to yield the solution for D, 


D, = sin( y£, ) (11.197) 
Thus, the eigenfunction K, = [W,, D,,]’ is determined with its components W, 
and D, defined in Eqs. 11.196 and 11.197. To completely determine this 
eigenfunction K,,, we need to find the corresponding eigenvalue. This can be 


accomplished by using Eq. 11.1955, and we obtain the following transcendental 
equation for the many eigenvalues 


Vén cotyé, - 1 = (se, (11.198) 
Figure 11.12 shows plots of the LHS and RHS of Eq. 11.198 versus vé . The 


intersection between these two curves yields the spectrum of countably infinite 
eigenvalues. 


20 7 
15 
10 
5 
dar N 
-5 
a LHS 
-15 
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en 


Figure 11.12 Plots of LHS and RHS of the 
transcendental equation 11.198 versus VEn . 
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INNER PRODUCT 


As we mentioned earlier, the fourth point of the development of this method is 
the inner product, which is the necessary ingredient to allow inversion. To 
obtain the inner product, just as in the case of Sturm—Liouville transform, we 
will start from the definition of the eigenproblem (Eqs. 11.195). 

Multiplying Eq. 11.195a@ by x?W,, (where m # n) yields the equation 





d | aW, 
moie Pm | + é, x? WW, = 0 (11.199) 


Integrating this equation over the whole domain of interest, we have 


| 1 
"1 dx + x?W,W,,dx = 0 11.200 
dx éf, n'm ( ) 





[Wal E 


Carrying out the integration by parts of the first term on the RHS of Eq. 11.200, 
we obtain 


W) a dW, dW, 


W,,(1) an “Fe de +E fx x? WW, dx =0 (11.201) 








Because n and m are arbitrary integers, we can interchange them in Eq. 11.200 
to yield the equation 


WA a 


m n 


aWa(3) „dW, dW, 1 
=a = T Et En ft WW, dx =0 (11.202) 


Subtracting Eq. 11.202 from Eq. 11.201, we have 


1 dwi(1 
(En ~ En) [ WW, dx + W(t) PAD — 1) Mn = 9 (11.203) 
0 
Next, we multiply Eq. 11.1955 by D,„ and obtain the result 
dW (1) B 
-Da k + = En Dn Drm =0 (11.204) 
Replacing D, in the first term with (obtained from Eq. 11.194c) 
Dy = Wr 1) (11.205) 
to obtain 
dW, 
W,, (1) — au dy 24D =0 (11.206) 


Now we interchange n and m in Eq. 11.206 to obtain a new equation similar in 
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form to Eq. 11.206. Then we subtract this equation from Eq. 11.206 to get 


E — Em) Dn Dm + wij z ae =0 (11.207) 





Finally, adding Eqs. 11.203 and 11.207 to eliminate the cross term 
W,(1) : dW,,(1)/dx, we obtain the equation 


1 B 

(&- l x?W, W, dx + 5D,D,| =0 (11.208) 
0 

Since the eigenvalues corresponding to n and m (n + m) are different, Eq. 

11.208 gives us information on exactly how we should define the inner product. 

This inner product leads to a natural notion of distance between elements of 

the function space H. If we define two vectors 


uy vy 
u= | | and v= | | (11.209) 
uy U2 


as elements of the function space H, the inner product should be defined for the 
present problem as 


(u,v) = feu, dx + Fur (11.210) 
0 
Thus, we see from Eq. 11.210 that the inner product of two vector elements u 
and v is a scalar quantity, which may be regarded as a measure of length 
between these two vector elements. 
Of course, we can choose an inner product of any form we wish, but Eq. 
11.210 is the only form that leads to the orthogonality conditions between two 
eigenfunctions, and for the present problem 


{K,,K, =0 forn#m (11.211) 


Thus, we have endowed the function space for the current problem with an 
inner product, defined as in Eq. 11.210. Since the eigenfunctions are orthogonal 
to each other with respect to the inner product, they will form a complete basis 
for other elements of the space. This is a general approach, and the obvious 
choices allow an orthogonality condition to evolve. 


SELF-ADJOINT PROPERTY 


The next important property we need to prove is the self-adjoint property for 
the differential operator defined in Eq. 11.188. Let u and v be elements of the 
function space, i.e., they must satisfy the boundary values 


du,(0) 
ay =0; wy, = (1) (11.212) 
dv (0) 

ae =) (11.213) 
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These represent symmetry at centerline and equality of boundary concentra- 
ae need to validate the following self-adjoint property 

(Lu, v) = <u, Lv} (11.214) 


Let us consider first the LHS of Eq. 11.214. By definition of the inner product 
(Eq. 11.210), we have 





(Lu, v) = elia) dx — TaD v, (11.215) 








x? Ox Ox Ox 
or 
ae he ae al 11.216 
Luv) = [lag (e ae }ede— “Geer ao) 
Carrying out the integration by parts of the first term of the RHS of Eq. 11.216 
gives 
ðu (1 ðv (1 
(Lu, v) Z v (1) —— La Jie. u ) u,(1) 
(11.217) 





2 28V, _ ĉu (1) 
t 0 |: al Ox Ju ae ax 2 


Now we combine the three nonintegral terms in the RHS of Eq. 11.217 and 
make use of Eqs. 11.212 and 11.213. We then obtain the result 


(Lu, v= fix E TA pt =) a dx — My (11.218) 


The RHS is the definition of <u, Lv}. Thus, we have proved the self-adjoint 
property for the differential operator L. 


TRANSFORM EQUATIONS 


Having defined the eigenfunctions (i.e., the orthogonal basis), the inner product 
and the self-adjoint property, we are ready to apply the integral transform to the 
physical system (Eq. 11.189). 

Taking the inner product of Eq. 11.189 and Eq. 11.190 with one of the 
eigenfunction K, (in the manner of the Sturm—Liouville integral transform, this 
action is regarded as the projection of the vector Q onto the basis K,,), we have 


4 (0.K,) = (LO,K,,) (11.219) 


7=0; (0,K,) = (Q.K, (11.220) 
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The inner product (©, K,,> can be treated as the projection or image of Q onto 
the basis K,,. Now, we make use of the self-adjoint property (Eq. 11.214) on the 
RHS of Eq. 11.219 to get 


4 (0,K,) = (O,LK,) (11.221) 
Using the definition of the eigenproblem (Eq. 11.194a), Eq. 11.221 becomes: 
4 (0,K,) = -£<9,K,) (11.222) 
from which the solution is 


(9,K,,) = (Qo, K, Jei (11.223) 


Thus, to solve the problem up to this point we have used the inner product, the 
eigenproblem and the self-adjoint property of the linear operator. It is recalled 
that the actions taken so far are identical to the Sturm—Liouville integral 
transform treated in the last section. The only difference is the element. In the 
present case, we are dealing with multiple elements, so the vector (rather than 
scalar) methodology is necessary. 


INVERSE 


Knowing the projection or image (,K,,) (Eq. 11.223), we can reconstruct the 
original vector by using the following series expansion in terms of coordinate 
vectors K, 


Q= }_ ô,K, (11.224) 


where ô, is a linear coefficient. These coordinate vectors (eigenfunctions) form 
a complete set in the function space, so the determination of the linear 
coefficients 5, is unique. 

Applying the orthogonality condition (i.e., by taking the inner product of Eq. 
11.224 with the eigenfunction basis where the inner product is defined in Eq. 
11.210), we obtain the following expression for the linear coefficient 


(0,K,,> 
ô, = “K,,K,) (11.225) 
Hence, the final solution is 
a- Ea, K, -En 11.226 
a N IRK) ER 
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If we now treat 


K; (11.227) 


[(Ky,K, 1" 


as the nth normalized basis function, the solution vector 2 is the summation of 
all its projections (9,K,,)/[(K,,K,,]'/? multiplied by the nth normalized 
basis function (Eq. 11.227). 

Next, we substitute the known solution of the projection or image (2, K,,> 
given in Eq. 11.223 into Eq. 11.226 to get 


eK, (11.228) 


Our final task is to evaluate the various inner products appearing in the 
solution, (Q,,K,,) and (K,,, K,,). Using the definition of the inner product (Eq. 
11.210), we have 


-fl-8 Bj 1 
(Qa, K,) sji | a Fa [Kus +3 la | (11.229) 
where ©, denotes initial state vector, and 
K,,K,) = ['PK? de + =D? (11.230) 
0 


where W, and D, are given in Eqs. 11.196 and 11.197. Straightforward evalua- 
tion of these integrals gives 





(Qo,K,,) = é 


(11.231) 


and 
(K,,K,) = 5 = WE sin(2Vé, ) + B sin*(vé, ) (11.232) 


Knowing the vector given in Eq. 11.228, the concentration in the particle is the 
first component and the concentration in the reservoir is the second component 
of the vector. 

The solution for the bulk concentration A, can be obtained from the second 
component of the vector defined in Eq. 11.228, that is, 


= B = (Qo, K, eE 
= OFB) L Koky 


n=ł} 


A, (11.233) 
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Substituting Eqs. 11.231 and 11.232 into Eq. 11.233 gives the following explicit 
solution for the bulk fluid concentration (compare with Problems 10.16 and 


10.17). 
B B ket eT Ent 
A, = -nr t3 ao 11.234 
b (1 +B) ed ( ) 
2+ 3+ Wgé 





To evaluate the series on the RHS of Eq. 11.234, we need to first determine the 
eigenspectrum (defined by the transcendental equation 11.198). This is a nonlin- 
ear equation and can be easily handled by the methods presented in Appendix 
A. Figure 11.12 shows that the nth eigenvalue Vén lies between na and 
(n + 1)7. We, therefore, can start with a bisection method to get close to the 
solution and then switch to the Newton—Raphson method to get the quadratic 
convergence. Note that when eigenvalues are large, the difference between 
eigenvalues is very close to m. This additional information is also useful in 
determining large eigenvalues. 

Figure 11.13 illustrates the behavior of A, = C,/Cp) versus 7. This family of 
plots is very useful for those who would like to use a batch adsorber to 
determine the effective diffusivity of solute in an adsorbent particle. With a few 
modifications of symbols, it could also be used to determine the thermal 
conductivity of solid. In an experiment, the bulk fluid concentration is moni- 
tored as function of time, t. Since the partition coefficient K is available from 
equilibrium experiments, that is, the slope of the linear isotherm is known, the 
parameter B can be calculated. Knowing B, the curve in Fig. 11.13 correspond- 
ing to this value of B will be the characteristic curve for the given system. From 





T 


Figure 11.13 Plots of A, versus nondimensional + with 
B as the varying parameter. 


Step 1 
Step 2 
Step 3 
Step 4 


Step 5 
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this curve we can obtain the dimensionless time 7, (see the sample in Fig. 11.13) 
from every measured A,, at the time ¢,. 

Now, since the dimensionless time 7 is related to the real time ¢ by Eq. 
11.172, we simply plot 7; versus ¢; and this should give a straight line through 
the origin with a slope of 

D 


Rle+ (1 —«)K] (11.235) 


Thus, knowing the particle characteristics, R and €, and the slope of the linear 
isotherm, we can readily determine the effective diffusivity D,. This method can 
be conveniently carried out with a simple linear plot, without recourse to any 
numerical optimization procedures (provided, of course, that the capacity ratio 
B is known beforehand). 

This example summarizes all the necessary steps for the generalized integral 
transform. To recap the technique, we list below the specific steps to apply this 
technique. 


Define a function space with stipulated elements. 

Define the operator to manipulate elements of the space. 

Define the properties for the space (decided by BCs). 

Define an inner product, and derive the orthogonality condition and the 
self-adjoint property. 

Use superposition of solutions to define the inversion back to the Q domain. 


In the final step, we use the self-adjoint property and the definition of the 
eigenproblem to solve for the image (or projection of our variables on the nth 
eigenvalue coordinate). Knowing the image, the inverse can be found in a 
straightforward manner using the orthogonality condition. 

We have applied the methodology for the generalized integral transform to 
the batch adsorber. Although the approach shows striking similarity with the 
conventional Sturm—Liouville transform, no special representation of the opera- 
tor L has been proposed. For some partial differential equations, the operator is 
decomposed before the generalized integral transform can be applied. The book 
by Ramkrishna and Amundson (1986) gives additional details for these special 
circumstances. 
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11.5 PROBLEMS 


11.1,. A general form of the second order differential operator defined as 
= Alto S tao gd +n) 
To ( x) Po d? Pi dx P2 


may not be self-adjoint. The function pọ is a positive function over the 

whole domain of interest. To make use of the nice property of self-ad- 

jointness, the above operator must be converted to a self-adjoint form. 

(a) Multiply the denominator and the numerator of the above operator 
by y(x) to show that 


= | OWS + rE +) 


Rearrange the above equation as 


1 d p(x) d 
~ RO) [aoro] + Dox) & 








+a] 


and compare with the following differentiation formula 


d d d? l dI d 
(rH) -[ 5+ 


to show that 
T= p(x)y(x) 


1 dl pix) 
T dx — Po( x) 





(b) Show that the solution for y(x) will take the form 


0) = ay LL a E] 


(c) With this definition of the positive function y(x) (since po(x) is 
positive), show that the linear differential operator is 





= yay (| Pol) | +e) 


11.5 Problems 539 


(d) Define 
ro(x)y(x) = r(x) > 0 
Po(x)y(x) = p(x) > 0 
and 
pa(x)y(x) = -4(x) <0 


and show that the above differential operator is exactly the same as 
the self-adjoint Sturm—Liouville differential operator, defined in Eq. 
11.45. 

(e) If the boundary conditions are 


oo 


ab) 





Byy(b) + B- 


show that the new operator obtained in part (d) is self-adjoint. 
11.2,. Consider the following second order differential operator 


-Ë ,14 
dee xd 


Comparing it with form of the operator of Problem 11.1, we have 


1 
ro(x) =1>0; pox) =1>0; p(x) => 


(a) Use the method of Problem 11.1 to show that the function y(x) is 


v(x) = exo] fas] = > 


(b) Then show that the new operator is 


1 d d 
L= zE) 
which is the usual Laplacian operator in cylindrica! coordinates. 
Show that it is self-adjoint with the two boundary conditions 


-o 8 
x =0; ae 


x =a; y=0 


11.3,. Repeat Problem 10.1 by using the method of finite integral transform. 
Compare the solution obtained by this method with that obtained by the 
method of separation of variables. 
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11.4*. A very long, cylindrical stainless steel rod having a diameter of 1.5 meters 
is heated to 200°C until the temperature is uniform throughout. The rod 
then is quickly cooled under a strong flow of air at 25°C. Under these 
conditions the heat transfer coefficient of the film surrounding the rod is 
calculated as 150 W m~? K~!. The thermal properties of the stainless 
steel are k = 15 Wm! K`! and k/pC, = 4 x 1076 m’/sec. 

(a) Obtain the analytical solution by the method of finite integral trans- 
form and determine the time it takes for the center to reach 50°C. 

(b) What will be the surface temperature when the center reaches 50°C? 

(c) If the air flow is extremely high (i.e., ideal), what will be the surface 
temperature and how long will it take for the center to reach 50°C? 
Compare this time with that in part (a). 

11.5*. A hot slab of aluminum is quickly quenched in a water bath of tempera- 
ture 50°C. The heat transfer coefficient of water film surrounding the 
slab is 10,000 W m~? K7!. This is a one-dimensional problem, since the 
slab is thin. Ignore losses from the edges. 

(a) Obtain the transient solution by the method of finite integral trans- 
forms. 

(b) If the initial temperature of the slab is 500°C, calculate the center 
temperature after 30 sec and 1 minute exposure in the water bath. 
The slab half thickness is 0.05 m. Properties of the aluminum are: 


k =200Wm7' K7}; C, = 1020 J kg™' K7!; p = 2700 kg m~? 


(c) After 30 sec exposure in water bath, the slab is quickly removed and 
allowed to cool to a flow of air of 25°C with a heat transfer coefficient 
of 150 W m`? K7~!. What will be the center and surface tempera- 
tures after 5 minutes of exposure in air. 

11.6*. The partial differential equation (Eq. 11.153), rewritten as follows, has 
homogeneous boundary conditions in ¢. 


19 (,8v) , pe _ 
roelen + 572 : 


Ov 
é=0; z = 
¿= $ =Bi(1-v) 
£=0; v=0 
av 


(a) Use the usual procedure of finite integral transforms to show that the 
transform with respect to ¢ is defined as 


ones YE OTE) ae 
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where T, is defined from the associated eigenproblem 





a’T, 
age tet, = 0 
6=0; T, =90 


dT, 
¢=1; ae T? 


(b) Show that the solution of the eigenproblem of part (a) is 


T,(£) = cos[y,(1 — £)] 


where the eigenvalues are given as 


with n = 1,2,3,... 

(c) Take the integral transform of the partial differential equation and 
two boundary conditions in é and show that the differential equation 
for (v, T,) and its boundary conditions are 


dlw,T, 
alge- eron) =0 
rai ae he e: 
dlv, Ta? 


é = 1; de = Bi[ <1, T,» a (v,T,)] 


(d) Use the Bessel function discussed in Chapter 3 to show that the 
solution for <v, T,,) of part (c) is: 


(v, Tp? R aly( Ay, €) + bK,( Ay, €) 


where a and b are constants of integration. 
(e) Use the transformed boundary conditions to show that 


(1, 7,42 


nL: S eee 
1 > 
[fo(Arn) + BeAr Ay,)| 


b=0 


hence, the complete solution for <v, T,,> is 


3. e 
[fo Ayn) a Bi AYCA) 
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(f) Start from the eigenproblem to show that the orthogonality condition 
is 


Í T(%nS)Tn(YmS) 4 =0 nem 


(g) Use the orthogonality condition to show that the inverse v is given by 


= AT ol An éeosl (1 = 6] 
n=l (Ty, T| ilan) a E Annlan) 


11.7*. (a) To show that the eigenvalue of Example 11.7 is real valued, assume 
the eigenvalue ¢ is a complex number as 


En = @, + iB, 


and let the mth eigenvalue be the conjugate of the nth eigenvalue; 
that is, 


En =F, = Oy = 18, 
Substitute these two relations into Eq. 11.208 to show that 


Ls 


2] = 
3 Dn =0 


2ip,| [x22 dx 4 
0 


hence, show 
B, = 90 


(b) Part (a) shows that the eigenvalue is real valued. Now show that the 
eigenvalue is positive. 
Hint: Multiply Eq. 11.195a by x?W, dx and carry out the integration 
by multiplying Eq. 11.1955 with D, and then adding them in the 
following way: 


d (_,4W, 
(x dx 


w1 
E| (W2 ae + 5| =- [Wi T) a pe 
0 0 


Carry out the integration by parts of the first term on the RHS and 
use Eq. 11.194c to see W,(1) = D,„, then solve for &, to get 


1 (dW, Z 
f= (T ) dx 
few? de + 30? 

0 3 


fn = 


11.5 Problems 543 


11.8*. Apply the generalized integral transform method to solve the following 


problem 
AY, p22 Y1 
FRE B wie for O<x <6 
a 8? 
z2 = 22 for 6<x<l1 
T Ox 


subject to the following boundary conditions 


dy oy 
LOR RE ae ay 
ð 


x=1; y,=0 
The initial condition is assumed to take the form 
T=0; yp =y2=1 


(a) Show that the function space H for this problem will contain ele- 
ments having the following form 


Sal 


and the operator operating on this space will be 


8? 
P=; 0 
Ox 
L = 
ð? 
0 ee 
ax? 


(b) Then show that the equation can be cast into the form 


S = Lo 


with the initial condition 


opl- 


(c) Show that the eigenproblem for the above problem is 


LK, = -&K,, 
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where the eigenfunction has two components as 


“fe 


n 


(d) Show that the homogeneous boundary conditions for W, and D,, are 


sti dD 
—_ é 2 n 
x=6; W,=D,; B ar 





dW, 
x =0; d =0 





x=1; D, = 0 
(e) Solve the eigenproblem and show that W, and D, will take the form 
W,= cos( $2] 
D, = Asin(é,x) + Bcos(é,x) 


where A and B are given by 


A= cos $ ö)sinçe, 5) - p sinf $o Joost é, ô) 


B = cos( $ 5 }oos(&, ô) + psin( $ 5 sin(£,8) 


and show that the eigenvalue is determined from the following 
transcendental equation 


[cos{ $ra sinc £,8) ~ pssin( $25 c0s(¢,8) |sinc,) 
+ [oos{ $p 5 eos, ô) + p sin( $4 asin, 5) Joost, )=0 


(f) Start from the eigenproblem to show that the inner product, which 
defines the integral transform, is 


ô i 
(u, v) = f uwd + f ux, dx 


for 
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(g) With this definition of inner product, show that the eigenvalues are 
orthogonal to each other; that is, 


K, Knp? =0 for n#m 
(h) Prove the self-adjoint property 
(Lu, v) = <u, Ly) 


(i) Now solve the problem and show that the solution is 


where 
(0,K,,) = (Qo, K,,.exp( —€?7) 
with 


(Q,,K,) = fam, ax + [ DD, ax 


Chapter 12 





Approximate and 
Numerical Solution 


Methods for PDEs 


In the previous three chapters, we described various analytical techniques to 
produce practical solutions for linear partial differential equations. Analytical 
solutions are most attractive because they show explicit parameter dependences. 
In design and simulation, the system behavior as parameters change is quite 
critical. When the partial differential equations become nonlinear, numerical 
solution is the necessary last resort. Approximate methods are often applied, 
even when an analytical solution is at hand, owing to the complexity of the exact 
solution. For example, when an eigenvalue expression requires trial—error 
solutions in terms of a parameter (which also may vary), then the numerical 
work required to successfully use the analytical solution may become more 
intractable than a full numerical solution would have been. If this is the case, 
solving the problem directly by numerical techniques is attractive since it may be 
less prone to human error than the analytical counterpart. 

In this chapter, we will present several alternatives, including: polynomial 
approximations, singular perturbation methods, finite difference solutions and 
orthogonal collocation techniques. To successfully apply the polynomial approx- 
imation, it is useful to know something about the behavior of the exact solution. 
Next, we illustrate how perturbation methods, similar in scope to Chapter 6, can 
be applied to partial differential equations. Finally, finite difference and orthog- 
onal collocation techniques are discussed since these are becoming standardized 
for many classic chemical engineering problems. 


12.1 POLYNOMIAL APPROXIMATION 


Polynomial approximation involves two key steps. One is the selection of the 
form of the solution, normally presented as a polynomial expression in the 
spatial variable with time dependent coefficients. The second step is to convert 


546 
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the differential equation into an integral form. This means that if the governing 
equation is a differential heat balance equation, then one necessary step is to 
convert this into an integral heat balance equation, on which the polynomial 
approximation will be applied. Since the process is in essence a form of 
“averaging,” the final approximate solution is not unique. The advantage of the 
polynomial approximation technique is the simplicity of the final result and the 
ease with which it can be used for study of complex phenomenon (Rice 1982). 
The method evolves quite naturally, as we show next in a classical example. 





Find an approximate solution, valid for long times, to the linear parabolic 
partial differential equation, describing mass or heat transport from/to a sphere 
with constant physical properties, such as thermal conductivity and diffusion 
coefficient 


LAT glez) (12.1a) 


subject to the following initial and boundary conditions 


7=0; y=0 (12.1b) 
a 

x=0; Z= (12.1¢) 

x=1; y=1 (12.1d) 


For mass transfer, the dimensionless variables are 


eid gD, oC © 
aR? 75 R?’ ?= C-C: 


where C, is the initial composition, Cg, is bulk fluid composition at the 
boundary r = R, and D represents diffusivity. 

This linear partial differential equation was solved analytically in Chapters 10 
and 11 using Laplace transform, separation of variables, and finite integral 
transform techniques, respectively. A solution was given in the form of infinite 
series 


METETA - 5 (—cos é,) sin(é,,x) 7 
n=1 


é xp(-€?r); é = am (12.2) 


The solution for the average concentration, which is needed later for compari- 
son with the approximate solutions, is 


2 sey Sse. 
5 = 3f'x?y(x,7) dr = Sy Se ears) (12.3) 
0 ae n 
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Except for short times, the series on the RHS of Eq. 12.3 converges quite fast, 
hence, only a few terms are needed. For short times, the following solution, 
obtained from the Laplace transform analysis, is particularly useful 


-l\c 
y= { g 3.38514VT (12.4) 


We wish to generate a compact, polynomial approximations to this elementary 
problem. As a first approximation, we assume that the solution will take the 
following parabolic profile 


Ya( x, T) =a (7) + a,(7)x? (12.5) 


where a(r) and a,(r) are unknown coefficients, which are functions of time 
only. The linear term with respect to x was not included in light of the 
symmetry condition at the center of the particle. This means that the center 
condition is automatically satisfied by Eq. 12.5. 

Next, we integrate the differential mass (heat) balance equation by multiply- 
ing the LHS and RHS of Eq. 12.1a with x?dx and integrate over the whole 
domain of interest (i.e., [0, 1]), to find 








dy _ {oy 
T op rr (12.6) 
It is useful to note that the volumetric mean concentration is defined as 
Laz 
[re 
=> =3f x?ydx (12.7) 
f x? dx 0 
0 
Knowing the form of the assumed solution (Eq. 12.5), we can obtain the two 
relations 
as 1 5 3 
7, = 3f x y(x,7) dr = a(1) + 5a,(7) (12.8) 
Oy, 
Jx | = 2a,(T) (12.9) 


Next, substitute the assumed solution into the boundary condition at the 
particle surface, to see 


y,(1,7) =a (7) + a,(7) =1 (12.10) 


Subtracting Eq. 12.10 from Eq. 12.8 yields 


1-j, = Žar) (12.11) 
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Finally eliminating a(r) from Eqs. 12.9 and 12.11, we obtain 





[FI = 5(1 — Fa) (12.12) 


If we now assume that the overall mass balance equation (Eq. 12.6) is satisfied 
by the approximate solution Eq. 12.5, then substituting Eq. 12.12 into that 
overall mass balance equation we have 





dy, E 
TE = 15(1 - 5) (12.13) 


The initial condition for this equation is 
7=0; y,=0 (12.14) 
The solution to Eq. 12.13 is straightforward 
y, = 1 — exp( — 157) (12.15) 


Knowing the mean concentration, the coefficients a(r) and a,(7) are deter- 
mined from (using Eqs. 12.8 and 12.10) 


I 


a,(7) = G -= 7a) > exp(— 157) (12.16a) 


a(7) = 1- a,(7) = 1 — Žexp(—157) (12.165) 


Now, the approximate solution y,(x,7) can be written rather compactly as 
5 5 2 
Yya(x,T7)=]|1- zexp(— 157) + 5exp(—157)x (12.17) 


Thus, we see that the procedure for obtaining the approximate solution is as 
follows: 


1. Assume an expression for the solution as a polynomial in terms of the 
spatial variable with the coefficients as a function of time. 

2. Integrate the differential equation over the whole domain of interest to 
obtain an “average” integral equation, which is satisfied by the approxi- 
mate solution. 

3. Solve the equation for the mean concentration. 

4. Knowing the mean concentration, determine the time-dependent coeffi- 
cients of the assumed polynomial solution, and finally obtain the complete 
polynomial representation. 


Observing Steps 3 and 4, we see that the procedure yields the mean (average) 
concentration first and then the polynomial approximate solution. This is in 
reverse order to the usual analytical procedure (such as the separation of 
variables or integral transforms) where we obtain the solution y(x,r) first 
before the mean concentration can be determined. 
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Figure 12.1 Plots of exact and approximate average 
concentrations. 


Figure 12.1 shows plots of the average concentrations obtained from the 
analytical (Eq. 12.3) and polynomial approximate procedure (Eq. 12.15) 
versus T. 

Inspection of the curves shows that the two solutions cross each other. This is 
expected since the polynomial approximate solution satisfies the mass balance 
equation only in some average sense. Now, the exact solution behaves roughly 
as yr for small times (see Eq. 12.4), so Fig. 12.1 also shows plots of the average 
concentrations versus v7 . The polynomial solution fails to exhibit the linear Vr 
dependence at short times, but rather it takes a sigmoidal shape. 

We may have expected poor performance at short times, since we may have 
recognized from our earlier work that many terms are necessary for the short 
time period. To see this more clearly, we plot the exact solution y(x, 7) 
(Eq. 12.2) and the polynomial approximate solution y,(x, 7) (Eq. 12.17) at two 
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Approximate 
solution 





"0.0 0.2 0.4 0.6 0.8 1.0 


x 


Figure 12.2 Exact and approximate concentrations 
profiles. 


values of times, 0.02 and 0.1. It is seen in Fig. 12.2 that the concentration profile 
obtained from the approximate solution has negative values over a portion of 
the spatial domain for 7 = 0.02. 

We inspect the exact concentration profiles in Fig. 12.3 for a few values of 
time and note that the profiles are quite sharp and they move into the interior 
of the particle like a penetration front; that is, there is a time dependent 
position in the particle domain where the concentration tends to zero. This 
physical reasoning on the solution behavior may help to develop another 
scheme for approximate solution, as we show next, which is applicable to short 
times. 

Before we develop this new scheme, it is convenient to transform the 
spherical coordinate problem by applying the following change of variables 


U 
yr x (12.18) 
With this transformation, we have 
dy 1 dv v 
dx = x a = y2 (12.19a) 


d dy d Id v d?v 
ale) - selz = 4] “2 GAI 
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Figure 12.3 Exact concentration profiles at 7 = 
0.005, 0.01, 0.015, 0.02, and 0.03. 


and the mass balance equation Eq. 12.1 becomes 


= (12.20) 


The initial and boundary conditions on v are 


7=0; v=0 (12.21) 
x = 0; y is finite.. v ~ x (12.22a) 
x=1; v=1 (12.22b) 


For the new set of equations in terms of v, we propose the new polynomial 
approximate solution for v to take the form 


va = ao(7) +a (T)x + a,(7)x? (12.23) 


where x lies between the penetration front X(r) and the particle surface 
(x = 1). Since the approximate solution is valid only in this new subdomain, we 
need to introduce the following condition for v, at the position X(7) 


x = X(t); v,=0 (12.24) 


that is, the concentration at the penetration front is zero. Further, since the 
penetration front is still an unknown at this stage, we need to define one more 
equation for the complete formulation of the approximate problem. This is 
introduced by assuming that at the penetration front, X(7), the slope of the 
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profile for v, is zero, that is, 


x =X(r); ao (12.25) 





Using the conditions (Eqs. 12.22b, 12.24, and 12.25), and following the usual 
procedure, the approximate solution becomes 


2 
v, = [R (12.26) 


where the penetration front X(7) is still an unknown function of time. 
Next, we integrate Eq. 12.20 with respect to x from X(7) to 1 and obtain 


d pl Ov 
gf v= E 
dr X(T) ôx 
Now we assume that the approximate solution, v,, satisfies the integral mass 


balance relation Eq. 12.27, and we substitute Eq. 12.26 into Eq. 12.27 to obtain 
the following differential equation for the penetration front 





(12.27) 


x=X(r) 


£ [1-X(7)] = IG (12.282) 


The initial condition for the penetration front will be the position at the particle 
surface 


7=0; X(0) = 1 (12.285) 
The solution of Eq. 12.28 is clearly seen to be 
X(r) = 1-237 (12.29) 


Knowing the solution for v, from Eq. 12.26, the solution for y, is 


ije- 
Vleet) = > f =X(7) (12.30) 
We can use the polynomial solution to obtain the mean concentration 
f x?y,dx 
= _ X(7) 1 2 3 2 
Ya = 1 =3 x y,dx = JU - X(r)] + X(r)[1 - X(1)] 
f x?dx X(T) 
0 
(12.31) 


Substituting the solution for the penetration front (Eq. 12.29) into Eq. 12.31, we 
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Figure 12.4 Plots of the mean concentration ver- 
sus 7. 


obtain a solution valid for short times 
J, = 2v37 — 37 (12.32) 


Plots of this approximate solution for the mean concentration as well as the 
exact solution are shown in Fig. 12.4. 

It is seen that the new approximate solution agrees rather well with the exact 
solution for short times. It even has the correct Yr behavior at small time. At 
very small times, the approximate solution behaves like 


J, = 2V3r = 3.4641 Vr (12.33) 


which compares well with the exact solution at small times 


y= (=| = 3.38514y7 (12.34) 


All seems well, but the polynomial approximate solution starts to fail when the 
penetration front reaches the center of the particle. Hence, this polynomial 
solution is valid only for 7 less than 1/12 (obtained by setting Eq. 12.29 to 
zero), at which time the net uptake is about 75%. 

As we have mentioned in the introduction, the polynomial solution is cer- 
tainly not unique and depends on choices made early by the analyst. We have 
observed that the first approximate solution (parabolic profile approximation) 
agrees with the exact solution in the average sense over the whole time course 
(reflected by the cross over between the two solutions). The second approxima- 
tion, using the notion of penetration front, agrees rather well with the exact 
solution but fails when uptake is more than 75%. We now present below 
another method of finding a polynomial approximation, which may help to 
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bridge the gap between the previous two solutions. 
In this new formulation, we propose an arbitrary power law expression for the 
approximate solution (Do and Mayfield 1987) 


y,(x,7) =ao(t) + a,(7)x”™ (12.35) 
in light of the profiles of the exact solution (Fig. 12.3). Here, the approximate 


profile follows a polynomial of degree n and this degree n is a function of time. 
From Eq.12.35, we obtain 





Ya(T) = ao(7) + Erolda (12.36a) 
Fe] =ne (12.366) 


If we substitute Eq. 12.36 into the integral mass balance equation (Eq. 12.6), we 
obtain 


a = 3[3 + a(7)](1 - 7a) (12.37) 





Note, so far we have not stipulated a value for the exponent n(r). This 
time-dependent function can be estimated by substituting the exact solution 
(Eq. 12.3) into Eq. 12.37, yielding the result for n(7) 


1| dy(7) 
3| dr Pe 
gs Bela meres, (12.38) 
Figure 12.5a shows a behavior of n versus 7. It is seen that this exponent is a 
very large number when time is small and then it decreases rapidly and 
eventually reaches an asymptote of 0.2899. The large number for n at small 
times is indeed reflected by the sharp profiles, and when times are larger, the 
profiles are more shallow, and this naturally leads to smaller values for the 
exponent n. 

The asymptote for the exponent n, n,, = 0.2899, can be easily derived by 
comparison with the exact solution (Eq. 12.3). When times are large, the infinite 
series in the RHS of Eq. 12.3 can be truncated to only one term; that is, 


AMD Bacay aos L exp(- 77) (12.39) 


Substituting the asymptotic solution into Eq. 12.38, we obtain the limiting value 
for n 


ge 
nN, = 3 — 3 = 0.2899 (12.40) 


confirming the numerical observation shown in Fig. 12.5. 
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Figure 12.5 (a) Plot of n versus 7. (b) Plot of n 
versus (1 — ¥)/¥. 


If we now plot the exponent n versus 


ua (12.41) 


as shown in Fig. 12.55, we see that the curve exhibits a linear pattern over most 
of the domain, except when times are very large. The linear expression that best 
represents the linear part of this plot is 


n=at a{ +5] where a = —0.591 and B =1.9091 (12.42) 
When this is inserted into Eq. 12.37, we find 


A ias 
Oe = a|s +a+ e| -7 la —5,) (12.43) 
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The initial condition for Eq. 12.43a is 
7=0; y, = 0 (12.43b) 


Before we integrate this equation, let us investigate this equation at small times. 
At small times, Eq. 12.43a is approximated by 





dy, 3 
Te m É (12.44) 
of which the solution is 
¥,(7) = VOB VT = 3.3845V7 (12.45) 


This solution has the correct Yr dependence, and it compares very well with the 
exact solution (Eq. 12.4). 
Now, we return to the solution of Eq. 12.43, which is finally 


1 B B 
Inj ——— | + -m In| ——_>———— | = 33 a)r (12.46 
A r a E a te)r (2de 
Curves for the mean concentrations of the exact and approximate solutions are 
shown in Fig. 12.6. Good agreement between these two solutions is observed 
over the whole course of practical time scales. While the approximate solution is 


now quite compact, the form it takes is not explicit in y but only in 7, a serious 
shortcoming. 
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Figure 12.6 Plots of the mean concentration 
versus 7. 
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A PROBLEM WITH SEMI-INFINITE DOMAIN 





We have tested polynomial approximation methods for a finite spatial domain, 
using several variations on the polynomial form. In this example, we will show 
how the polynomial approximation can also be carried out on problems having 
semi-infinite domain. 

We consider again the classical problem of mass or heat transfer in a 
semi-infinite domain. Let us consider a mass transfer problem where a gas is 
dissolved at the interface and then diffuses into liquid of unlimited extent. 
Ignoring the gas film mass transfer resistance, the mass balance equations in 
nondimensional form are 


Oy _ a7y 
ar ax2 (12.47) 
subject to the following initial and boundary conditions 
7=0; y=0 (12.48) 
x =0; y=1 (12.49a) 
ð 


The time scale (7) is written as the product Dt, where D is dissolved gas 
diffusivity, and x is the actual distance from the interface. Here, y denotes 
C/C* where C* is the gas solubility. 

The exact solution can be obtained by the combination of variables (Chapter 
10), shown as follows. 


y=1- ert| | = ere| z=] (12.50) 


It is useful for comparison purposes to calculate the mass flux at the gas-liquid 
interface for exposure 7 








aC 2 DC* D 
flux = -D= = -= = C*y — 
Ox \x=0 Yr 2VDt at 


In terms of original variables, this is written 


1 
x=0 VTT 


Similarly, the time average (net) mass transfer into the liquid medium is 


olpe ôC aax | D 
Average Mass Transfer = a |-p5¢ af =2C ai, 


iy 
Ox 








(12.51) 
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Or, written in terms of 7, = Dt,, this is 


Te ðy A Te 
Í -3 a = 2y z (12.52) 


which is the net penetration following exposure time ¢,, since 7, = Dt, has units 
length squared. 

In our formulation for the polynomial approximation solution, we will assume 
that there is a penetration front moving into the bulk liquid medium; that is, 
there is an effective mass transfer domain where most of the mass diffusion is 
taking place. Let this mass penetration front be denoted X(r), then beyond this 
front, there will be no dissolved gas; that is, 





x= 


x> X(rT); y,(x,7) =0 (12.53a) 


Following the procedure in the last example, we will also introduce the condi- 
tion that the slope of the concentration profile tends to zero at the position 
X(r) 


Oy, 


x= X(1); ax 





=0 (12.536) 


Our next step is to convert the differential mass balance equation in the liquid 
domain into an integral form. This is accomplished by integrating Eq. 12.47 with 
respect to x from the gas-liquid interface (x = 0) to the penetration front 
(x = X(r)). In so doing, we find the interesting result 


dy __[ dy 
a= -[2] (12.54) 


where the LHS is the rate of change of the mean concentration over the 
effective domain of mass transfer. This mean concentration is defined for 
cartesian coordinates as 


¥(7) = [T ian) dx (12.55) 


Now we are at the crucial step in the polynomial approximation technique. We 
assume that the concentration over the effective domain of mass transfer is to 
take the form 


Ya( x, T) = ao(7) +a (7)x + a,(7)x? (12.56) 
where again the subscript a denotes the approximate solution. 


Using the conditions at the gas-liquid interface (Eq. 12.49a) and at the 
penetration front (Eq. 12.53), the polynomial approximation expression can be 
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written as 
2 
y,(*,7) = |: z Z (12.57) 


which is a quadratic expression. 

Having the form for the polynomial, we now force it to satisfy the overall 
mass balance equation (Eq. 12.54); hence, we have the equation for the 
penetration front 


dX(t) 6 
dr X(T) 





(12.582) 


The initial condition for the penetration front is the position at the gas-liquid 
interface, that is, 


r=0; X(0) =0 (12.585) 
Hence, the solution for the penetration front is 
X(r) = 2V37 (12.59) 


Knowing the solution for the penetration front, the solution for the concentra- 
tion profile is obtained from (Eq. 12.57) 





2 
y(x,7) = i - N (12.60) 


This concentration profile allows us to obtain the mass flux and the average 
mass transfer rate up to time T 


1 
zaka or (12.6la) 


f\-2 Fe ke Je = rf & (12.61b) 


Curves showing y versus 7 are presented in Fig. 12.7, where the exact solutions 
are also shown for comparison. Good agreement between the two solutions is 
observed. 

Now, we extend the number of terms in the polynomial approximate solution 
to see if improved accuracy can be obtained. By keeping four terms, instead of 
three, the polynomial approximation solution can be written as 


_ oy 











Ya( x, T) = a9(7) + a,(7)x + a,(7) x? + a;,(7)x? (12.62) 


which is a cubic profile in the effective domain of mass transfer (0 < x < X(r)). 
Since there are four terms in the polynomial approximation solution, we shall 
need one more condition, in addition to the ones imposed in the last trial 
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Approximate 4 


Mass transfer 





Figure 12.7 Plots of mass transfer versus y7 . 


(Eq. 12.49a and 12.53). It is reasonable to focus on the penetration front again, 
and we shall take the added condition 





x= X(t); =0 (12.63) 


This forces curvature of the profiles to move quickly toward zero. 
Using the conditions at the gas-liquid interface and at the penetration front, 
we finally obtain the following expression for the concentration profile: 


Ya( x7) = |: = xia! (12.64) 


Substituting this expression into the integral mass balance equation (Eq. 12.54), 
and integrating the result we have the solution for the penetration front 


X(T) = 2V67 (12.65) 


Therefore, the gradient and penetration are 

















ô 
= a - (12.66a) 

X lx=0 2V6r 

Te oy, = 3 
Í |- ax alr F (|v (12.665) 


It is interesting to see that the quadratic solutions (Eqs. 12.61) are more 
accurate than the cubic solutions (Eqs. 12.66). For example, the percentage 
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relative error between the cubic approximation solution and the exact solution 
is 8.6% compared to 2.3% for the quadratic solutions. This example provides a 
warning to the analyst; additional terms may not be worth the effort. 


12.2 SINGULAR PERTURBATION 


The method of singular perturbation taught in Chapter 6 for application to 
ODEs can also be applied to partial differential equations. The methodology for 
partial differential equations is not as straightforward as for ODEs, and ingenu- 
ity is often needed for a successful outcome. We illustrate singular perturbation 
in the following example for adsorption in a porous slab particle with a 
rectangular (irreversible) isotherm. 


Consider a slab-shaped porous particle into which solute molecules diffuse 
through the tortuous network of pores. Along their path of diffusion, they 
adsorb onto the internal solid surface with an irreversible rate, modeled as 


Raas he CC) (12.67) 


where k, is the rate constant for adsorption, C is the solute intraparticle 
concentration (mole /cc of fluid volume) in the internal pore at the position r, 
C,, is the solute concentration on the surface (mole/cc of particle volume 
excluding the fluid volume) and C us iS its maximum concentration. The units of 
Ra; are moles adsorbed per unit particle volume, per unit time. The rate 
expression shows that uptake ceases as C — 0, and also when the surface is 
saturated as C, > C,,,. 

The rate of diffusion of solute molecules through the pore network is 
assumed to take the following “Fickian” type diffusion formula 


aC 
J = -Der 


(12.68) 
where the flux J has the units of mole transported per unit cross-sectional area 
per unit time. The diffusion through the pore network is assumed to be the only 
mode of transport of molecules into the interior of the particle. In general, the 
adsorbed molecules also diffuse along the surface (surface diffusion), but in the 
present case we assume that the adsorbed molecules are bound so strongly on 
the surface that their mobility can be neglected compared to the mobility of the 
free pore molecules. 

Knowing the rate of adsorption (i.e.,the rate of mass removal from the 
internal fluid phase) and the rate of diffusion into the particle, we are now ready 
to derive a mass balance equation for the free species in a thin shell having a 
thickness of Ar at the position r. The mass balance equation on this thin 
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element is 
S|, — SJ 44, — SArR gas = Š (SAreC) (12.69) 


where the term in the RHS is the accumulation term of the free species in the 
element, and the first two terms in the LHS are the diffusion terms in and out of 
the element, whereas the last term is the removal term from the fluid phase. 
Here, $ is the cross-sectional area, which is constant for slab geometry. 
Dividing Eq. 12.69 by SAr and taking the limit when the element shrinks to 
zero (i.e., Ar > 0), we have the following differential mass balance equation 


ac oJ 


oor => Or Ke Raas (12.70) 


Substituting the flux equation (Eq. 12.68) and the equation for the adsorption 
rate (Eq. 12.67) into the above mass balance equation, we obtain 


aC aC 
ESF = Diaz = kaasC (Cus = C3) (12.71) 


At this point, we recognize the system to be nonlinear, owing to the adsorption 
terms. 

Equation 12.71 includes the adsorption term, which involves the concentra- 
tion of the adsorbed species, C,,. So to complete the formulation of the mass 
balance inside the particle, we need to write the mass balance relation for the 
adsorbed species. Since we assume that there is no mobility of the adsorbed 
species, the mass balance is basically the balance between the mass uptake and 
the accumulation, that is, 


gisara — €)C,] = [SArR,a6] (12.72) 


Dividing this equation by SAr and using Eq. 12.67, we rewrite the above 
equation as 


ac, 
(1-2) ZF = kaasC (Cys — Cy) (12.73) 


Eqs. 12.71 and 12.73 now completely define the differential mass balance inside 
the particle. To know how the concentrations of the free species as well as the 
adsorbed species evolve, we need to specify initial and boundary conditions. We 
assume initially the particle is free from solute of any form, and the fluid 
surrounding the particle is thoroughly stirred so that there is no film mass 
transfer resistance. Mathematically, these conditions are 


t=0; C=C, =0 (12.74) 


ô 
r= 0; E o and r=R; C=C, (12.75) 
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where Cy is the constant external bulk concentration and R represents the 
distance from the centerline of the slab-shaped particle whose thickness is 2R. 

To eliminate excess baggage, we nondimensionalize the mass balance equa- 
tions by defining the following nondimensional variables and parameters 


C C, D,t 
y : Vu C: 





AFAN x= (12.76) 
rla — £) C, | 


eCy i D 


=n = — 12.77 
(1 B £)C,s G oh k sasCpR? 


oC = 
With these definitions of variables and parameters, the nondimensional mass 
balance equations take the uncluttered form containing only two (dimension- 
less) parameters 


a 
ous = as ~y(1-y,) (12.784) 
ay, 
uz =y(1-y,) (12.785) 


subject to the following nondimensional initial and boundary conditions 


7=0; y=y, =0 (12.79) 
x =0; oy 0 and x=1; y=1 (12.80) 


Once again, remember that these mass balance equations are nonlinear (be- 
cause of the nonlinear adsorption expression); hence, they can not be solved by 
direct analytical means. Generally, numerical methods must be used to solve 
this problem. However, when the adsorption rate is much faster than the 
diffusion rate (i.e., ~ « 1), conventional numerical methods will run into some 
difficulty owing to instability. This arises because of the steepness of the profiles 
generated. To achieve convergence with conventional numerical schemes, a 
large number of discretization points must be used for the spatial domain. The 
fine mesh is necessary to observe such a very sharp change in the profile. 
Perhaps we can exploit in a positive way the smallness of the parameter 
u(u < 1) and use singular perturbation to advantage. Before we proceed with 
the formality of the singular perturbation structure, let us have a look at the 
remaining parameter, o. We rewrite this parameter as a capacity ratio 


ECy _ VeCy 
G- E€)Cus g V(1- E)Cys 


o= (12.81) 


where the numerator is the mass holdup in the fluid phase within the particle 
and the denominator is the holdup on the adsorbed phase. In most practical 
adsorbents this ratio is very small. For example, the following parameters are 
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typical of a practical gas phase separation process 
e = 0.4; Cy = 0.000001 mole/cc; C,, = 0.001 mole/cc 


Using these values, the value of o is 0.000667, which is a very small number 
indeed. This means that when the adsorption rate is much faster than the 
diffusion rate into the particle, we have two small parameters at our disposal, u 
and ø. 

Now we can proceed with the delineation of the formal structure for a 
singular perturbation approach. For given x and 7, we write y and y, as 
asymptotic expansions, and the first few terms are 


y(x, T; u, 7) =Vo(x,7) + wy,(x,7) + O(n) (12.824) 
yA xX, 75 bho) = Yyo(X,7) + MY (X57) + o(p) (12.825) 
We next substitute these expansions into Eqs. 12.78 and then observe the order 


of magnitude of all terms. This leads to a sequence of infinite subproblems. We 
write below the first two subproblems 





O(1): Yol- Ypo) = 0 (12.83) 
a7 yo 
OCH): Sa T Yao) + You = 9 (12.844) 
Ypo 
ar TICL Yao) — Yoy (12.84b) 


Equation 12.83 is the leading order (or zero-order) subproblem, and Eqs. 12.84 
are first order subproblems. We start with the leading order problem. Inspecting 
Eq. 12.83, we note that there are two possibilities (i.e., two solutions). One 
solution is 


yy=0 and yg #1 (12.85) 
and the other is 


yy #0 and ylh=1 (12.86) 


The existence of the two solutions simply means that the spatial domain (0, 1) 
must be divided into two subdomains, and each solution is valid only in one such 
subdomain. If we stipulate a demarcation point dividing these two subdomains 
as X(r), the two subdomains are (0, X(7)) and (X(7), 1). Since the supply of 
solute comes from the exterior surface of the particle, it is obvious that the 
solution set (set I) having zero intraparticle fluid concentration must be applica- 
ble in the subdomain (0, X(7)), which is the inner core. The other solution set 
having the saturation adsorbed phase concentration C,,, (y,9 = 1) is valid in the 
subdomain (X, 1), which is the outer shell. Figure 12.8 illustrates graphically 
these subdomains. 
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Subdomain I Subdomain II 





0 x(T) 1 


Figure 12.8 Schematic diagram of the two 
subdomains. 


Let us consider the subdomain (0, X) first. We replace the set applicable to 
this domain (Eq. 12.85) into the first order subproblem Eqs. 12.84, and obtain 


ay lo 
OT 





= 0 (12.87) 
This, with the zero initial condition Eq. 12.79, simply implies that 
Yio =0 (12.88) 


Thus, the leading order solutions in the subdomain (0, X ) (Eqs. 12.85 and 12.88) 
suggest that in the inner core of the particle, there is no solute of any form, 
either in the free or adsorbed state. 
Now, we turn to the other subdomain (X, 1), the outer shell. Substitute Eq. 
12.86 into the first order subproblem Eqs. 12.84, and obtain 
a7 yo! 
Era =0 for XE (X(7),1) (12.89) 


This equation, when written in dimensional form, is 


aC 
FA =0 for xe€(X(r),1) (12.90) 
This equation simply states that in the outer subdomain the movement of the 
free species is controlled purely by diffusion. This is so because the outer 
subdomain is saturated with adsorbed species (y„o = 1) and there is no further 
adsorption taking place in this subdomain. Hence, free molecules diffuse 
through this outer shell without any form of mass retardation. 
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To solve Eq. 12.89, we must impose boundary conditions. One condition is 
that at the exterior particle surface where y(1, 7) = 1 (Eq. 12.80) and the other 
must be at the demarcation position, X(7). Since we know that the concentra- 
tion of the free species is zero in the inner core, the appropriate boundary 
condition at this demarcation position is modelled as 


x=X(r); yi =0 (12.91) 


Solution of Eq. 12.89 subject to boundary conditions Eqs. 12.80 and 12.91 is 
obtained by successive integration to be 


yo = ao(7)x + a,(7) 
hence, when the boundary conditions are applied, we finally obtain 


-X 

y! = ye for x €(X(r),1) (12.92) 
Thus far, we know that the domain is broken up into two subdomains and the 
solutions for these two subdomains are given in Eqs. 12.85, 12.86, 12.88, and 
12.92 as a function of the demarcation position, X(7). At this stage, we have no 
knowledge regarding the form X(r) must take. Even if we solve more higher 
order subproblems, we will not obtain any information about the demarcation 
function X(7). The movement of this front is dictated by adsorption, which 
occurs only in the neighborhood of the demarcation position (so-called adsorp- 
tion front), and the solutions obtained so far are not valid when we are close to 
the adsorption front. These solutions (Eqs. 12.85, 12.86, 12.88, and 12.92) are 
therefore called the outer solutions, because they are strictly valid only in 
regions far removed from the point X(7). 

To reveal the behavior near the adsorption front, we must enlarge the spatial 
scale around that front. This can be achieved by stretching (or magnifying) the 
spatial scale around this point as 


[x - X(7)] 


¿= w (12.93) 


where é is called the inner variable and u” represents the relative thickness of 
the adsorption front. 
Thus, to obtain the relevant equations applicable in the neighborhood of the 
adsorption front, we need to make the variables transformation 
(4,7) > (87) (12.94) 


In the manner of Chapter 10, we write the total derivative 


dy = (52) ae + (Z 2) dr = (Z 2) ax + (Z) ar (12.95) 
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and by equating like coefficients where 


1 dX dr 
aT aaa TT 
and taking the front velocity as 
dX 
er 


we obtain 


BE rol), s 
Bog) ca 


and for the second derivative 








ay 1 {8y 
— | =—- |S 12. 
(=) u” a) ( 96c) 
The velocity of the wave front 
Z(t) = Cs) (12.96d) 


is not necessarily constant. 
Substituting Eqs. 12.96 into Eqs. 12.78 to effect the transformation, we obtain 
the following equations which are valid in the neighborhood of the adsorption 


front 
4 oy ð ay 
~op! ZC) E + om 5 = p! a y(l—y,)  (12.97a) 
dy 
—!-7Z(7) E ie +u T =y(1-y,) (12.97b) 


where we have dropped the subscripts é and r from the partial derivatives for 
the sake of simplicity of notation. 

In the neighborhood of the adsorption front, the concentration of the free 
species is very low and the concentration of the adsorbed species varies from 
unity in the outer shell to zero in the inner core (see Fig. 12.9 for the behavior 
of the inner solutions). Thus, we will assume that the inner solutions have the 
asymptotic expansions 


yO = Ly? + 0()] (12.982) 
yO = y® + o(n) (12.98b) 
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Figure 12.9 Behavior of the inner solutions. 


If we substitute these expansions into Eq. 12.97, we then obtain the equations 





dy dy? azy) 
—ayl-yta 0 b+a 270) _ | 1-2yt+a _ 707 f1 — yÒ 
ap Z(t) -p + o't = per TNA (1 — y&Q) 


(12.994) 


dy dy 


~—p'Z(7) JE tHg TH APL — yQ (12.995) 





If we now match the diffusion term (the first term on the RHS of Eq. 12.99a) 
with the adsorption term (the second term), and match the accumulation of the 
adsorbed species with the adsorption term in Eq. 12.995, we obtain the two 
equations for y and A 


1-2y+A=A (12.1004) 
l-y=àÀ (12.100b) 

This results in 
Àà=y= 3 (12.101) 


This result implies that the thickness of the adsorption front is of order of °° 
With these values of A and y, Eqs. 12.99 then become 











ay ay Py ; ; 
~onZ(7) ae + opi? -gy = Bea — pl yË (1 — y) (12.102a) 
1/2 an ay 1/24) © 
“HZ tae + a =e yO — ye) (12.1025) 
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from which we can obtain the leading order subproblem for the inner solutions 


ayo 





nE yà È yQ) =0 (12.1034) 
dy 
-Z() ae = yP(1 = y3) (12.103b) 


Eliminating the nonlinear adsorption terms between Eqs. 12.103a and 12.103b, 
we obtain 


ôy — ay 
ðE e 








-Z(7) (12.104) 


To find the conditions for the inner solutions, we have to match with the outer 
solutions in the limits of £ approaching to + (matching with the outer 
solutions in the outer shell) and to — (matching with the outer solutions in the 
inner core). Proceeding with the matching, we obtain the following conditions 
for the inner solutions (see Fig. 12.9) 


ay — ay! 1 
. @) = 1- 20 = 220: = — 
> %; Yuo = 15 3E Ox 1~ X(t) Gane) 
ayy 
E> 0; y2=0; SE =0 (12.105b) 


Integrating Eq. 12.104 with respect to é from —œ to +œ and using the 
boundary conditions (12.105), we obtain the following ordinary differential 
equation for the adsorption front position, X(r) 


dX(7) _ 2. 1 
dr — 1—X(r) 





(12.106) 


The initial condition of this adsorption front will be at the particle exterior 
surface 


7=0; X(0)=1 (12.107) 


Therefore, the adsorption position as a function of time can be obtained as 
integration of Eq. 12.106 


X(t) =1-V27 (12.108) 


Knowing this front as a function of time, the fractional amount adsorbed up to 
time 7 is simply 


F=f yde=V2r for re lo. 5| (12.109) 
X(r) 
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Figure 12.10 Plots of uptake versus time. 


Equation 12.109 is plotted in Fig. 12.10. Also shown in the figure are the 
numerical calculations using the orthogonal collocation method (to be discussed 
in the next section). It is remarkable to see that the singular perturbation result 
agrees extremely well with the numerically exact solution even with u = 0.01. 
Note that the thickness of the neighborhood of the adsorption front is p!/*. In 
Fig. 12.10, we also show the comparison between the singular perturbation 
solution and the numerically exact solution for u = 0.1. The agreement is not as 
satisfactory as the previous case. Additional computations show good agreement 
when u = 0.001. Thus, the singular perturbation result is quite reasonable 
when x is less than 0.01. 

We have shown an example of the application of the singular perturbation 
technique to PDE. Obviously, even for this simple example, the application still 
requires some knowledge of the solution behavior. Its application is not as 
straightforward as that for ODEs, but we present it here for the serious readers 
who may have practical problems in setting up the procedure. More often than 
not, when an analytical means is not available to solve the problem, we suggest 
that numerical methods should be tried first to get an overall picture of the 


572 Chapter 12 Approximate and Numerical Solution Methods for PDEs 


system behavior. Often, this leads to enough insight to try an analytical ap- 
proach such as singular perturbation. The rewards for analytical methods 
are simplicity, and compactness, which are highly valued in the scientific 
community. 

Numerical procedures, as we show presently, pose little difficulty when 
nondimensional parameters are of order of unity. However, some difficulty in 
convergence arises when parameters become small or large. In this case, the 
singular perturbation method can be tried to isolate the sharpness of the 
solution behavior. It is difficult to imagine, however, that numerical methods 
could ever lead to the simple result X(r) = 1 — V27. 


We end this chapter by noting that the application of the singular perturba- 
tion method to partial differential equations requires more ingenuity than its 
application to ODEs. However, as in the case of ODEs, the singular perturba- 
tion solutions can be used as a tool to explore parametric dependencies and, as 
well, as a valuable check on numerical solutions. The book by Cole (1968) 
provides a complete and formal treatment of partial differential equations by 
the singular perturbation method. 


12.3 FINITE DIFFERENCE 


The finite difference method is one of the oldest methods to handle differential 
equations. Like the orthogonal collocation method discussed in Chapter 8, this 
technique involves the replacement of continuous variables, such as y and x, 
with discrete variables, that is, instead of obtaining a solution which is continu- 
ous over the whole domain of interest, the finite difference method will yield 
values at discrete points, chosen by the analyst. 

In the finite difference method, a derivative at a discrete point, say point x,, 
is evaluated using the information about discrete variables close to that point x, 
(local information). This is in contrast to the orthogonal collocation method for 
which a derivative is evaluated by using information from all discrete variables. 
This is the reason why the collocation method is more stable than the finite 
difference procedure. However, the finite difference technique, owing to the fact 
that it utilizes only the local information, is readily applied to handle many 
problems of awkward geometry. As long as the grid size is properly chosen, the 
finite difference approach leads to stable solutions. This section will describe 
the procedure for the finite difference representation in solving differential 
equations. 

Let us consider the Taylor series of a function y(x + Ax) evaluated around 
the point x, as 


atx) d*y(x) 
dy? 
Now, if the second and higher order terms are ignored, we have 
dy(x) _ y(x + Ax) ~ v(x) 

dx Ax 


y(x + Ax) =y(x) + Ax + (Ax y+er+ (12.110) 


(12.111) 
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which simply states that the slope of the function y at point x is approximated by 
the slope of the line segment joining between two points (x, y(x)) and (x + 
Ax, y(x + Ax)). Thus, the first derivative is calculated using the local discrete 
points, and this formula is correct to the first order since the first term omitted 
in Eq. 12.110 is of order of (Ax)’. 

Similarly, if we expand the function y(x — Ax) around the point x using the 
Taylor series method, we would obtain the formula 


Sig pa DO (ry? +- (12112) 


y(x — Ax) = y(x) - 
Again, when the second and higher order terms are ignored, the first derivative 


can be calculated from another formula, using discrete points (x, y(x)) and 
(x — Ax, y(x — Ax)), as 


dy(x) _ y(x) -y(x — Ax) 
dx 


a (12.113) 


Like Eq. 12.111, this approximation of the first derivative at the point x 
requires only values close to that point. 

Another formula for approximating the first derivative can be obtained by 
subtracting Eq. 12.110 from 12.112; we obtain 


dy(x) _ y(x + Ax) -y(x — Ax) 
ue Pigg Al = ee (12.114) 


Ax 


This formula is more accurate than the last two (Eqs. 12.111 and 12.113) 
because the first term truncated in deriving this equation contains (Ax), 
compared to (Ax) in the last two formulas. 

To obtain the discrete formula for the second derivative, we add Eq. 12.110 
and 12.112 and ignore the third order and higher order terms to obtain 


2 

d y(x) 2 y(x + Ax) Zu) + y(x — Ax) (12.115) 

dx (Ax) 
The first term truncated in deriving this formula contains (Ax)*; hence, the 
error for this formula is comparable to Eq. 12.114 obtained for the first 
derivative. 

We can proceed in this way to obtain higher order derivatives, but only first 
and second derivatives are needed to handle most engineering problems. For 
cylindrical and spherical coordinates, the shifted position procedure in Problem 
12.8 shows how to deal with the Laplacian operators. 


12.3.1 Notations 


To simplify the analysis, it is convenient to define a few short-hand notations 
just as we did in the other techniques. We have shown in Chapter 8 that, 
without loss of generality, the spatial domain can be taken to be [0,1] as any 
domain [a, b} can be readily transformed to [0, 1]. 
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Let the domain be divided into N equal intervals with the length of each 
interval, called the grid size, given as 


We define the point i as the point having the coordinate i(A x), and denote that 
point x,; that is, 


x; = i(Ax) for i=0,1,2,...,N 


This means x) = 0, xy = 1, x,,, = G + DAx, x;_, = Gi — DAs, ete. 

The variable y corresponding to the point x; is denoted as y,; that is, 
y(x;) = y; In terms of these shorthand notations, the three previous formulas 
for approximating first derivatives are, respectively, 


(Z) s tt (12.116a) 
(2) = V i i! (12.1165) 
(Z) £ Mt Find (12.116¢) 
and the approximating formula for the second derivative is 
(5) s St oF as (12.117) 


Equations 12.116a,b are first order correct, whereas the last two are second 
order correct. 


12.3.2 Essence of the Method 


It is best to illustrate the essence of the method by way of a simple example. An 
iterative solution is sought which, in the limit of small grid size, should converge 
very closely to the exact solution. 


EXAMPLE 12.4 
Let us start with the elementary second order differential equation 


d*y dy 

eae ae 10y = 0 for O<x<1 (12.118) 
This relation can be used to describe a chemical reaction occurring in a fixed 
bed. The equation, of course, can be handled by techniques developed 
in Chapters 2 and 3, but we will solve it numerically for the purpose of 
demonstration. 
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We first divide the domain into N intervals, with the grid size being Ax = 
1/N. The ith point is the point having the coordinate i(Ax). Eq. 12.118 is valid 
at any point within the domain [0, 1]; thus, if we evaluate it at the point x,;, we 
have 


d’y 
dx? 


dy 
els -10y|,, = 0 (12.119) 





Using the discrete formula for the first and second derivatives, (Eqs. 12.116c 
and 12.117), which are both second order correct, we obtain 

Vier T 2Y t Yia 2 

(A xy 2Ax 


Yis Yi _ gy =Q  (12.120a) 
Simplifying this equation gives the finite-difference equation 

ay;_, — BY; — YYj4, = 9 (12.1205) 
where 


1 
(Ax)? 


p S 
(Ax) 


This discrete equation Eq. 12.120b can be solved using the calculus of finite 
difference (Chapter 5), to give a general solution in terms of arbitrary constants. ! 
Boundary conditions are necessary to complete the problem, if we wish to 
develop an iterative solution. The remainder of the procedure depends on the 
form of the specified boundary conditions. To show this, we choose the 
following two boundary conditions 








1 
a= Tea page ve ee (1241202) 


x = 0; =1 (12.121) 


D 


x=1; Z-=0 (12.122) 


where the boundary condition at x = 0 involves the specification of the value of 
y while the other involves the first derivative. 

Evaluating Eq. 12.120b at the point x, (i.e., the first point next to the left 
boundary) would give 


ayy — BY; — Y¥2 =9 


' This finite difference equation has the general analytical solution 


yi = Ary)’ + B(r2)! 


where 


_ ZB + VB? + 4ay 


"12 Zy 
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But since we specify the value of y at x = 0 as yọ = 1, the above equation will 
become 


—BY, Y) = -Q (12.123) 


To deal with the other boundary condition at x = 1, we apply the second-order 
correct approximation for the first derivative at x = 1; that is, Eq. 12.122 
becomes 


Yn+1 — Yn-1 _ 0 z 
JAxy S Yn+1 ~ Yn-1 
Note that the point xy; is a fictitious point, since it is outside the domain of 
interest. 
Evaluating Eq. 12.120b at i = N (i.e., at the boundary) will yield 


aYy—1 — BYn — Y¥n+1 = 0 
but since yy,, = Yy- the previous equation will become 
(a@— y)¥y-1 — BYy = 9 (12.124) 


Thus, our finite difference equations are Eq. 12.123, Eq. 12.120b for i = 
2,3,..., N — 1, and Eq. 12.124, totalling N equations, and we have exactly N 
unknown discrete variables to be found (y,, y2,...,¥,). Since the starting 
equation we choose is linear, the resulting set of N equations are linear 
algebraic equations, which can be handled by the usual matrix methods given in 
Appendix B. The matrix formed by this set of linear equations has a special 
format, called the tridiagonal matrix, which will be considered in the next 
section. 

To summarize the finite difference method, all we have to do is to replace all 
derivatives in the equation to be solved by their appropriate approximations to 
yield a finite difference equation. Next, we deal with boundary conditions. If the 
boundary condition involves the specification of the variable y, we simply use its 
value in the finite difference equation. However, if the boundary condition 
involves a derivative, we need to use the fictitious point which is outside the 
domain to effect the approximation of the derivative as we did in the above 
example at x = 1. The final equations obtained will form a set of algebraic 
equations which are amenable to analysis by methods such as those in Appendix 
A. If the starting equation is linear, the finite difference equation will be in the 
form of tridiagonal matrix and can be solved by the Thomas algorithm pre- 
sented in the next section. 


12.3.3 Tridiagonal Matrix and the Thomas Algorithm 


The tridiagonal matrix is a square matrix in which all elements not on the 
diagonal line and the two lines parallel to the diagonal line are zero. Elements 
on these three lines may or may not be zero. For example, a 7 x 7 tridiagonal 


Step 1. 


Step 2. 
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matrix will have the following format 


(12.125) 


ooocooort 
eoootrtt 
ooottt+ oOo 
oott+t+oo 
ot++00°0 
++ +0000 
++oo0ooco00 


with the symbol + denoting value which may or may not be zero. 

With this special form of the tridiagonal matrix, the Thomas algorithm 
(Von Rosenberg 1969) can be used to effect a solution. The algorithm for a 
square N X N tridiagonal matrix is simple and is given as 


The equations are 


Q:Yj-1 + By; + C44 =d; fori <i <N 


with a, =c = 0 


Compute: 
Bi = bi — a;¢;_,/B;., with B, =b, 
yi = (d; — a;Yi-1)/Bi with y; = d,/b, 


The values of the dependent variables are calculated from 
Yn= Yn and yj; = ¥; CiYi+ı/Pbi 
Now, coming back to the problem at hand in the last section, let us choose 


five intervals; that is, N = 5 and Ax = 1/5 = 0.2. The five linear equations are 
(written in matrix form) 


-B -y 0 0 0 Yı Ta 
a -B -y 0 0 Y2 0 
0 a -ß =y 0 |-|y,;}=] 0 (12.126) 
0 0 a -B -y Y4 0 
0 0 0 (a-y) -B Ys 0 


The first equation comes from the boundary condition at x = 0 (Eq. 12.123), 
the next four come from Eq. 12.1206, and the last comes from the boundary 
condition at x = 1 (Eq. 12.124). Solving this set of equations using the Thomas 
algorithm just presented will yield solutions for discrete values y, to ys. 
Table 12.1 shows these approximate values and the exact solution, which is 
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Table 12.1 Comparison Between the Approximate and Exact Solutions 





x V nies Veschee Relative Error% 
0.2 0.635135 0.630417 0.75 
0.4 0.405405 0.399566 1.46 
0.6 0.263514 0.258312 2.01 
0.8 0.182432 0.178912 1.97 
1.0 0.152027 0.151418 0.40 


obtained using complementary solution methods taught in Chapter 2: 


ree" — rere’ 
Samar aT cae (12.127) 


An increase in the number of intervals (smaller grid size) will yield approximate 
solutions closer to the exact solution, as one may expect. 


12.3.4 Linear Parabolic Partial Differential Equations 


The preliminary steps for solving partial differential equations by finite differ- 
ence methods is similar to the last section. We shall now illustrate this for 
parabolic partial differential equations. 





Let us start with a linear equation written in nondimensional form as 





dy _ dy 

Op ae (12.1284) 
x =0; y=1 (12.1285) 
x=1; y=0 (12.128¢) 


This equation describes many transient heat and mass transfer processes, 
such as the diffusion of a solute through a slab membrane with constant 
physical properties. The exact solution, obtained by either the Laplace trans- 
form, separation of variables (Chapter 10) or the finite integral transform 
(Chapter 11), is given as 


yafe 2 g SAATA 9 te (12.129) 
n=1 


We will use this exact solution later for evaluating the efficiency of the finite 
difference solutions. 
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First, we divide the membrane spatial domain into N equal intervals with the 
grid size being Ax = 1/N. Next, evaluating Eq. 12.128a at N — 1 interior 
points (i.e., points within the domain), we have 


dy, _ Py} _ Vint 2¥i + Vin 


f i= 1,2,...,.N—1 (12.130 
ôt ðx? ie (Axy or l ( ) 


in which we have used Eq. 12.117 for the approximation of the second partial 
derivative. Note that x; = i(Ax) and y; = y(x;). 

Since the values of y at the boundary points are known in this problem (i.e., 
Yo = 1 and y, = 0), the above equation written for i = 1 and i = N — 1 will 
become 


Oy, y2—2y,4+1 





ee ae oe 12.131 

ôt (Ax)? ( ) 

ðYy-ı z —2yy-1 + Yn-2 (12.132) 
ot (Ax)? 


Thus, Eq. 12.131, Eq. 12.130 for i = 2,3,..., N — 2, and Eq. 12.132 will form a 
set of N — 1 equations with N — 1 unknowns (y,, y>,..., ¥y_,). This set of 
coupled ordinary differential equations can be solved by any of the integration 
solvers described in Chapter 7. Alternately, we can apply the same finite 
difference procedure to the time domain, for a completely iterative solution. 
This is essentially the Euler, backward Euler and the Trapezoidal rule discussed 
in Chapter 7, as we shall see. 

We use the grid size in the time domain as Aż and the index j to count the 
time, such that 


t; = j(At) (12.133) 


The variable at the grid point x; and at the time ¢; is denoted as y,,. The 
N — 1 ordinary differential equations (Eqs. 12.130, 12.131, and 12.132) are valid 
at times greater than 0; thus, evaluating those equations at an arbitrary time t; 
would give the approximations for time derivative as 


OV Yang 7 AMG td 








= 12.134a 
ôt (Ax)? ( ) 
Yj O Yisa T Ying tH; 
gt a for i=2,3,...,N—2 (12.134b) 
(Ax) 
Yni — 7 2Yn—-1,5 + YN- j (12.134c) 


ot ~ (Ax) 
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If we use the forward difference in time (an analogue to Eq. 7.72) as 


ðY; j Yi, j+1 T Yi, j 
ooo ae (12.135) 





then Eq. 12.134 will become 


Yip Yj YG 7 2y +1 


z= 12.136a 
At (Ax)? ( ) 


Yijar Vij = Views T 2915 + Vina for = 2.3 N-2 
At (Ax)? > > > 


(12.136b) 


Veo — Yy; —2y LLE FYN 
PN ab Ieh INTIS g DON INR (12.136) 
t (Ax) 


All the values of y at the jth time are known, and hence, the previous equation 
can be written explicitly in terms of the unknown y; j+; at the time ¢,,, as 





At 2At 

VY) jay > (yy, +1) 4+ |1- — OC : 12.137a 
lj+t (ax)? 2) ) | TOA ( ) 

y ee (Yiri +Y jaaa y 
i,j+l (Ax)? i+l,j i-l,j (Ax) Enf (12.137b) 

for i =2,3,...,N—2 
At 2At 

Dri oon t |1- — y 12.137c 
YN-1,j+1 (ax Èj | Tea Lj ( ) 


To solve this set of equations, we need initial conditions. Let us assume that the 
membrane is initially solute free. Hence, the initial conditions for this discrete 
set of variables are 


Yio = 9 for i= 1,2,...,N—-1 (12.138) 


All the terms in the right-hand side of Eq. 12.137 are known, and hence, this 
makes the forward difference in time rather attractive. However, as in the Euler 
method (Chapter 7), this forward difference scheme in time suffers the same 
handicap, that is, it is unstable if the grid size is not properly chosen. Using the 
stability analysis (von Rosenberg 1969), the criterion for stability (see Problem 
12.12) is 


At 
< 


ee (12.139) 


Nie 





which plays a similar role as the condition AA < 2 for the explicit Euler method 
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of Chapter 7. This restriction is quite critical, since to reduce the error in the x 
domain (i.e., the profile at a given time) the grid size Ax must be small; 
therefore, the time step size to satisfy the above criterion must also be small for 
stability. 

To resolve the problem of stability, we approach the problem in the same way 
we did in the backward Euler method. We evaluate Eq. 12.130 at the unknown 
time level t;,, and use the following backward difference formula for the time 
derivative term (which is first order correct) 


OY; jai Yi j+ T Yi j 
at = <== ah e (12.140) 





we obtain 


Vinita Vig Vins ita 7 29; ji t+ Vins jyt 


for i=1,2,...,N-1 
At (Ax)? 


(12.141) 


Rearranging this equation in the form of the tridiagonal matrix, we have 











Ax)’ Ax) 
Yi-1,j+1 7 |2 + ON Ny + Via pe > T a) y;,; (12.142) 
for i = 1,2,3,...,N— 1. 
When i = 1, the above equation can be written as 
Axy? Ax) 
-|2 + (Ax) [rista = Sei (12.143) 





in which we have made use of the boundary condition (12.1285); that is, 
Yo = 1 forall j (12.144) 


Similarly, for i = N — 1, we have 


Ax)’ Ax) 
YnN-2,j4+1 — | + (4x) Pega = ( st) Yn-~1,j (12.145) 








in which we have made use of the other boundary condition at x = 1; that is, 
Yn; = 9 for all j (12.146) 


If we arrange the derived finite difference equations in the following order: 
Eq. 12.143, Eq. 12.142 for i = 2,3,..., N — 2, and Eq. 12.145, they will form a 
set of equations in tridiagonal form, which can be solved by the Thomas 
algorithm presented in Section 12.3.3. Comparing these equations with the 
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equation format for the Thomas algorithm, we must have 








2 
a,=1; 6 =—|2+ a). c= 1 (12.1472) 
(Ax)? 
d;= — Ar Vij T Ôn a, = 0; Cy_, = 9 (12.1476) 


where 6,, is the Kronecker delta function. With this new scheme of backward in 
time (similar to the backward Euler method), there will be no restriction on the 
size of At for stability (see Problem 12.13). Since it is stable, one can choose the 
step size of any magnitude to minimize the truncation error. As we have 
discussed in Chapter 7, even though the backward Euler method is very stable, 
the formula used in the approximation of the time derivative is only first order 
correct (Eq. 12.140). So we shall need a better scheme, which will utilize the 
second order correct formula for the time derivative. 

The second order correct formula for the time derivative is derived by using 
the Taylor series of y(t + At) around the point £ + At/2 shown as 


: Boat (2 Al a 
y(t + At) = y(t + A1/2) + (FF hie 2 > no rear2\ 2 Š 


(12.1482) 


Similarly, we can write for any function y(t) as a Taylor series expansion 
around the time (t + At/2) 


_ ay At | 1(éy Aty 
y(t) = y(t + At/2) - lor lates: + aS | sa) + 


(12.1485) 


Subtracting these two equations will yield the following equation for the 
approximation of the time derivative at the time ¢;, 1/2 (tj41. = t + At/2) 


dy Yi Yi 
( ae ati (12.149) 


The first term omitted in the previous formula contains (At)*; thus, the formula 
is of second order correct. This approximation is the famous Crank and 
Nicolson equation (Crank and Nicolson 1947). 

Now let us evaluate the mass balance equation (Eq. 12.128a) at the time 
t;41/2 and use the above formula for the approximation of the time derivative, 
we have 


Yi j+ 7 Vij (=) 
eS Se EA 12.150) 
At Ox? Ji j+1/2 ( 
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The second derivative in the RHS, if approximated by the procedure derived in 
the last two methods, will be given by 


8? Yi-1,j = 2y; + iad, 
| >) a 1,j+1/2 iw i+1,j+1/2 (12.151) 
Ox” Ji j+1/2 (Ax) 


The values of y at t;,,,2 are not what we are after. What we want are y at t4; 
in terms of what we already know at ¢,. To get around this, we assume that the 
step size is sufficiently small such that the following arithmetic mean for the 
second order spatial derivative is applicable 


ð? 8? ð? 
(=) 22 (= + (=) (12.152) 
Ox” Ji j+1/2 2\\ ax? jij Ox” Ji j+i 


This is very similar to the trapezoidal rule taught in Chapter 7. 
Using Eq. 12.117 for the approximation of the second derivative, Eq. 12.152 
becomes 


(2) 1 Vier, T ZYij + Yii j y Viet gar T 2Yinj+i + Yi- jaa 
ôx? Jijia ? (Ax)? (Ax)? 
(12.153) 


Next, substitute this equation into Eq. 12.150, and we have 


Yigtt Vig | Vinny 7 2955 + Yin; P Yi+i, j+ T 2Y; f+ + Yi-1,j+1 
(4x)? (Ax)? 


(12.154) 


This equation is now second order correct in both x and ¢t. Remember that 
all values of y at the jth time step are known and so we can obtain the values at 
t;,,. Rearranging the previous equation in the form of tridiagonal matrix, we 
have 


2( Ax)? 
Yi-1,j+1 T k + Tp iit t Yiri j+ 





(12.155) 
2(Ax)? 
= Yi- j t k- (Ax) frum 





for i = 1,2,..., N — 1, and j = 0,1,2,3,... 

For i = 1 (i.e., the first discrete point adjacent to the left boundary) and 
i = N — 1 (the last point adjacent to the right boundary), the previous equation 
involves the boundary values Yo ;, Yo j+ Yn, and Yy, j+; The boundary 
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condition (Eqs. 12.128b, c) provides these values; that is, 
Yo.j =Yo,je1 = 1 (12.1564) 


Ins ZYN j+ =O (12.156b) 


After these boundary conditions are substituted into Eq. 12.155 for i = 1 and 
i= N — 1, we get 


























-|lo4 ZO Vigu + yap = 2 (2 = a ee 
(12.157) 
Ax)? (Ax)? 
Yn-2,j41 7 |2 + Ar |YN-1j+i * ~Yw~2,5 t z3 At eae 
(12.158) 


When the equations are put in the order: Eq. 12.157, Eq. 12.155 (for i = 
2,3,..., N — 2) and Eq. 12.158, we obtain a (N — 1, N — 1) matrix of tridiago- 
nal form with N — 1 unknown discrete variables y, to yy_,. This can be solved 
by the Thomas algorithm of Section 12.3.3. 

Note that the backward difference in time method and the Crank-Nicolson 
method both yield finite difference equations in the form of tridiagonal matrix, 
but the latter involves computations of three values of y(y,;_,, Yp and y,,,) of 
the previous time ¢,, whereas the former involves only y;. 

Since the time derivative used in the Crank—Nicolson method is second order 
correct, its step size can be larger and hence more efficient (see Fig. 12.11c). 
Moreover, like the backward difference method, the Crank—Nicolson is stable in 
both space and time. 

Another useful point regarding the Crank—Nicolson method is that the 
forward and backward differences in time are applied successively. To show this, 
we evaluate the finite difference equation at the (j + 2)th time by using the 
backward formula; that is, 


Ax) Ax) 
Yi-1.j+2 = 2 + ( s+) ae + Vin, 542 = SA i (12.159) 





If we evaluate the values of y at the (j + 1)th time in the RHS of Eq. 12.159 
using the forward difference formula in time, we would obtain 








Ax)? 
Yi-1,j42 7 [2 + (ax) frase + Vint p42 
(12.160) 
(Ax) 
=E T | = ay Vig T Viens 
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Figure 12.11 Plots of y, versus time for: (a) forward differ- 
ence; (b) backward difference; (c) Crank-—Nicolson. 
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Thus, we see that this formula is basically the Crank—Nicolson formula written 
for the time step size of 2(At) (compare this with Eq. 12.155 where the step size 
is At). 

Figures 12.11 shows plots of y, = y(x = 0.2) as a function of time. Com- 
putations from the forward difference scheme are shown in 
Fig. 12.11a, while those of the backward difference and the Crank—Nicolson 
schemes are shown in Figs. 12.11b and c, respectively. Time step sizes of 0.01 
and 0.05 are used as parameters in these three figures. The exact solution (Eq. 
12.129) is also shown in these figures as dashed lines. It is seen that the 
backward difference and the Crank—Nicolson methods are stable no matter 
what step size is used, whereas the forward difference scheme becomes unstable 
when the stability criterion of Eq. 12.139 is violated. With the grid size of 
Ax = 0.2, the maximum time step size for stability of the forward difference 
method is At = (Ax)?/2 = 0.02. 


12.3.5 Nonlinear Parabolic Partial Differential Equations 


We have demonstrated the method of finite differences for solving linear 
parabolic partial differential equations. But the utility of the numerical method 
is best appreciated when we deal with nonlinear equations. In this section, we 
will consider a nonlinear parabolic partial differential equation, and show how 
to deal with the nonlinear terms. 


E 12.6 





Let us again consider the same problem of mass transfer through a membrane 
of Example 12.5 but this time we account for the fact that diffusivity is a 
function of the intramembrane concentration. The nondimensional equation 
can be written as 

Yo o 


APOR (12.161) 








Expanding the RHS will give 


Or- yro (2 iy (12.162) 


As in Example 12.5, if we divide the ee [0, 1] into N intervals, evaluate the 
above equation at the (j + 1/2)th time, and use the second order correct 
formula for both time and space derivatives, we have the following finite 
difference formulas for the derivatives 


dy o viet Vij 
(S) j+1/2 = At (12.163) 
wen (Ax) (Ax)? 


(12.164) 


oy o 1f[Yi+ij+i 7 Vie 1+ Vieng T Yi-1,j 
| kor A Ax) + a) | 12489) 
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The first equation comes from Eq. 12.149, the second from Eq. 12.153, and the 
last is the Crank—Nicolson analog for the first spatial derivative, similar in form 
to the second spatial derivative Eq. 12.153 derived earlier. 

We have dealt with the derivative terms in Eq. 12.162, let us now turn to 
dealing with f(y) and f’(y). Evaluating these at the discrete point i and time 
(j + 1/2), we have 


FOY )ij+172 = f( Yi j+172) (12.166) 
and 


FOY )ii172 = F’ (Yi 5412) (12.167) 


The complication we have here is the unknown y; ;,,,/. appearing in the above 
two equations. One simple way of resolving this problem is to use the known 
values of y at the jth time; that is, 


f(y)iitiy2 = fY) (12.1684) 


FY ijai = F’ Yi) (12.168b) 


then substitute these equations together with the equations for the derivatives 
(Eqs. 12.163 to 12.165) into Eq. 12.162 and use the information on the boundary 
values (Eqs. 12.128b, c) to obtain a set of equations of tridiagonal matrix form. 
Solving this using the Thomas algorithm will yield values of y at the (j + 1)th 
time. Note, however, that to obtain this solution, f(y) and f(y) were approxi- 
mated using values of y at the jth time. To improve the solution, we use the 
better approximation for f(y) and f’(y) by applying the averaging formulas 


Yop Ee, 
FO )ij+172 = (2) (12.169a) 
, [Yii t Vigan 
PO) =f (AS) (12.1695) 


where y;*;,, is obtained from the last approximation. We can, of course, repeat 
this process with the iteration scheme to solve for y“*" at the (k + Dth 
iteration 


Yi j t+ yf 
ntn) (12.170) 


Oas 7 
with 
(0) 


Yi j+ = Vij (12.171) 


The iteration process can be stopped when some convergence criterion is 
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satisfied. The following one is commonly used to stop the iteration sequence 


(k+) _ Vk) 
Yi j+1 T Yi j+i 
(k+1) 

Yi, j+i 


<E for all i 








where £ is some predetermined small value. 

There are a number of variations of such methods in the literature. They 
basically differ in the way the nonlinear coefficients are evaluated. For example, 
for the function 


f(y )ij+172 = f OVi j41/2) (12.172) 


the value of y; ;,,/2 in the arguement can be found by applying the finite 
difference formula to the equation with a time step of At/2, and using f(y, p) 
and f'(y; ;) to approximate f(y) and f’(y), respectively. Other variations can 
be found in Douglas (1961) and Von Rosenberg (1969). There exists consider- 
able scope for student-generated averaging techniques, of the type shown 
previously. 


12.3.6 Elliptic Equations 


Treatment of elliptic equations is essentially the same as that for parabolic 
equations. To show this, we demonstrate the technique with the following 
example wherein two finite spatial variables exist. 





Consider a rectangle catalyst of two dimensions in which a first order chemical 
reaction is taking place. The nondimensional equation is 


32y 32y 5 
S Sree tas = 17 
gta Se ey = 0 (12.1734) 


where œ? is the typical Thiele modulus, and y = C/C, with C, being the bulk 
concentration. 
The boundary conditions to this problem are assumed to take the form 


OY 
x=0; 5 =0 (12.1735) 
x=1; y=1 (12.173c) 
zi Zai 12.173d 
z= U0; Oz = ( . ) 


z=1; y=l1 (12.173e) 
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Due to the symmetry of the catalyst, we consider only the positive quadrant (i.e., 
x and z are positive). Let us divide the domains x and z into N intervals. The 
coordinate of the x domain is i(Ax) and that of the z domain is j(Az), where 


Ax = 


Next, we evaluate the differential equation at the point (i, j) 


2 2 
(B) +(B) -euso (12.174) 
i,j tj 


ax? az? 


for i,j = 1,2,...,N—1. 
Using the approximation formula for the second derivative (Eq. 12.117), Eq. 
12.174 will become 


Qe Z Yig ea) Oi Z ZYij ga h’? yi; =0 (12.175) 


One method for solving this set of equations is the Alternate-Direction-Implicit 
method. The basic idea of this approach utilizes the fact that the elliptic PDE 
(Eq. 12.173a) is the steady-state solution of the associated transient partial 
differential equation 


oy ay 8y 
ries Qa PPE + 3z% = oy (12.176) 


where a is some arbitrary constant. 

Now, let us use the finite difference to approximate the previous parabolic 
PDE. Suppose that we know values of y at the time ¢, and wish to use the finite 
difference approach to find their values at the next time ¢,,,. The time 
derivative dy /dt evaluated at the time ¢t,,, is approximated by 


dy \RtD yr) = yi 
(Z), M (12.177a) 
i,j 


where the subscripts ¿ and j denote the positions in the x and z domains, 
respectively, whereas the upperscript k represents the time t}. 

If we approximate the second order spatial derivatives 3?y/ðx? at the time 
(k + 1) by the values of y at the time ¢,,, and the other derivative d7y /dz? by 
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the values of y at the time t,, we have 


(2 i = yi) = ay) of ye 


EA 12.177b 

ax? (Ax) ( ) 
92 (k) yf a 2y 2p. yo 

p 4 a = it (12.177c) 
az? (Az) 


The purpose of the last step is to evaluate the value of y in the x direction 
while assuming that the spatial derivative in z is approximated by the values of 
discrete y at the old time f¢,. 


The reaction term $y can be approximated by the arithmetic mean between 
the values at time ¢, and tą; that is, 


2 
oy = 7 (yf) + yé?) (12.1774) 
Substituting Eqs. 12.177 into Eq. 12.176, we have 
plyt” P ys) E (vEt? =o 2y tD + yi) 


+ (yf. - 29 +9901) (42.178) 


ph? (k+1) (k) 
=e 595s) 
where 
p= vAr’ h = Ax = åz (12.178b) 


Rearranging Eq. 12.178a by grouping all terms at time ¢,,, to one side and 
terms at time ft, to the other side, we then have 


eat es (2 +p+ zig?) yar + yt? 
(12.1794) 


= -yf), + (2- p+ zhg?| yo) -y 


Now, if we apply Eq. 12.176 at the next time ¢,,, and approximate the 
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derivatives as 


k+2 k+i 
ay (k+2) $ y$, yeas yh ) 
ðt Jij At 
(k+1) k+t k+l k+l 
(=) _ yep 2y by) 
ax? Jij (Ax)? 
(k+2) k+2 k+2 k+2 
(=) VET — 2h? + yf? 
92° Jij (Az) 


In opposite to what we did in the last time step, here we approximate the spatial 
derivative in z at the time ¢t,,,, whereas the spatial derivative in x is approxi- 
mated using old values at the time ¢, , ,. 

The reaction term is approximated by the arithmetic mean between values at 
t,,, and ¢,,5; that is, 


e? 
oy = (vir? + y$ 2) 
Substituting these approximation formulas into Eq. 12.176, we obtain the 
equation (after some algebraic manipulation) 


1 
SER- (2 +p + FAA) yt? + ysa 


(12.179b) 
1 
= -yfi } + (2 -p+ zig?) yar =y? 


Equations 12.179a and b are iteration equations known as the Peaceman- 
Rachford Alternating-Direction-Implicit scheme (1955). Basically, this iteration 
scheme assumes an initial guess of all points and the process is started by 
keeping j constant and applying Eq. 12.179a to find the next estimate along the 
ith coordinate. This is achieved with the Thomas algorithm since the matrix is 
tridiagonal. Knowing this, we apply Eq. 12.179b to find the next estimate along 
the jth coordinate and the process continues until the method provides conver- 
gent solutions. Because of the alternation between directions, the method was 
given the name Alternating-Direction-Implicit method. 

Note the definition of the parameter p in Eq. 12.178b. Since our main 
concern is to solve elliptic equation, that is, the steady-state solution to 
Eq. 12.176, the solution can be obtained effectively by choosing a sequence of 
parameters p, (Peaceman and Rachford 1955). The optimum sequence of this 
parameter is only found for simple problems. For other problems, it is suggested 
that this optimum sequence is obtained by numerical experiments. However, if 
the scalar parameter p is kept constant, the method has been proved to 
converge for all values of p. Interested readers should refer to Wachspress and 
Habetler (1960) for further exposition of this method. 

Dealing with nonlinear elliptic equations is more difficult than linear equa- 
tions, as one would expect. All schemes proposed to handle nonlinear elliptic 
equations are of the iterative type. Douglas (1959) has proposed a useful way to 
deal with nonlinearities. 
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Table 12.2 Collocation Formulas 


N + 1 interpolation points 
N interior ore & 1 boundary point N + 2 interpolation points Equation 


Variables | Boundary point at x=0 | | Boundary point at x=0 | at x = Boundary point at x = 1 N interior points & 2 boundary points number 





Interpolation = 0; X}, X2... Xy are root | X4, X2., Xy are root of J{®PXx) = 0; Xo = 0,X4,X2,..., Xy are root of Jf x) = 0 12.1804 

points of JK P(x) = 0 wyr l xpand xy, = 1 

Lagrangian N+1 N+2 

interpolation yy(x) = 2 liy; Yyyy) = 3 Loy; 12.180c¢ 

polynomial j=l 

Lagrangian 

building blocks 12.180d 
= rier N+1 ; d y N+2 d N+2 

Derivatives ltd i) _ 3 Ayp SE = sony Ons L Ajy Pi p2 B;;y; 12.180e 

Matrices A & B 12.180 f 

Desired integral f [xP — x)” lyy(x) dx = L WY; ie [xP — x)” ly, (x) de = L WY; 12.180 g 

j=1 j=1 
Quadrature 
weights 12.180h 





a and £ of the 
Jacobian 
polynomial ; =p’ =a’ 5 a=a'+1; B=ß +1 12.180; 
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12.4 ORTHOGONAL COLLOCATION FOR SOLVING PDEs 


In Chapters 7 and 8, we presented numerical methods for solving ODEs of 
initial and boundary value type. The method of orthogonal collocation discussed 
in Chapter 8 can be also used to solve PDEs. For elliptic PDEs with two spatial 
domains, the orthogonal collocation is applied on both domains to yield a set of 
algebraic equations, and for parabolic PDEs the collocation method is applied 
on the spatial domain (domains if there are more than one) resulting in a set of 
coupled ODEs of initial value type. This set can then be handled by the 
methods provided in Chapter 7. 

We will illustrate the application of orthogonal collocation to a number of 
examples. Elliptic PDEs will be dealt with first and typical parabolic equations 
occurring in chemical engineering will be considered next. 

Before we start with orthogonal collocation, it is worthwhile to list in Table 
12.2 a number of key formulas developed in Chapter 8, since they will be 
needed in this section. Table 12.2 shows the various formula for the few basic 
properties of the orthogonal collocation method. 

We can use Table 12.2 as follows. Suppose the number of collocation points is 
chosen as N + 2, where N is the number of the interior interpolation points 
and 2 represents two boundary points. The Lagrangian interpolation polynomial 
is thus defined as in Eq. 12.180c with the building blocks / (x) given in 
Eq. 12.180d. The first and second derivatives at interpolation points are given in 
Eq. 12.180e, and the integral with the weighting function x*(1 — x) is given in 
Eq. 12.180g. The optimal parameters a and ß for the Jacobi polynomial are 
given in Eq. 12.1807. Thus, on a practical level, this table will prove quite useful. 


12.4.1 Elliptic PDE 


We now show the application of the orthogonal collocation method to solve an 
elliptic partial differential equation. 


EXAMPLE 12.8 
The level 4 of modeling the cooling of a solvent bath using cylindrical rods 


presented in Chapter 1 gave rise to an elliptic partial differential equation. 
These equations were derived in Chapter 1, and are given here for 


completeness. 
1 ð {ðu 3u 
pai a =0 (12.1824) 
g=1; z E E7 (12.182b) 
fsi ws (12.182c¢) 
Pate They (12.182d) 
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This set of equations has been solved analytically in Chapter 11 using the finite 
integral transform method. Now, we wish to apply the orthogonal collocation 
method to investigate a numerical solution. First, we note that the problem is 
symmetrical in € at é = 0 and as well as in ¢ at ¢ = 1. Therefore, to make full 
use of the symmetry properties, we make the transformations 


y=(1-¢)° and z=? (12.183) 


which is a transformation we have consistently employed when dealing with 
problems having symmetry. With this transformation, Eq. 12.181 then becomes 


au ðu 3 
4z— + 457 +A 


a =0 (12.184) 





a7u ðu 
4y— +25 
yay? z| 


The boundary conditions at é= 0 and ¢ = 1 are not needed, owing to the 
transformation. Hence, the remaining boundary conditions for Equation 12.184 
written in terms of y and z variables are 


z=1; Bat4’= 0 (12.1854) 


and 
y=1; u=1 (12.1855) 


Now we have two new spatial domains, z and y. The first step in the orthogonal 
collocation scheme is to choose interpolation points. We shall choose N interior 
collocation points in the z domain and M points in the y domain. Thus, the 
total number of interpolation points in the z domain is N + 1, including the 
point at z = 1, and that in the y domain is M + 1, including the point at y = 1. 
If we use the index i to describe the ith point in the z domain and k to 
denote the kth point in the y domain, the heat balance equation (Eq. 12.184) 
must be satisfied at the point (i,k) for i= 1,2,...,N and k =1,2,...,M 
(i.e., the interior points). Evaluating Eq. 12.184 at the (i, k) point, we have 


ou 


2u 
ðy 


3u 2 ô 
Ta leo Sot 


Ai 2 


pap 


4 os, 
i.k dz 














| =0 (12.186) 
i,k 


for i = 1,2,..., N and k = 1,2,..., M. 
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Using the approximation formula for the first and second order derivative 
equations (Eq. 12.180e), we have 














ðu N+1 
zzl © © Ae UU, k) (12.1874) 
fy j=l 
3u N+1 
=|. = È Bz(i,j)u(j,k) (12.187b) 
OZ* lik We 
ðu M+1 
J = È Ay(k, Du(i, I) (12.187c) 
Ylik i1 
2 M+1 
SH = E yk, Dulin!) (12.187d) 
Oy" ik 121 


where Az and Bz are first and second order derivative matrices in the z domain, 
and Ay and By are derivative matrices in the y domain. Note again that once 
the interpolation points are chosen in the z and y domains, these derivative 
matrices are known. 

Substituting Eqs. 12.187 into Eq. 12.186, we have 


N+1 M+1 
E Cz(i,j)u(j,k) +4 E Cy(k, ui!) = 0 (12.1882) 
j=l l=1 
where 
Cz(i, j) = 4z;Bz(i, j) + 4Az(i,j) and 
Cy( k,l) = 4y By(k,/) + 4Ay(k,l) (12.188b) 


The last terms of the two series contain the boundary values. By taking them 
out of the series, we have 


z 


Cz(i,j)u(j,k) + Cz(i,N + 1)u(N + 1,k) 
j=l 


7 (12.189) 
+ «| È Cy(k, Dui, l) + Cy(k,M + 1)u(i, M + | =0 
1=1 
Note that the boundary condition (Eq. 12.1855) gives 
u(i,M+1)=1 (12.190) 

and from the boundary condition (Eq. 12.185a), we have 

2 du 

Bi dz lwarg THON + LK) =0 (12.191) 
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Using the first derivative formula (Eq. 12.180e) at the boundary point (i = 
N + 1), the previous equation can be written in terms of the discrete values u 
given as 


N+1 
z E Az(N +1, j)u(j,k) +u(N+1,k)=0 — (12.192) 


j=l 


from which u(N + 1, k) can be solved directly as 


pape rae 
-ği Y Az(N + 1,j)u(j,k) 
j=1 


u(N+1,k) = woa ee (12.193) 
lı + g A(N+1, N+ 1) 
i 
Substitute Eqs. 12.190 and 12.193 into Eq. 12.189 to yield 
N M 
E Di, jul j,k) + A| X Cy(k, Du(i, 1) + Cy(k, M + 1)| =0 (12.194) 
j=l l=1 








for i = 1,2,..., N and k = 1,2,..., M, where the matrix D is given by 
2 : ; 
[BCN + 1)Az( N + 1,3) 
D(i,j) = Cz(i, j) — 5 (12.195) 
1+ ACN + 1, N +1) 


for i= 1,2,...,N and k = 1,2,...,M. 

Equation 12.194 represents M X N coupled algebraic equations with the 
same number of unknown u(i,k), i = 1,2,...,N and k = 1,2,...,M. These 
equations can be solved using any of the algebraic solution methods described 
in Appendix A. Before doing this, we will introduce the global indexing scheme 
such that the variable u with two indices (because of the two coordinates) is 
mapped into a single vector with one counting index. This is done for the 
purpose of programming and subsequent computation. We define a new vari- 
able Y as 


Y[(k -D)N+ i] = u(i,k) (12.196) 
Equation 12.194 then becomes 
N 
È DG, A)Y (kK - YN +j] 
j=l 


ò (12.197) 
+ A) È Cy(k, DY[(1— IN +i] + Cy(k,M + n| =0 
l=1 


for i = 1,2,..., N and k = 1,2,..., M. 
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For example, if we choose N = M = 2, the unknown vector Y of Eq. 12.196 is 


Y(1) u(1,1) 
Y(2) | _ | u(2,1) 
¥(3) | 7 luaa (12.198) 
Y(4) u(2, 2) 


and Eq. 12.197 written in component form is 
D(1,1)Y(1) + DQ, 2)¥(2) + A [ Cv, 1) YQ) 
+Cy(1,2)¥(3) + Cy(1,3)] = 0 
D(2,1)¥(1) + D(2,2)¥(2) + 22[Cy(, 1) ¥(2) 
+Cy(1,2)Y(4) + Cy(1,3)] =0 
D, DYB) + D(1,2)¥(4) + 2[Cy(2, DY(1) 
+Cy(2,2)¥(3) + Cy(2,3)] = 0 
D(2,1)¥(3) + D(2,2)¥(4) + A[Cy(2, 1) 
+ Cy(2,2)¥(4) + Cy(2,3)}] =0 
(12.199) 


Since our original elliptic equation is linear, the resulting discretized equation 
Eq. 12.199 is also linear. Therefore, if we define 


DQ, 1) + &Cy(1, 1) DQ, 2) A’cy(1, 2) 0 
E D(2,1) D(2,2) + A?Cy(1, 1) 0 A*cy(1, 2) 
A°Cy(2, 1) 0 DQ, 1) + A°Cy(2, 2) D(1,2) 
0 A2Cy(2, 1) D(2, 1) D(2,2) + A?Cy(2, 2) 
(12.200a) 
and 
— A’Cy(1,3) 
—AMCy(1,3 
b=] > (1,3) (12.200b) 
— A*Cy(2, 3) 
—A’Cy(2,3) 


Equation 12.199 can be written in compact vector format 
EY =b (12.201) 


from which the unknown vector Y can be readily obtained by using matrix 
algebra. The solution for Y is 


Y=E™'b 
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12.4.2 Parabolic PDE: Example 1 


We saw in the last example for the elliptic PDE that the orthogonal collocation 
was applied on two spatial domains (sometime called double collocation). Here, 
we wish to apply it to a parabolic PDE. The heat or mass balance equation used 
in Example 11.3 (Eq. 11.55) is used to demonstrate the technique. The differ- 
ence between the treatment of parabolic and elliptic equations is significant. 
The collocation analysis of parabolic equations leads to coupled ODEs, in 
contrast to the algebraic result for the elliptic equations. 





The nondimensional heat or mass balance equations are 


dy 1a oy 
Or = izh) (12.2024) 
7=0; y=0 (12.2025) 
ap OBE 
x =0; Js 0 (12.202c) 
x=1; y=1 (12.202d) 


The quantity of interest is the mean concentration or temperature, which is 
calculated from the integral 


[= 2 xy dx (12.203) 
0 


We note that this problem is symmetrical at x = 0. Therefore, the application 
of the symmetry transformation 


u =x? (12.204) 


is appropriate. In terms of this new independent variable u = x?, the mass 
(heat) balance equations (Eqs. 12.202) become 


dy _, ay | ay 
ar 4u + aaa (12.2052) 
u=1; y=1 (12.205b) 


The mean concentration or temperature / in terms of the new independent u is 


I= Í 'ydu (12.206) 
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The weighting function of the above integral is 
W(u) =u (1—-u)*; a’ =p =0 (12.207) 
Therefore, to use the Radau quadrature with the exterior point (u = 1) in- 
cluded, the N interior collocation points are chosen as roots of the Jacobi 
polynomial JP with a = 1 and B = 0. Once N + 1 interpolation points are 


chosen, the first and second order derivative matrices are known. 
Evaluating Eq. 12.205a at the interior collocation point i gives 


2 
Oe ge) aa (12.208) 
un yi 





for i = 1,2,...,N. 
The first and second order derivatives at the collocation point i are given by 
the formula 


N+1 


N+1 2 
dy 2 a 
an 2 Aay gal 2 B;;y; (12.209) 





i 


where A and B are given in Eqs. 12.180f. 
When we substitute Eq. 12.209 into Eq. 12.208, this equation is obtained 


dy; N+1 


j=1 
where the matrix C is defined as 
Ci; = 4u;B;; + 44; (12.211) 


Next, we take the last term of the series out of the summation and make use of 
the boundary condition, y(1) = y,,, = 1, and obtain the equation 


dy; 5 
dr 2 Cuy; F Ci N+1 (12.212) 


j=1 


for i = 1,2,3,..., N. 

The above equation represents N coupled ODEs and they are readily solved 
by using the methods discussed in Chapter 7, such as the Runge—Kutta-Gill 
method. Once the concentration y is obtained from the integration of Eq. 
12.212, the mean concentration or temperature T is calculated from the quadra- 
ture formula 


N+1 
T= L W;Y; (12.213) 
j=l 


where the quadrature weights are given in Eq. 12.180h. 


600 Chapter 12 Approximate and Numerical Solution Methods for PDEs 


0.3 


0.2 





0.0 
0.000 0.005 0.010 0.015 0.020 
T 


Figure 12.12 Plots of J versus 7 for N = 2,3,5, and 
10. 


Figure 12.12 shows plots of the mean concentration or temperature versus 7 
for N = 2,3,5, and 10. The plots for N = 5 and 10 practically superimpose the 
exact solution given in Eq. 11.87. This example shows the simplicity of the 
collocation method, and the number of collocation points needed for many 
problems is usually less than ten. A larger number of points may be needed to 
handle sharp gradients in the mass transfer zone. 


12.4.3 Coupled Parabolic PDE: Example 2 


To further demonstrate the simplicity and the straightforward nature of the 
orthogonal collocation method, we consider the adsorption problem dealt with 
in Section 12.2 where the singular perturbation approach was used. The 
nondimensional mass balance eae are 


ô 
op oH = u—5 N Ya) (12.214a) 
dy, 
iG AVIS) (12.2145) 
subject to the nondimensional initial and boundary conditions 
T=0; y=y, =0 (12.214c) 


x=0; oY = 9 and x=1; y=1 (12.214d) 
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Again, we note the symmetry condition at x = 0 and make the symmetry 
transformation u = x’. In terms of this new variable, the mass balance equa- 
tions are 


Oy _ 
eh an T 





u|4u— + 2o% ~y(i-y,) (12.2152) 


a =y(1—y,) (12.2155) 
The initial and boundary conditions are 

7=0; y=y, =0 (12.216) 

u=1; y=1 (12.217) 
Our objective here is to obtain the mean adsorbed concentration versus time. In 
nondimensional form, this mean concentration is given by 

J, = Í 'y, dx (12.218) 

Written in terms of the u variable, the above equation becomes 


E 
y, = zh" 12y, du (12.219) 


The weighting function in the above integral is W(u) = u~'/? (1 — u)’, that 
is, a’ = 0 and g’ = —1/2. Therefore, the N interior collocation point must 
be chosen as the root of the Nth degree Jacobi polynomial J}? (see 
Eq. 12.1801) and the (N + 1)th point is the point u = 1. 

The mass balance equation (Eqs. 12.215a) is valid in the interior of the 
domain; thus, we evaluate it at the ith interior collocation point (i = 
1,2,3,..., N) and obtain 








dy 22I ; ; 
op axli) L uan | zon +232 = y(i)[1 = y„(i)] (12.220) 
for i = 1,2,3,..., N. 
Equation 12.215b, on the other hand, is valid at all points including the point 


at the boundary; that is, i = N + 1. Evaluating this equation at the interpola- 
tion point i, we have 


2 = y(i i) [1 -= y,(i)] (12.221) 


for i = 1,2,3,..., N,N + 1. 
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Using the following formula for the first and second derivatives 





dy N+1 

Jul = & AGA) YU) (12.2224) 
j=1 

ay N+1 

zal = BAY) (12.222b) 

wl iy 


and substituting them into Eqs. 12.220, we obtain 


h N+1 
uZ <p E CEDI —yO[L-y()] (12.223) 
j=1 





for i = 1,2,..., N, where 
C(i, j) = 4u(i)B(i, j) + 2A(i, J) (12.224) 


Taking the last term of the series in Eq. 12.223 out of the summation sign, we 
obtain 


dy(t) EO ; F ‘ ; 
ou-z = u| © CG jy) + CG, N + 1)y(N +1) - yC+)[1 - y)] 
j=1 


(12.225) 
From the boundary condition (Eq. 12.217), we have 
y(N+1)=1 (12.226) 


Using this information, Eq. 12.225 becomes 
D a) Se, yj) + CN +D -yl -yO (122 
onz =n) © CCG, YG) + CN + 1)| -y| yid] (12.227) 
j=l 


The equation for the adsorbed species (Eq. 12.221) can be written for interior 
points (i = 1,2,...,.N) 


Pe 
po = OL ne] (12.228) 


and for the boundary point (i = N + 1) 


ðy (N + 1) 
u 


z (N+ 1)[1 -yN + 1)] (12.229) 
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But since y(N + 1) = 1, the above equation then becomes: 


aes) =(1-y(N+ 1] (12.230) 


Equations 12.227 together with 12.228 and 12.230 represent 2N + 1 equations 
and we have exactly the same number of unknowns, y(1), y(2),..., y(N), y,(D, 
YD,- YAN), YAN + D. 

If we now introduce a new vector Y, a new global indexing scheme evolves for 
the purpose of programming as 


Y(i)=y(i) for i=1,2,...,N (12.2314) 
Y(N+i)=y (i) for i=1,2,...,N,N+1 (12.231) 


Equations 12.227, 12.228, and 12.230 then become 





Taa =F 3 CU, jY) + CG,N+1)] -YC)[1- Y(N + i)] 
< (12.232a) 
pN ti = Y(i)[1 - Y(N + i)] (12.232b) 
for i = 1,2,3,..., N, and 
THCa = [1 - Y(2N + 1)] (12.232c) 


Equations 12.232 can be solved by any of the numerical schemes presented in 
Chapter 7. After the vector Y is known, the mean concentration defined in 
Equation 12.219 can be written as the quadrature 


1 N 
w(j)y (i) (12.233) 
i 


+ 


V57. 
J 


where w(j) are known quadrature weights. 

Plots of the mean concentration versus time for ø = 0.001 and u = 0.01 and 
0.1 are shown in Fig. 12.10 along with a comparison of the singular perturbation 
solution. 


12.5 ORTHOGONAL COLLOCATION ON FINITE ELEMENTS 


The previous section showed how straightforward the orthogonal collocation 
can be when solving partial differential equations, particularly parabolic and 
elliptic equations. We now present a variation of the orthogonal collocation 
method, which is useful in solving problems with a sharp variation in the 
profiles. 
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The method taught in Chapter 8 (as well as in Section 12.4) can be applied 
over the whole domain of interest [0,1] (any domain [a,b] can be easily 
transformed into [0,1]), and it is called the global orthogonal collocation 
method. A variation of this is the situation where the domain is split into many 
subdomains and the orthogonal collocation is then applied on each subdomain. 
This is particularly useful when dealing with sharp profiles and, as well, it leads 
to reduction in storage for efficient computer programming. 

In this section, we will deal with the orthogonal collocation on finite elements, 
that is, the domain is broken down into a number of subdomains (called 
elements) and the orthogonal collocation is then applied on each element. At 
the junctions of these elements, we impose the obvious physical conditions on 
the continuity of concentration (or temperature) and the continuity of mass flux 
(or heat flux). 

We will demonstrate the orthogonal collocation on finite element by using the 
example of diffusion and reaction in a catalyst, a problem discussed in Chapter 
8. When the reaction rate is very high compared to diffusion, the concentration 
profile in the particle is very sharp, and if the traditional orthogonal collocation 
method is applied as we did in Chapter 8, a large number of collocation points 
is required to achieve a reasonable accuracy. Using this approach in problems 
having sharp gradients can be a very expensive exercise because of the excessive 
number of collocation points needed. 

To alleviate this problem of sharp gradients, we present in this section the 
orthogonal collocation on finite elements, where the domain is broken down 
into many subdomains and orthogonal collocation is then applied on each 
element. This flexibility will allow us to concentrate collocation points in the 
region where the sharp gradient is expected. In regions where the gradients are 
shallow we need only a few points. This new method is called the orthogonal 
collocation on finite elements. 


EXAMPLE 12.11 


It is useful to illustrate collocation on finite elements by treating the diffusion 
and reaction problem described in Chapter 8. The governing equations written 
in nondimensional form are 


dy agyi (12.234a) 

subject to 
x=0; 7 = 0 (12.234b) 
x=1; y=1 (12.234c) 


The first step is to split the domain [0, 1] into many subdomains. For the sake of 
demonstration, we use only two subdomains. Let w be the point that splits the 
domain [0,1] into two subdomains [0,w] and [w, 1]. Next, we denote y, to 
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Figure 12.13 Two elements in the domain [0, 1]. 


describe y in the first domain, and y, is the solution in the second subdomain. 
Of course, y, and y, must satisfy the mass balance equation (Eq. 12.234a), 
which is valid at all points within the domain [0,1]. Before we apply the 
orthogonal collocation in each subdomain, we must normalize the domains to 
have a range of [0, 1]. This can be easily achieved by denoting a new coordinate 
for the subdomain 1 as v, defined as 


(12.235) 


=le 


v = 
Similarly, we denote a new coordinate for the subdomain 2 as v, and it is 


defined as 


x-w 
v2=T=w 





(12.236) 


Thus, we see immediately that v, and v, range between 0 and 1 in their 
respective domains (see Fig. 12.13). 

In terms of v,, the mass balance equations in the subdomain 1 are (noting 
that du,/dx = 1/w) 


d’y, 


a w2o7y, = 0 (12.237) 





subject to the condition at the center of the particle Eq. 12.234b 


dy 
vı = 0; ran =0 (12.238) 


Similarly, the mass balance equations in the subdomain 2 written in terms of v, 
are [also noting that dv,/dx = 1/0. — w)] 


d?y, 


gz T0- w pys (12.239) 
2 
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subject to the condition at the exterior surface of the particle Eq. 12.234c 
v,= 1; y,=1 (12.240) 


Equations 12.237 and 12.239 are two second order differential equations, and 
therefore for the complete formulation we must have four conditions. Equations 
12.238 and 12.240 provide two, and hence, we require two more conditions. 
These are obtained by invoking the continuity of concentration and mass flux at 
the junction of the two subdomains, that is, 


y(x =w) =y.(x =w*) (12.241) 
and 
d =w" d = wt 
ea Se ETA 
Written in terms of their respective variables v, and v,, we have 
y(v, = 1) =y2(v2 = 0) (12.243) 
and 
1 z| 1 Ea 
w| do. =a A Vp: 12.244 
w E ga (= Ww) Po Weis ( ) 


Thus, the complete formulation of equations is given in Eqs. 12.237 to 12.240, 
12.243, and 12.244. The quantity of interest is the nondimensional reaction rate, 
defined as 


[= fya (12.245) 
0 
When written in terms of variables appropriate for the two subdomains, we have 
1 1 
I=wf yido, + (1-w) fy, dv, (12.246) 
0 0 


We are now ready to apply the orthogonal collocation to each subdomain. Let 
us start with the first subdomain. Let N be the number of interior collocation 
points; hence, the total number of collocation points will be N + 2, including 
the points v, = 0 (center of particle) and v, = 1 Gunction point between the 
two subdomains). The mass balance equation (Eq. 12.237) will be valid only for 
the interior collocation points, that is, 


d’y, 
dv? 





| -wen =0 for i=2,3,...,N+1 (12.247) 


where y(i) is the value of y, at the collocation point i. The first term on the 
LHS is the second order derivative at the collocation point i. From Eq. 12.180e, 
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this second order derivative can be written as 





2 N+2 
| = È Bl, jy) (12.248) 
I j; jsl 


where B1 is the second order derivative matrix for the subdomain 1 having a 
dimension of (N + 2, N + 2). Remember that this matrix is fixed once the 
collocation points are known. Eq. 12.247 then becomes 


N+2 
E Bi(i,j)y(j) -w y(i) =0 for i=2,3,...,N+1 (12.249) 
j=1 


The boundary condition at v, = 0 (Eq. 12.238) is rewritten as 


dy, m. 
(l, =0 (12.250) 


Using the formula for the first derivative (Eq. 12.180e), this equation becomes 


N+2 
È 41(1,j)y(j)=0 (12.251) 
j=1 


where the first order derivative matrix Al has a dimension of (N + 2, N + 2). 
Again, just like the second order derivative matrix B1, this matrix is also known 
once the collocation points are chosen. 

Before we consider the collocation analysis of the junction point, x = w, 
(v; = 1 or v, = 0), we consider the collocation analysis of the equations in the 
subdomain 2. If we choose M (M can be different from N used for the 
subdomain 1) as the number of interior collocation points of the subdomain 2, 
the total number of interpolation points will be M + 2 including the two end 
points (v, = 0 the junction point, and v,=1 the exterior surface of the 
particle). Evaluating the mass balance equation (Eq. 12.239) at the interior 





collocation point i (i = 2,3,..., M + 1), we obtain 
d’y 
| a d - (1-w)’¢?y,(i) =0 (12.252) 


Using the second order derivative formula (Eq. 12.180e), the first term can be 
written in terms of the second order derivative matrix B2 (M + 2, M + 2). 
Equation 12.252 then becomes 


M+2 


E B2(i,/)y(j) - A —w)¢2y,(i) =0 for i=2,3,...,Mt+1 
j=l 


(12.253) 
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The boundary condition at the exterior particle surface Eq. 12.240 is 
y,(M+2)=1 (12.254) 


Now we turn to the conditions at the junction of the two subdomains. The first 
condition of continuity of concentration (Eq. 12.243) is written in terms of the 
collocation variables as 


y(N + 2) =y,(1) (12.255) 


And the second condition of continuity of flux becomes 


1 [ dy, 1 Ea 
—|5— = -|7 12.256 
Es na2 (1—w)] v2], ( ) 


that is, the LHS is evaluated at the last collocation point of the first subdomain, 
whereas the second term is evaluated at the first point of the second subdomain. 
Using the first order derivative formula (Eq. 12.180e), the previous equation 
becomes 


1 N+2 1 M+2 
w LAUN + 2A) = Gop EAA yas) (12.287 


=1 


where AI(N + 2, N + 2) and A2(M + 2, M + 2) are the first order derivative 
matrices of the first and second subdomains, respectively. 

Thus, we have now completed the orthogonal collocation treatment of finite 
elements. We have an equal number of equations and unknown variables. Let 
us now rewrite our collocation equations (Eqs. 12.249, 12.251, 12.253, 12.254, 
and 12.256) in the following order: 


N+2 
È Al(1,/)y(j) = 0 (12.2582) 


j=l 


N+2 
Bl(i,j)y(j) -wy (i) =0 for i=2,3,...,N41 
=1 


J 
(12.2585) 


M+2 
1 N+2 1 


5 L AUN +2 jy) = Gy È 421, j)ya() (12.258c) 
w = (1-w) = 


M+2 
Bi, j)y(j) - (1 - w)? y(i) =0 for i=2,3,...,M+1 
=| 


J 
(12.258d) 


y,(M+2)=1 (12.258e) 
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Note, the continuity condition of concentration at the junction, y,(N + 2) = 
y,(1), is not listed as part of Eqs. 12.158, and we shall see that this is taken care 
of in the global indexing scheme. 

Since we have two sets of variables, y, = [y,(1), y,(2),..., y (N + DI and 
ya =[y2(D), y2(2),..., yM + 2)]’, it is convenient to define a global indexing 
scheme, which maps these two sets into one vector set and also is convenient for 
programming, as follows: 


Y(i)=y(i) for i=1,2,...,N+2 (12.259a) 


Y(N+1+i)=y,(i) for i=1,2,...,M+2 (12.259b) 


With this definition of the new vector Y, the concentrations for y,(N + 2) and 
y,(1) at the junction are mapped into the same variable Y(N + 2). This means 
that the continuity of concentration condition at the junction (Eq. 12.255) is 
automatically satisfied by this mapping. The vector Y has N + M + 3 compo- 
nents, that is, N + M + 3 unknowns. 

With the new definition of vector Y, Eqs. 12.258 can be written as 


T A1, DYO) =0 (12.2604) 


j=1 


N+2 
X Bi(i, j)¥(j) -w° Y(i)=0 for i=2,3,...,N +1 (12.260b) 


j=1 


1 N42 1 M» 
— E AN +2, YG) = ——— ¥ A2(1,j)Y(N+1+j) (12.260c) 
w Ti (1-w) Ja 

M+2 ; 

2 B2i,j)Y(N+1+/j) -(l-w)¢?¥(N+1+i) =0 (12.2604) 


for i= 2,3,...,M+1 
Y(N+M+3)=1 (12.260e) 


Equations 12.260 represent N + M + 3 equations, and we have exactly the 
same number of unknown variables. 

In general, the set of Eqs. 12.260 is a set of nonlinear algebraic equations, 
which can be solved by the Newton’s method taught in Appendix A. For the 
present problem, since the governing equations are linear (Eq. 12.234), the 
resulting discretized equations (Eqs. 12.260) are also linear and we will show, as 
follows, how these linear equations can be cast into the matrix—vector format. 
We must first arrange Eqs. 12.260 into the familiar form of summation from 1 to 
N + M + 3 because our unknown vector Y has a dimension of N + M + 3. 
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We first shift the index j in the second series in Eq. 12.260c and the first 
series of Eq. 12.260d by N + 1 as 


M+2 N+M+3 

E 427, )Y(N+1+/ = È A2(1,j-N-1)Y(j) (12.261) 
j=l J=N+2 

M+2 N+M+3 

Y Bi, DY(N+1+j)= YO B2i,;-N-1)Y(Js) (12.262) 
j=l j=N+2 


for i = 2,3,...,M + 1. 

The idea of this shift is to bring the counting index for Y into the format of 
Y(j) instead of Y(j + N + 1). With this shift in j, Eqs. 12.260c and 12.260d 
then become 


N+2 1 N+M+3 
= » AN + 2,/)¥(A) - Goyy p> AX(1,j-N-1)Y¥(j)=0 
j=1 J=N+2 
(12.263) 
and 
N+M+3 
E B2i,j -N—-1)¥(j) -(1—w)’¢?¥(N+1+i) =0 (12.264) 
j=N+2 


for i = 2,3,...,M+1. 

Now we note that Eq. 12.260a is written for i = 1 (the first point of the first 
subdomain), Eq. 12.2606 is for i = 2,3,..., N + 1 (the N interior points in the 
first subdomain), Eq. 12.263 is for i = N + 2 (the junction point). To convert 
Eq. 12.264 into the new index i=N+3,N+4,...,N+M+2 
(i.e., the M interior points for the second subdomain) for the purpose of 
continuous counting of the index i, we need to shift the index i of Eq. 12.264 by 
N + 1, and as a result we have the equation 


N+M+3 
E Bi-N-1,j-N-1)Y(j)-—(1-w) $? Y(i)=0 (12.265) 
J=N+2 


fori =N+3,N+4+4,...,.N4+M+42. 

Thus Eq. 12.265 is valid for i= N + 3, N + 4,..., N+ M +2 (for the M 
interior collocation points in the second subdomain). Finally, Eq. 12.260e is 
valid for i = N + M + 3, the last point of the second subdomain. Figure 12.14 
shows the setup of all collocation equations. 
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(12.260b) (12.265) 
(12.260a) (12.263) (12.260) 


N Interior points M Interior points 
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Figure 12.14 Two subdomains and the distribution of equations 


Now the final format of equations that we wish to solve is 


For i = 1, 
N+2 
X Al(1, /)¥(j) = 0 (12.2662) 
j=l 
For i = 2,3,...,N +1, 
N+2 
È Bi(i, j)¥(j) -w° Y(i)=0 (12.266b) 
j=1 


For i= N + 2, 


N+M+3 
E A(1,j-N-1)Y(j)=0 


1 n 
— 2 ALN E INY G =a 
wa (=w) N+ 


(12.266c) 
For i=N+3,N+4,...,.N+M 4+ 2, 
N+M+3 
L BAi-N-1,j-N-1)¥(j)-Q- w) ¢Y(i) =0 (12.2664) 
j=N+2 
Fori=N+M+3, 
Y(N+M+3)=1 (12.266e) 


Note the continuous counting of the index in Eq. 12.266a to 12.266e. 
If we now define a new function H(i) as 


. _ JO ifi<0 
Ho- {N P (12.267) 


Equation 12.266a can be now written with a summation having the index j 
running from 1 to N + M + 3 instead of from 1 to N + 2. 
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For i = 1, 
N+M+3 
L Al, /)H(N +3 -J)Y(j) =0 (12.2682) 


j=l 


The idea for this is to convert Eqs. 12.266 into the full vector—matrix format, 
that is, the index of Y is j and the counting of this index runs from 1 to 
N + M + 3, the full dimension of the unknown matrix Y. Likewise, we can do 
this for Eqs. 12.2666 to e, and obtain 


For i = 2,3,...,N +1, 
N+M+3 
D [B1(i, j) - w6(i, j)]H(N +3-j)Y(j) =0 (12.2685) 
j=l 
For i=N + 2, 
N+M+3 


= LAWN + 2,j/)H(N + 3-j) 
j=l 


el LAXI j sN=HHG N7 njro» =0 (12.268c) 


Fori=N+3,N+4,....N+M + 2, 


N+M+3 
L [Bi -N-1,j -N -1 - (1 - w)’, /)] 


j=1 
H(j-N-1)Y(j)=0 (12.268d ) 
Fori=N+M-+ 3, 
Y(N+M+3)=1 (12.268e) 
where 6(i, j) is the Kronecker delta function and is defined as 
ali, j) = el y A (12.269) 
With the summation now carried from 1 to N + M + 3, we can see clearly 
Eqs. 12.268 can be readily converted into the simple vector-matrix format 
DY = F (12.270) 
where 
Y = [¥(1), (2), ¥(3),...,Y(N+M+43)]’ (12.2714) 
F = [0,0,0,...,1]” (12.271b) 
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and the matrix D of dimension (N + M + 3, N + M + 3) is given by 
For i = 1, 
D(1, j) = A101, /)H(N + 3-7) (12.2724) 
For i = 2,3,...,.N +1, 
D(i, j) = [B1(i, j) — w?6?6(i, j) H(N+3-j) (12.2725) 


For i = N + 2, 


D(N + 2,j) = + AN + 2,j)H(N +3-j) 


1 


z: (wy —N-1)H(j-N-1) (12.272c) 


For i=N+3,N+4,....N+M + 2, 


D(i,j) = [BAi-N-1,7-N-1)-(1-w)’ $a, j| HU -N- 1) 
(12.272d) 


For i=N+M +3, 
D(N+M+3,j) =H(j-N-M-— 2) (12.272e) 
The linear equation (Eq. 12.272) can be readily solved by matrix inversion to 
find the solution for the vector Y. Knowing this vector Y, the quantity of interest 
I is calculated in Eq. 12.246. It is written in terms of the quadrature as 
N+2 M+2 
T=w X wy +A- w) X wya (12.273) 
j=l j=l 
Written in terms of Y, we have 
N+2 M+2 


T=w Z w(s/)¥() + (1 —w) X w(iY(N+1 +j) (12.274) 


i=] j=l 


This completes the analysis on finite elements. 
If we wished to write the matrix D, we choose the number of interior 
collocation point in the subdomain 1 as N = 1 and that in the second subdo- 
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main as M = 2. The matrix D is then given by 


Al(1, 1) Al(1, 2) A1(1,3) 0 0 0 
Bi(2,1)  B1(2,2) — wg? B1(2,3) 0 0 0 
7 A1(3, 1)/w Al3,2)/w  A1(3,3)/w-A20,1)/U-—w) -42X(1,2)/(1 ~w) -A2(1,3)/(1-w) —AX1,4)/(1-w) 
p 0 B2(2, 1) B2(2,2) —G—wy*¢? B2(2,3) B22, 4) 
B23, 1) B2(3,2) B2(3,3) - (1 -wy ¢? B2(3,4) 
0 0 0 0 0 1 
(12.275) 


with Y and F given by 


YQ) 
Y(2) 
Y(3) 
Y(4) 
Y(5) 
Y(6) 


(12.276) 


rp oO O O O oO 


Figure 12.15 shows plots of the concentration profile (y vs x) using the 
orthogonal collocation on finite elements method for @ = 100 (very fast reac- 
tion). It is seen that due to the very fast reaction relative to diffusion, the profile 
is very sharp and is concentrated near the surface of the catalyst. Also, on the 
same figure are plots of the nondimensional chemical reaction rate, J 
(Eq. 12.245), versus the number of the interior collocation point of the second 
subdomain (M). The number of the interior collocation point in the first 
domain is chosen as 1 since the profile in that subdomain is very flat and close 
to zero. The location w between the two subdomains is the varying parameter in 
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Figure 12.15 Plots if J versus the number of interior collocation number M, and the concentration 
profile versus x. 
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Fig. 12.15. Also shown in the figure are plots of the numerical solution using the 
global orthogonal collocation method (Example 8.4), shown as a dashed line. 
The exact solution for the nondimensional reaction rate is tanh(¢)/@ = 0.01. It 
is seen in the figure that the results using the orthogonal collocation on finite 
elements with w = 0.9 agree well with the exact solution for M = 6. On the 
other hand, the global orthogonal collocation solution is of comparable accuracy 
only when the number of interior collocation points used is more than 10. It is 
noted that, however, that the global collocation method uses the transformation 
u =x? in the analysis. What this means is that the global collocation method 
uses only even polynomials in x, whereas the orthogonal collocation on finite 
elements use both odd and even polynomials, thus doubling the number of 
equations without increasing the accuracy. However, it is clear in this simple 
example where sharp gradients exist that the orthogonal collocation on finite 
elements is clearly more advantageous. 


The application of the orthogonal collocation on finite elements is straightfor- 
ward as we have illustrated in the above example of linear ordinary differential 
equation. The resulting set of discretized equations is a set of linear equations 
(Eqs. 12.260), which is amenable to matrix approach by using the global 
indexing procedure described from Eqs. 12.261 to 12.272. For nonlinear ordi- 
nary differential equations, the resulting set of discretized equations will be a 
set of nonlinear algebraic equations, which can be handled by the Newton’s 
approach discussed in Appendix A. 

The orthogonal collocation on finite elements can also be applied to partial 
differential equations as straightforward as we did in the last example for ODE. 
If the partial differential equations are linear, the resulting set of equations will 
be a set of coupled linear ordinary differential equations. On the other hand, if 
the equations are nonlinear, the discretized equations are coupled nonlinear 
ordinary differential equations. In either case, these sets of coupled ordinary 
differential equations can be solved effectively with integration solvers taught in 
Chapter 7. More of this can be found in Finlayson (1980). 
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12.7 PROBLEMS 


12.1,. Apply the polynomial approximation technique, as in Example 12.1, for 
the cases: 
(a) Rectangular coordinates 


(b) Cylindrical coordinates 


with the same initial and boundary conditions as given in Eq. 12.1. 
12.2,. Replace the fixed boundary conditions in Example 12.1 with a boundary 
condition (12.1d) of the resistance type 


dy P 
x=1; ay 7 BiQ - v) 


where Bi = k,R/D and as before y = (Cy — C)/(Co — Cg), and find 
the polynomial approximate solution. 

12.3,. The following equations describe a constant heat flux problem into a 
semi-infinite slab material 


R 
ôT ax? 
7=0; y= 
dy 
x=0; ~ Ox 1 
x>w; oy: 0 
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The exact solution to this problem (obtained by Laplace transform) is 


y(x,7) = on en (=) - xerfe (55 


and the surface temperature is 


y(0,7) = ae 


mT 


(a) Assuming that the penetration depth is X(7) and the temperature 
and heat flux at the penetration front are zero (see Eqs. 12.24 and 
12.25), show that the integral heat balance equation is 


Pv.) deci 
0 


(b) Next, assume that the temperature profile is parabolic, then prove 
that the expression for the temperature distribution must be 








y(x,7) = aro f > O) | 


(c) Show that the approximate solution for the penetration depth is 
X(T) = Vor 


(d) Derive the solution for the temperature at x = 0 and compare your 
results with the exact solution. 
12.4,. Modeling the heating of a semi-infinite slab with a film resistance at the 
surface gives rise to the nondimensional equations 


dy _ dy 
ôT Ax? 
7=0; y=0 


dy 3 
x =0; ax 7 BuO — 1) 
The exact solution to the problem is 


x x 
= erfc | —= | — exp (Bi,x + Bij7)erfc | —= + Bi 
y (5) xp (Bi„x iña )erte == in | 
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(a) Use the quadratic approximation for the temperature distribution, 
using penetration front X(7), to find the approximate solution 


_ _ Bi,X(7) ae 
"ED = TBR” XO] 


where the penetration X is determined from the implicit equation 


Bi, X 
2 





(Bi, X)? + 4Bi, X — 81n (1 + = 12Bi?r 
(b) Derive the approximate surface temperature and compare it with the 

exact solution. 

12.5,. Example 12.4 considers a problem of first order chemical reaction in a 
fixed bed. The boundary condition at the bed entrance does not account 
for the axial diffusion of mass. To account for this, the boundary 
conditions at the two ends should be (Danckwerts boundary conditions) 


dy 
x =0; Z72071!) 


ajo Ma 
x=1; ae 


with the mass balance equation the same as Eq. 12.118. 

(a) Apply suitable finite difference representation (second order correct 
for first and second derivatives, Eqs. 12.116c and 12.117) to show 
that the mass balance equation takes the form 


ay;-1 — BY; — Y¥i+1 = 9 


where a, B, and y are given in Eq. 12.120c. 

(b) Use fictitious points one step in front of the bed and one step after 
the bed to show that the two boundary conditions written in finite 
difference form are 


yı- 9- 
SE = yo- 1) 


Yn+1 — YN- 0 
2 Ax 


where y_, and y,,, are discrete values of y of the points before 
and after the bed, respectively. 

(c) Make use of the finite difference approximation for the boundary 
conditions to show that the finite difference equations describing the 
system behavior are 


—(4a Ax + B)Yo + (a — y)y, = —4a Ax 
ay;_, ~ BY; — Y¥i4, = 0 for i=1,2,...,.N-—1 
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and 
(a — y)¥n-1 — Byn = 0 


(d) Use the Thomas algorithm to solve the finite difference equations in 
part c. 
12.6,. Modeling of a second order chemical reaction in catalyst of slab geome- 
try with constant physical and chemical properties will give rise to the 
equation 


where œ? is the square of the Thiele modulus, which describes the 
relative strength between the reaction rate to the diffusion rate. Assume 
constant temperature conditions exist. 

(a) Show that suitable variables for nondimensional analysis are 


oC. or, 2 _ kKCoR? 
= oF x= R? o* = D 


e 





where Cp is the bulk fluid concentration, R is the half length of the 
catalyst, D, is the effective diffusivity, and k is the chemical reaction 
rate constant per unit catalyst volume. 

(b) If there is symmetry at the center and a stagnant film surrounds the 
catalyst, then show that the boundary conditions should take the 


form 
-o 2 
x= 0; de® 
dy : 
x=1; a 7 Bid -y) 


where Bi = k,R/D,. 
(c) Apply finite differencing to the mass balance equation and write the 
approximation to the mass balance equation as 


2 
Yi-1 Z 2Y; + Yis — P (Ax) yf = 0 


(d) Similarly, show that the finite difference approximation of the two 
boundary conditions are 


YTI 
2 Ax = 0 


y — YN- ; 
a + = Bi(1 — yy) 


where y_, and y,,, are discrete values at two fictitious points 
outside the domain. 
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(e) Eliminate the values of y at fictitious points to show that the final 
finite difference equations decribing the system are 


— 29 — p (Ax) ya + 2y,=0 
Y1 —2y,- @(Ax)y2+y4,=0 for i=1,2,...,N-1 
2yy;ı — (2 + 2BiAx)yy — ¢2(Ax)’y2 = —2Bi Ax 


(f) For $? = 10, Bi = 100, and N = 3, the above set of four equations 
is a coupled set of nonlinear algebraic equations. Apply the Newton 
technique of Appendix A to solve for the discrete values of concen- 
tration. 

12.7,. It was demonstrated in the text that the number of equations to be 
solved using the method of finite difference depends on the type of 
boundary conditions. For example, if the functional values are specified 
at two end points of a boundary value problem, the number of equations 
to be solved is N — 1. On the other hand, if the functional value is 
specified at only one point and the other end involves a first derivative, 
then the number of equations is N. This homework problem will show 
that the variation in the number of equations can be avoided if the 
locations of the discrete point are shifted as 


instead of the conventional way of defining x; = iAx. With this new way 
of defining the point, the first point will be Ax /2 from the left boundary, 
and the Nth point will also be Ax/2 from the right boundary. Figure 
12.16 shows the locations of all discrete points. 

Consider the following set of equations 


d*y „dy 
hee = a = 10y =0 
dy 
x=0; ZF =2%Ay-1) 
. 8 
x= 1; am =0 
Ase be Ax —>| 
x0 x1 *j-1 xj Xi+l Xn Xn+1 
o ko AND 0 ———_] o 
x=0 x=1 


Figure 12.16 
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(a) Apply finite difference approximations to the governing equation to 
show that it will take the form 


ay;_; — BY; — YYi4, = 0 
where 
1 2 1 1 
—; B= +10; y=z~--— 
(ary? ° (axe 1 Bx (axy 


(b) Next apply the finite difference to the first boundary condition (i.e., 
the condition at x = 0) to show that 





ote 
a= Bx 


yi =y 
aera = 2( ylx=0 — 1) 


where yọ is the value of y at the fictitious point x), which is Ax/2 
outside the left boundary as shown in the above figure, and yl,-o is 
the value of y at the point x = 0. But note that there is no grid 
point at x = 0. To resolve this, we need to approximate this value 
based on values at two sides of the position x = 0. To approximate 
this value, we take the average of the values of y at the two sides of 
x = 0, that is, 


yi, ty 
Yieno = a 


Use this to substitute into the finite difference relation for the 
boundary condition at x = 0 to solve for yọ. Show that this excercise 
takes the form 


= (ira) 4 2 Ax 
Yor (IF ix] T T+ Ax 


(c 


— 


Apply the same procedure at in part b to the right boundary 
condition to show that 


Yn+i~ Yn 


where y,,, is the value of y at the fictitious point Ax/2 outside the 
right boundary. 

(d) Insert the values of yọ and y,,, obtained in parts b and c into the 
finite difference analog of the governing equation to yield N equa- 
tions with N unknowns (y,, y2,..., yy). Solve the resulting N linear 
equations using the Thomas algorithm. Use N = 3,5, and 10 and 
compare the approximate solutions with the exact solution. 

This problem shows how useful the shifted position strategy is in 
solving differential equations. It does not matter what form the 
boundary conditions take, yet the number of equations will always be 
N. The only minor disadvantage of this procedure is that the values 
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of y at the boundaries are not given directly from the solution of the 
finite difference equations. They must be determined from the 
average of the last interior value and the exterior value, as described 
in part b. 
12.8,.The shifted position procedure discussed in Problem 12.7 is also useful 
when dealing with problems with radial coordinates, such as problems 
having cylindrical and spherical geometries. To show this, solve the 
following problem of first order chemical reaction in a spherical catalyst 
having the dimensionless form 


2 
fy ,2% gag 


(a) Apply the second order correct analog to the derivatives of the 
governing equation to show that the finite difference approximation 
is 


Yin — 2Yi + Vint 2 Viti Tint i 

(Ax)? t 2 Ax ay, = 0 
where x; = (i — 1/2)Ax. 

(b) Next apply the finite difference approximation to the boundary 
conditions at two end points to show that 


X +y 


where yọ and yy, are values of y at two fictitious points Ax/2 
outside the boundaries. 

(c) Solve the N resulting linear difference equations and compare it 
with the exact solution 


_ 1 sinh(3x) 
? = X “sinh(3) 


12.9,. Apply the conventional layout of the discrete points, that is, x; = iAx, to 
solve the linear parabolic partial differential equation 


subject to the boundary conditions 


x=0; y=i 


d 
x=1, 2+10y=0 
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(a) Apply the second order correct analog to the second order spatial 
derivative, and the first order correct forward formula for the time 
derivative to show that the value of y at the position x; and the time 
t;4, is given explicitly as 


At 
Yi j+ = Vig t Taxy ib = 2y j t Yin j) 


(b) The boundary condition at the left boundary is trivial. To handle the 
condition at the right boundary, apply the finite difference to show 
that 


Yn+1,j T YN-1,j 
~y + 10 yy, ; = 0 
where y,,, is the value of y at the fictitious point ouside the right 
boundary. Using this finite difference analog of the boundary condi- 
tion at x = 1 to eliminate y,,, from the finite difference equation, 
and hence finally obtain N equations for Yi j41,Yaj4i-++> Yujen 
which can be solved explicitly. 
(c) Choose N = 5 (i.e., Ax = 0.2), and compute the solutions in part b 
with At = 0.01,0.02, and 0.05. Discuss the results obtained. 
12.10,. Use the backward difference in the approximation of time derivative to 
solve Problem 12.9. 
(a) Show that the finite difference analog to the governing equation 
becomes 


(Ax)? (Ax)? 


2+ >r þri- Ar Yii 











Yi-1,j+1 7 


that is, the values of y at the time ¢;,, are written in terms of the 
values of y at t,. 

(b) Treat the boundary conditions the same way as in Problem 12.9, and 
prove that the final N equations will take the form of tridiagonal 
matrix. 

(c) Use the Thomas algorithm to solve the finite difference equations 
for Ax = 0.2 and At = 0.01, 0.02 and 0.05. From the computed 
results, discuss the stability of the problem. 

12.11,. Solve Problem 12.9 using the Crank—Nicolson method, and show that 
the final N finite difference equations have the tridiagonal matrix form. 
Compute the results and discuss the stability of the simulations. 

12.12*. This homework problem will illustrate the stability of the three different 
methods of approximating time derivatives in solving the problem 


Iy IY. 


ôt ax2 
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subject to 
x=0; y=1 and x=1; y=0 


(a) Apply the Taylor series expansions to y(x + Ax,t) and y(x — Ax,t) 
around the point (x, t) and use the results of these two expansion to 
show that 


(2) — XC + Ax, t) ~ 2y(x, 1) + y(x- Ax,t) 
ax? (Ax)? 

2 [ a*y 2 
-alaa are 


(b) Similarly, use the Taylor series expansion of y(x,t + At) around the 
point (x, t) to show that 


(2). _ y(x,t + At) — y(x, 1) -7(3 


(c) Substitute these equations in parts a and b into the governing 
equation, and use the notations 


y(x,t) =y; yx + Ax,t) = Yii Y(X, t + At) =Y; jy 
to obtain the equation 


Yi j+1 T Yi, j 1 a 


A ot ah At +: 


(d) If z is the finite difference solution in approximating y; that is, 


Zi j+ T Zij Z 


ing Zisi T Zij t Ziri j 


At (Ax)? 


then show that the error of the finite difference solution, defined as 
e = y — z, is given by the equation 


€i j+1 Z Ei j 1 [ory 


At -7 Z) At +: 


e1, T Reij + C415 2 ie) 2 
i,j 
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(e) Neglecting the small order terms in part d to show that the finite 
difference solution for the error e is 


erja inj | Ci-1,5 ~ 2215 + eisi, j 


At (any? 


and also show that ey ; = éy,; = 0. 

(f) By virtue of the fact that the finite difference equation and the 
governing equation have homogeneous boundary conditions, assume 
that the error will take the form 


e = KT; 
This is identical to the separation of variables method described in 
Chapter 10. Substitute this into the finite difference equation for the 
error to show that 





Ta _At [s Z 2K; + Kisi 
T; (Ax)? K; 

The LHS is a function of j (i.e., time), whereas the RHS is a function 

of i (i.e., x); therefore, the only possibility that these two can be 

equated is that they must equal to the same number. Let this 

number be A. Hence, show that the equation for K will take the 

form 


K;_, — 2K; + Kis, + 





(2) 4 ayx,=0 


(g) One possible solution that satisfies the homogeneous boundary con- 
ditions is 
K; = sin (m px;) 


Substitute this into the equation for K and finally show à will be 


A=1- 





=i sin? ( Tp = 
(Ax) i 


(h) Now, since T;,,/T; = A, hence, to prevent the error from exploding, 
the constraint on A must be A < 1; that is, 


<1 








f _ 4At in? (72S 


SI 
(Ax)? 2 
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from which show that the final constraint on the step sizes in time 
(so that the finite difference solution is bounded) will be 


At 1 
(Ax)? 





2 


This is the stability criterion for the forward difference scheme in 
time. 
12.13*, For the backward difference in time, follow the same procedure as in 
Problem 12.12 to show that the finite difference equation for the error in 
solving the same problem is 


€i ji T Enj — Ciznj+t T 244,541 + eiti j+ 


At (Ax)? 


subject to eo ; = ey ; = 0. 
(a) Assume e; ; takes the form 





e; j = K,T; 
and substitute this into the finite difference equation for the error to 
show that 
Da 
T; 
and 


1~A)(Ax)? 
K,;_, — 2K; + Kis, + Cn DOs) k, =0 


(b) Let K; = sin (m px;) and substitute it into the equation for K to show 
that A will take the form 


1 
m CA sin? (725) 
Ax) 





which is always less than 1. This means that the backward formula is 
always stable for any step size in time used. 
12.14,. Repeat Problem 12.13 for the Crank—Nicolson method to show that A 
will take the form 





pope 5 sin? (72 A*) 
x 


t sin? (7222) 
(Ax) 
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which is also always less than 1. Thus, the Crank—Nicolson method is 
always stable. 

12.15*.The modeling of cooling a fluid in a laminar pipe flow was considered in 
Example 10.3. Neglecting the axial heat conduction relative to the 
convection term, the following heat balance equation describes the 
temperature change inside the pipe 


r \?| dT 1 0f{ T 
2v1 - ($) E =at (rz) 


where a = k/pC, defines thermal diffusivity, vg is the mean velocity, R 
is the pipe radius, and r and z are radial and axial coordinates, 
respectively. 

The initial and boundary conditions are given by 


z=0; T = To 


ôT 
r=0; z 70 


r=R; T=T, 


(a) Define the nondimensional variables as in Eq. 10.216 and then show 
that the governing equation will become 


ôT 10{,0T 
(1-8 )5 galez) 


(b) Show that the bulk mean temperature at any point along the pipe is 
given by 


T(£) = afea - €°)T(é,¢) dé 


(c) Note the symmetry condition at the center of the pipe, then use the 
usual transformation of u = £? to show that the governing equation 
will take the form 


ôT 8T ôT 
(1 ~ U) 3g =A + 4u 


and that the conditions will be 
£=0; T = To 
u =l; T= T, 


(d) Apply the orthogonal collocation by assuming the function y(¢,¢) 
takes the form of Lagrangian interpolation polynomial 


N 
y(u, $) =lp4(u)y(ün+i%) + È l(u)y(u;, g) 
j=1 
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with N + 1 interpolation points, where the first N points are zeros 
of the Jacobi polynomial J(u) = 0 and the (N + 1)th point is 
Uy41 = 1. The functions 1,(u) are Nth degree Lagrangian polyno- 
mial, defined in Eq. 8.90. 

Substitute this approximation polynomial into the governing equa- 
tion and force the residual to be zero at the collocation points (u, to 
uy) and show that the N discretized equations are 


aT, N ; 
BF T Cinsle + Se Cot, for i=1,2,...,N 


where C; ; is defined as 


4u,B, ; + 4A; ; 


ii, j 
ij 1-4; 


with A;; and B;; are first and second derivative matrices, respec- 
tively, defined in Eqs. 8.102 and 8.103. 


(e) The N coupled ordinary differential equations have initial condition 


(f) 


£=0; T,=T) for i=1,2,...,N 


This set of equations is linear and is susceptible to linear analysis. 
Use the vector—matrix approach of Appendix B to show that the 
solution is 


T = TU exp (K¿)U`'I 


where I is the identity matrix, K is the diagonal matrix with eigenval- 
ues on the diagonal line, U is the matrix of eigenvectors of C. 

Once T is found in part e, show that the mean bulk temperature is 
obtained from the Gauss—Jacobi quadrature 


TO = E w20 -u)r e] 


where w, are Gauss—Jacobi quadrature weights. 

This cooling of fluid in a pipe with wall heat transfer resistance 
was solved by Michelsen (1979) using the method of orthogonal 
collocation. This problem without the wall resistance is a special case 
of the situation dealt with by Michelsen, and is often referred to as 
the Graetz problem (see Example 10.3 and Problem 3.4). 


12.16*. Example 10.2 considers the modeling of a CVD process in a parallel flat 
plate system. The entrance length problem was analytically dealt with by 
the method of combination of variables. Here, we assume that the 
chemical reaction at the plate follows a nonlinear reaction, and apply 
the orthogonal collocation to solve this problem numerically. 
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(a) Show that the governing equation and conditions take the form 


naa z als = 0,28 


oC 
x =0; zx 70 


aC 
x=B; -Dazz =F(C) 


where f(C) is the nonlinear chemical rate per unit surface area. 
(b) Reduce the set of equations in part a to following nondimensional 
form such that the x-directed coordinate is normalized to (0, 1) 


3C _ HC 


(c) Note the symmetry condition in the é-directed coordinate, apply the 


usual transformation u = €7, where é = x/B, to reduce the govern- 
ing equation to a new set of equations 


aC aC aC 
(1 — Uae = dua + 2u 


ac 
u=1; 5° =G(C) 


What is the form of G written in terms of f(C) and other variables? 


(d) Apply the orthogonal collocation and show that the discretized 
equations take the form 


dC, = f 
a = i,N+1CN41 + x C,,;C for i=1,2,...,N 
j=l 


and 


Me 


Ani jC + Anat, we1Cnar = GC Cn 41) 


j=1 


where 


4u;B; ; + 2A; ; 
ij l-u; 
Here, A and B are first and second order derivative matrices. 
(e) The set of discretized equations in part d is nonlinear because of the 


nonlinear reaction. Develop a scheme by applying methods of Chap- 
ter 7 to show how these equations are integrated. 


Appendix A 


Review of Methods for 
Nonlinear Algebraic 
Equations 


This appendix presents a number of solution methods to solve systems of 
algebraic equations. We will start with the basic techniques, such as bisection 
and successive substitution, and then discuss one of the most widely used 
Newton—Raphson methods. These methods are useful in solving roots of 
polynomials such as f(x) = 0. 


A.1 THE BISECTION ALGORITHM 
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The bisection algorithm is the most simple method to locate a root of a 
nonlinear algebraic equation if we know the domain [a, b] which bounds the 
root. This implies that the functional values at x =a and x =b must be 
different in sign (see Fig. A.1) and if the function is continuous, which is often 
the case in chemical engineering problems, then there will be at least one root 
lying inside that domain [a, b]. This domain is often known, especially when we 
solve transcendental equations for determining eigenvalues (Chapters 10 and 
11), and therefore this algorithm is quite suitable as a starter. Following this 
initiation step, a much faster convergence (Newton-Raphson) method is used at 
some point to speed up convergence. We shall discuss Newton—Raphson in 
Section A.3. 

Given a continuous function f(x), defined in the interval [a, b] with f(a) and 
f(b) being of opposite sign, then there exists a value p (a < p < b), for which 
f(p) = 0. There may be more than one value of p. 

The method calls for a repeated halving of the subinterval [a, b] and at each 
stop, locating the “half ” region containing p. 

To begin the process of repeated halving, we make a first iteration to find p 
(call this p,) and let p, be the midpoint of [a, b]; that is, 


a,+b 
eed 
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Iteration 1 Iteration 2 





Figure A.1 Graphical representation of the bisection technique. 


where 
a,=a & b,=b 


If f (p,) = 0 then p, is the solution. If not then f(p) has the same sign as 
either f(a,) or f(b,). If f(p,) and f(a,) have the same sign, then p E€ (pj, b,) 
(i.e., p lies between p, and b,) and we set a, = p, and b, = b,. If f(p,) and 
f(b,) are of the same sign, then p € (a,, pı), and we set a, = a, and b, = pj. 
We then apply the same procedure to the subinterval [a,, b,] until a conver- 
gence test is satisfied. Figure A.1 shows the graphical representation of this 
iteration. 

Some convergence tests could be used to stop the iteration. Given a tolerance 
e > 0, we generate p,, p2,..., Pp, until one of the following conditions is met 


[Pa — Pn-il < E (A.la) 

[Pa = Pail og Ip ie (A.1b) 
| Pal 

|fCPa)| <€ (A.1c) 


Difficulties may arise using any of these stopping criteria, especially the crite- 
rion (A.1a). If there is no knowledge beforehand regarding the function f or 
the approximate location of the exact root p, Eq. A.1b is the recommended 
stopping criterion. 

Drawbacks of the bisection method are: 


1. An interval [a, b] must be found with the product f(a): f(b) being 
negative. 
2. The convergence rate is rather slow (relative to the Newton’s method). 


Despite the drawbacks of the bisection listed above, it has two advantages: 


1. The method is very simple. 
2. The method always converges. 


The key advantage of the technique is, if an interval [a, b] is found, the method 
always converges. For this reason, it is often used as a “starter” for the more 
efficient root-seeking methods described later. 
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A.2 THE SUCCESSIVE SUBSTITUTION METHOD 


The bisection method presented in the previous section can only be used when 
an interval [a, b] is known. However, if this is not possible, the present and the 
following sections (Newton—Raphson) will prove to be useful. 

Let us start with the single nonlinear algebraic equation 


F(x) =0 (A.2) 


which we will generalize later for a set of nonlinear equations. 
The underlying principle of the successive substitution method is to arrange 
the given equation to the form 


x= f(x) (A.3) 
One way of doing this is to simply add x to the LHS and RHS of Eq. A.2 as 


x=x+ F(x) = f(x) (A.4) 


The iteration scheme for the successive substitution method to search for a root 
is defined as 


x&tD = yO 4 F(x) = f(x) (A.5) 


where the superscript k denotes the iteration number. It is expressed in 
bracketed form to distinguish it from powers. 

Application of the successive method is quite simple. We choose (by guessing) 
a value for x and calculate x from the iteration equation (A.5). Repeating 
the procedure, we obtain x@ and x®, and so on. The method may or may not 
converge, but the method is direct and very easy to apply, despite the uncer- 
tainty of convergence. We will demonstrate the method and its uncertainty in 
the following example. 

Consider the elementary equation 


F(x) =x*-4=0 (A.6) 
for which the exact solution is x = +2. 
The iteration equation for this example can be initiated by adding x to both 
sides of Eq. A.6; that is, 
=x?-4+x=f(x) (A.7) 
The iteration scheme for this equation is 
x&*D = (x)? — 4 + (x) (A.8) 
Starting with an initial guess of x = 3, we get the following diverging behav- 


ior: x = 8, x@ = 68, x® = 4688. The method does not converge. Even if we 
try x© = 2.01, which is very close to the exact solution, again the method does 
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not converge. This method exhibits a divergence behavior, even when the initial 
guess is close to the exact solution. Before we discuss conditions to cause this 
method to converge, we rearrange Eq. A.6 by dividing it by (—2x) and obtain 


=0 (A.9) 


The successive substitution is applied to this equation, and this equation is 
obtained 


PY) EY ge Ee (A.10) 
x 


Starting with x = 4, we obtain x® = 2.5, x@ = 2.05, x® = 2.00061, and 
x = 2,000000093. The iteration process for the new arrangement converges 
rapidly in a few iterations! 

Obviously, the new arrangement for the iteration equation is better than the 
original iteration equation (Eq. A.8). Before we discuss the conditions for 
convergence, let us practice this method on a set of coupled nonlinear algebraic 
equations. 

Consider a set of nonlinear algebraic equations. 


F,(x,,%2,.--,X,) =0 


F,(x1,%2,...,%,) = 0 
Fal 2 ) (A.11) 


F,(%1,%2,---5X,) =0 


The number of algebraic equations is the same as the number of unknowns x, 
where 


x =[x,,X2,...,%,]" (A.12) 


The above set of algebraic equations can be written in a more compact form as 


F(x) =0 (A.13) 
for i = 1, 2,..., n, or in vector form, write as 
F(x) =0 (A.14a) 
where 
F = [F,, F,,..., F} ; 0=(0,0,...,0]7 (A.14b) 
Our objective for a solution is to find x such that F(x) = 0 for i = 1, 2,..., n. 


By adding x; to the ith equation (Eq. A.13), we have 
x, + F(x) =x; (A.15) 


for i = 1,2,...,n. 
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The iteration scheme for successive substitution is defined as follows: 
xt) = x + F(x) (A.16) 


for i= 1,2,..., n. 

Application of the successive substitution method is simply choosing (by 
guessing) a value for x and calculate x™ according to Eq. A.16 for i = 1, 
2,..., n. Repeating the procedure, we obtain x, x®, and determine if the 
method will converge. Similar to the case of single equation, the convergence of 
the iteration scheme is uncertain. We need to establish conditions which can tell 
us when the method will converge. 

The following convergence theorem (sometimes called the contraction map- 
ping theorem) will provide this information. 


Theorem A.1 


Let a be the solution of a; = f; (a), for i = 1, 2,..., n. Assume that given an 
h > 0 there exists a number 0 < u < 1 such that 


n 


Ł 


j=1 


of; 


Ox; 








<p for |x;-al<h i=1,2,...,n 


and if the iteration equation is 
k) — k-1 
xf? = fi(x®—-) 


then x(k) converges to a; as k increases. 

An elementary proof for this theorem may be found in Finlayson (1980). 

The condition for convergence is conservative; that is, if the condition is 
satisfied, the iteration process will converge. However, nothing is said about 
when the condition is not met. In such a case, the iteration process may 
converge or diverge. 

For a one-dimensional problem a = f(a), the previous contraction mapping 
theorem is reduced as follows. For a given h > 0, there exists a number 
“(0 < u < 1) such that |df/dx| < u for |x — al < h, then the following itera- 
tion 


xO = f(x) (A.17) 


will converge to a. 

This can be shown graphically in Fig. A.2 with plots of functions x and f(x). 
The solution @ is simply the intersection of these two functions. It is recognized 
that if the slope of the function f(x) is less than that of the function x (ie., 
|df/dx| < 1) in the neighborhood of a, we see in Fig. A.2 that any point in that 
neighborhood will map itself into the same domain (see the direction of arrows 
in Fig. A.2). This explains why the theory was given the name of contraction 


mapping. 
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Figure A.2 Graphical representation of one-di- 
mensional contraction mapping. 


Therefore, with any starting point in that neighborhood, the iteration process 
will converge to the solution a. 
The advantages of the successive substitution are 


1. There is no need to find the interval [a, b] as in the bisection method. 
2. The method is very simple to apply. 


And the disadvantages are 


1. There is no guarantee of convergence (the contracting mapping theorem 
must be applied, but it is conservative). 
2. A rather slow convergence rate (linear convergence) persists. 


A.3 THE NEWITON-RAPHSON METHOD 


The Newton—Raphson method is one of the most effective methods to solve 
nonlinear algebraic equations. We first illustrate the method with a single 
equation, and then generalize it to coupled algebraic equations. 

Let us assume that the function F(x) is at least twice differentiable over a 
domain [a, b]. Let x* € [a, b] be an approximation to a, where a is the exact 
solution, such that F’(x*) # 0 and |x* — al is small. 

Consider the Taylor series of F(x) expanded around the value x*, and keep 
only up to the first order derivative term 


* 
F(x) = F(x*) + FOO (x - x) poe (A.18) 
Since a is the exact solution, that is, F(a) = 0, we substitute x =a into 
Eq. A.18 and obtain the result 


dF(x*) 


0 = F(x*) + = (a -x*) (A.19) 


in which we have neglected all the terms higher than (a — x*)*. 
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Solving for a from Eq. A.19, we obtain 


F(x*) 
= AIFS (A.20) 
dx 


auk 


Eq. A.20 is the basis for the algorithm in the Newton-Raphson method. The 
iteration process is defined as 


F(x) 
(k+l) = yk) — LASS 
xktD ay IFP) (A.21) 
dx 
provided, of course, that 
(k) 
a) #0 (A.22) 


during the iteration process. Figure A.3 shows the Newton—Raphson method 
graphically. 
Coming back to the example we used earlier 


F(x) =x?-4 (A.23) 


we now apply the Newton—Raphson scheme and obtain the following iteration 
scheme using Eq. A.21: 


(ky? _ (k) 
a+). GE) =4_ x 2 
xD ay 3,0 sae + rs) (A.24) 


A comparison with Eq. A.10 shows we were using the Newton—Raphson scheme 
by the artificial device of division by x. 


Newton-Raphson method 


xD (1) (0) 





Figure A.3 Graphical representation of the Newton- 
Raphson method. 
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The Newton-Raphson method is a very powerful method, but it has the 
disadvantage that the derivative is needed. This can be a problem when one 
deals with complex coupled nonlinear algebraic equations. 

To circumvent this problem, one can estimate the derivative F(x“) by the 
following finite-difference approximation 


dF(x) _ F(x) — F(x@7”) 
de Oy yD 


OL AT (A.25) 


Using this approximation, the Newton—Raphson iteration equation becomes 


F(x®)( x = xD) 
F( x) == F(x®-) 


This formula is often called the Secant method, and to initiate it one needs two 
initial guesses. Normally, these two guesses are very close to each other. Figure 
A.4 shows the secant iteration method graphically. 

Now we turn to presenting Newton’s method for coupled nonlinear algebraic 
equations, such as portrayed in Eq. A.14. Newton’s method for this set of 
equations is defined in terms of the Jacobian, which is the matrix of derivatives 


kD = yh) — (A.26) 








xt) = x) — Jol) - F(x) (A.27) 
for k = 0,1,..., and J is the matrix defined as 
OF, oF, OF, 
3x, Ix, Ix, 
dF, P ôF, 
J(x) = | 9x, ôx ox, |. (A.28) 
dF, oF, oF, 
Ox, OX, OX, 


Secant method 


2) A1) {0 





Figure A.4 Graphical representation of the Secant 
method. 
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The matrix J is called the Jacobian matrix. With an initial guess close to the 
exact solution, Newton’s method is expected to give a quadratic convergence, 


provided of course that the Jacobian J exists. To illustrate the method for 
coupled equations, we inspect the example, 


yee 
F, = 3xi — x3 
= ee ae 
F, = 3x,x7 -—xj—-1 


The Jacobian matrix J is given as 


ôF, oF, 

OX, OX, 6x, —2x, 
IT| oF, aF, |7 [323-327 6xx, 

Ox, 9X, 


The iteration scheme for Newton’s method is given in Eq. A.27, and is repeated 
here as 


x®+D = xy _y 
where y is the solution of the set of linear equations 

J(x®)y = F(x®) 
which can be solved using any standard linear equation package, such as 
MathCad. 


We start with the initial guess x = x = 1, from which we can calculate 
the Jacobian and F as 


s-|° “| and F-(7| 


Knowing the Jacobian and F we can use the iteration equation to calculate x; 


that is, 
waft) f6 -27°. [212 
1] lo 6 1 


Knowing x® of the first iteration, we can calculate the Jacobian and the 
function F as 


au Gol 


= | 0.04493 


J= 3.6666 — 1.6667 
0.9630 3.0556 


| and F ae 
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and then using the iteration equation to calculate the second iteration 


x2 = 


_ |3.6667 —1.6667 Ba 0.4259 | _ | 0.5037 
0.9630 3.0556 0.04493 0.8525 


ou bali 


Repeating the procedure, the method will converge to the exact solution 
x, = 0.5 and x, = 0.573. 

A weakness of Newton’s method is the analytical evaluation of the Jacobian 
matrix. In many practical situations this is somewhat inconvenient and often 
tedious. This can be overcome by using finite difference to approximate the 
partial derivative; that is, 

oF, F,(x + e;h) — F,(x) 
ax, h 


J 


(A.29) 


where e, is the vector where the only nonzero element is the jth component, 
which is equal to unity. In the RHS of Eq. A.29, only the jth component of the 
vector x is increased by a small number h. 


A.4 RATE OF CONVERGENCE 


We have presented several techniques to handle nonlinear algebraic equations, 
but nothing has been said about the rate of convergence; that is, how fast the 
iteration process yields a convergent solution. We discuss this point in the next 
section. 


Definition of Speed of Convergence 


Let {a,} be a sequence that converges to a and thereby define the error as 
en, =a, — a for each n > 0. If positive constants A and £ exist with 


lim Vener al tiny Hensal À (A.30) 
n>% ja -alf n>% |e, |? 

then {a,} is said to converge to æ of order B, with asymptotic error represented 
by the constant A. 

A sequence with a large order of convergence will converge more rapidly than 
that with low order. The asymptotic constant A will affect the speed of 
convergence, but it is not as important as the order. However, for first order 
methods, A becomes quite important. 

If 8 = 1, convergence of the iteration scheme is called linear and it is called 
quadratic when B = 2. 

We now illustrate that the successive iteration of the function 


x= f(x) 
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has a linear convergence. Let us assume that f(x) maps the interval [a, b] into 
itself G.e., for any values of x lying between a and b, the operation f will yield 
a value f(x), which also lies between a and b) and a positive u(0 < u < 1) 
exists such that | f’(x)| < u for all x € [a, b]. The convergence theorem proved 
earlier indicates that f(x) has a unique fixed point a € [a, b} and if ay € [a, b] 
the sequence {a,,} will converge to a. The convergence rate will be shown to be 
linear provided that f’(a) # 0; thus, we have 


Cn+1 T An+1 7 a = f(a,) — f(a) 
= f'E an — &) =f (Enden (A.31) 
where é, lies between a, and a. Since {a,} will converge to a, the sequence 


{é,} will also converge to a. 
Assuming that f’(x) is continuous on [a, b], we then have 


lim f’(é,) = f'(a) 


Thus, from Eq. A.31, we have 





tim Beal = tim [f'(é,)| =I Fa) 


n>% le, | 


Hence, the successive iteration exhibits a linear convergence and the asymptotic 
constant is |f’(@)|, provided that f’(a) + 0. Higher order convergence can 
occur when f'(a) = 0. An example of this is Eq. A.10, where f(x) = x/2 + 2/x, 
so 
; 1 2 
ene 
faz- 
and a = 2. It is clear that f'(a) = f'(2) = 0, and therefore, the iteration 
process of Eq. A.10 has higher order convergence than 1. We have shown 
earlier that this iteration scheme is in fact a Newton-Raphson scheme. It 
clearly sustains a quadratic convergence. The following theorem can be proved 
(Burden and Faires 1989). 


Theorem A.2 


Let a be a solution of x = f(x). Suppose that f'(a) = 0 and f” is continuous 
in an open interval containing a. Then, there exists a 6 such that for 


ag E [a — ô a + ô] 
the sequence {a,,} defined by 


Bn+1 = f(a@,) 


is quadratically convergent. 
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A. MULTIPLICITY 


So far, we have shown various solution techniques for obtaining simple roots of 
nonlinear algebraic equations. Next, we will address the issue of multiple roots 
and a method of handling roots having multiplicity higher than one. 


Multiplicity 
A solution a of F(x) is said to be a zero of multiplicity m of F if F(x) can be 
written as: 
F(x) = (x — a)"q(x) (A.32) 
where 
lim q(x) =c #0 (A.33) 


x>a 


The function q(x) is basically the portion of the function F(x) that does not 
contribute to the zero a of the function F(x). Here, we imply a “zero” as 
simply one of the values of x, which produces F(x) = 0. 

To handle the problem of multiple roots, we define a function 





u(x) = PH (A.34) 
If a is a root of multiplicity m > 1 and F(x) = (x — a)'"q(x), Eq. A.34 then 
becomes 
B (x= a)"4(x) ae 
u(x) nea ey aye Saya) (A.35) 
or 
u(x) = (4 - a)q(x) (A.36) 


mq(x) + (x — a)q'(x) 


also has a root at a, but of multiplicity one, because g(a) # 0. 
The Newton—Raphson method can then be applied to the function u(x) of 
Eq. A.36 to give 


x=f(x) =x- H) (A.37) 
or 
x= f(x) =x- EE) (A.38) 


[F(x]? - [F(x)F"(x)] 


If f(x) defined in Eq. A.38 has the required continuity condition, the iteration 
applied to f will be quadratically convergent regardless of the multiplicity of the 
root. In practice, the drawback is the requirement of a second derivative F”(x). 
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ACCELERATING CONVERGENCE 


Any sequence that is linear convergent can be accelerated by a method called 
the Aitken A? method. 

Let {a,} be a linearly convergent sequence with a limit œ. By definition, we 
have 





tim ttle genet (A.39) 


noo enl 


where e, =a, — a. 

Given a sequence {a,,} we now wish to construct a new sequence {6,}, which 
will converge at a rate faster than the original sequence {a,,,}. 

For n sufficiently large, and if we assume that all components in the sequence 
e,, have the same sign, then 


Enti ~ AC, (A.40) 
Hence, 
One) ™ a+ Ala, — a) (A.41) 
By increasing the index by 1, we have the equation 
Ona. =A + Alang — a) (A.42) 


Eliminating A between Eqs. A.41 and A.42, we obtain the equation for a 


= (Qn41 - a)? (A.43) 
(@n+2 g 20n41 ay an) ` 


The Aitken’s ^A? method is based on a new sequence defined as 


(p41 — On)” 
6, =a, — —— ~n A.44 
pe (Qn 42 2 20n+1 + a,) ( ) 


which converges more rapidly than the original sequence {a,}. Additional 
details on Aitken’s method can be found in Burden and Faires (1989). 

By applying Aitken’s method to a linearly convergent sequence obtained from 
fixed point (successive substitution) iteration, we can accelerate the convergence 
to quadratic order. This procedure is known as the Steffenson’s method, which 
leads to Steffenson’s algorithm as follows. 

For a fixed point iteration, we generate the first three terms in the sequence 
a,,, that is, ag, a,, and œz. Next, use the A? Aitken method to generate ĉo. At 
this stage, we can assume that the newly generated 6, is a better approximation 
to æ than @,, and then apply the fixed point iteration to 5) to generate the next 
sequence of 55, 6, and 6,. The Aitken method is now applied to the sequence 
{5,; n = 0, 1, 2} to generate yg, which is a better approximation to a, and the 
process continues. 
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Appendix B 





Vectors and Matrices 


Modeling of engineering systems gives rise to algebraic equations and/or 
differential equations. If the model equations are nonlinear algebraic equations, 
methods presented in Appendix A, such as the Newton—Raphson method, will 
reduce these nonlinear equations to a sequence of linear equations. Similarly, 
when the model equations are differential equations, methods such as finite- 
difference or orthogonal collocation will transform these equations to nonlinear 
algebraic equations if the starting equations are nonlinear. These resulting 
nonlinear algebraic equations are then converted to a sequence of linear 
algebraic equations. Thus, it is clear that systems of linear equations form the 
basic sets in the solution of any type of model equations, no matter whether 
they are nonlinear algebraic or nonlinear differential equations. This appendix 
will address linear algebraic equations, and the notation of vectors and matrices 
is introduced to allow the presentation of linear algebraic equations in a 
compact manner. 

We will start with the definition of a matrix, with a vector being a special case 
of a matrix. Then we present a number of operations which may be used on 
matrices. Finally, we describe several methods for effecting the solution of 
linear equations. 


B.1 MATRIX DEFINITION 


A set of N linear algebraic equations with N unknowns, x, X2,..., Xy, may 
always be written in the form 


AyyXy + 42X2 + ai3X3 +++ +ayyXpy = b: 
Ay, X1 + Ay X. + Az3X3 + `t +AgyXpn = b2 (B.1) 
Gn1X1 + Aya X2 + Ay3X3 + ° tAyyXy = by 

where x; (i = 1,2,..., N) are unknown variables, and b, (i = 1,2,..., N) are 


the constants representing the nonhomogeneous terms. The coefficients a,, 
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(i,j = 1,2,...,.N) are constant coefficients, with the index i representing the 
ith equation and the index j to correspond to the variable x. 

N is the number of equations, and it can be any integer number, ranging from 
1 to infinity. If N is a large number, it is time-consuming to write those linear 
equations in the manner of Eq. B.1. To facilitate the handling of large numbers 
of equations, the notation of matrices and vectors will become extremely useful. 
This will allow us to write sets of linear equations in a very compact form. 
Matrix algebra is then introduced which allows manipulation of these matrices, 
such as addition, subtraction, multiplication, and taking the inverse (similar to 
division for scalar numbers). 


The Matrix 


A matrix is a rectangular array of elements arranged in an orderly fashion with 
rows and columns. Each element is distinct and separate. The element of a 
matrix is denoted as a,j, with the index i to represent the ith row and the index 
j to represent the jth column. The size of a matrix is denoted as N xX M, where 
N is the number of rows and M is the number of columns. We usually represent 
a matrix with a boldface capital letter, for example A, and the corresponding 
lowercase letter is used to represent its elements, for example, a;;. The follow- 
ing equation shows the definition of a matrix A having N rows and M columns. 


îi Ayn 3 aim 
—| 4a 422 în *** Gm (B.2) 
Ayı 4n2 4n3 ANM 


where the bracket expression is the shorthand notation to describe the element 
as well as the size of the matrix. 


The Vector 
A vector is a special case of a matrix. A vector can be put as a column vector or 


it can be put as a row vector. A column vector is a matrix having a size of 
N X 1. For example, the following vector b is a column vector with size N x 1: 


b = {b; i = 1,2,..., N} = | b3 (B.3) 


where b; is the element associated with the row i. 


646 APPENDIX B Vectors and Matrices 


The row vector is a matrix having a size of 1 x N. For example, a row vector 
d is represented as 


d = {d;i = 1,2,...,N} = |d, d3 dy...dy| (B.4) 


B.2 TYPES OF MATRICES 


Square Matrix 


A square matrix is a matrix having the same number of rows and columns, that 
is, {a;;; i,j = 1,2,..., N}. The elements a;;, with i = 1,2,..., N, are called the 
major diagonal elements of the square matrix. The elements 4 y1, 4y-1,2» tO 41y 
are called the minor diagonal elements. 


Diagonal Matrix 


A diagonal matrix is a square matrix having zero elements everywhere except 
on the major diagonal line. An identity matrix, denoted as I, is a diagonal matrix 
having unity major diagonal elements. 


Triangular Matrix 


A triangular matrix is a matrix having all elements on one side of the major 
diagonal line to be zero. An upper tridiagonal matrix U has all zero elements 
below the major diagonal line, and a lower tridiagonal matrix L has all zero 
elements above the diagonal line. The following equation shows upper and 
lower tridiagonal matrices having a size 3 x 3: 


Qi, în ag an 0 0 
U=|0 ay azl; L=]|âan an 0 (B.5) 
0 0 az a31 432 433 


Tridiagonal Matrix 


A tridiagonal matrix is a matrix in which all elements that are not on the major 
diagonal line and two diagonals surrounding the major diagonal line are zero. 
The following equation shows a typical tridiagonal matrix of size 4 X 4 


T= (B.6) 


B.3 Matrix Algebra 647 


The tridiagonal matrix is encountered quite regularly when solving differential 
equations using the finite-difference method (see Chapter 12). 


Symmetric Matrix 
The transpose of a N X M matrix A is a matrix A’ having a size of M x N, with 
the element aj, defined as 


al =a, (B.7) 


that is, the position of a row and a column is interchanged. 
A symmetric square matrix has identical elements on either side of the major 
diagonal line, that is, a,, = a,;. This means A’ = A. 


Sparse Matrix 


A sparse matrix is a matrix in which most elements are zero. Many matrices 
encountered in solving engineering systems are sparse matrices. 


Diagonally Dominant Matrix 


A diagonally dominant matrix is a matrix such that the absolute value of the 
diagonal term is larger than the sum of the absolute values of other elements in 
the same row, with the diagonal term larger than the corresponding sum for at 
least one row; that is, 


N 
lal> Dla) for i=1,2,...,N (B.8) 
j=1 
jal 
with 
N 
la;l > È la;;! (B.9) 
j=l 
j*i 


for at least one row. 

This condition of diagonal dominant matrix is required in the solution of a 
set of linear equations using iterative methods, details of which are seen in 
Section B.6. 


B.3 MATRIX ALGEBRA 


Just as in scalar operations, where we have addition, subtraction, multiplication 
and division, we also have addition, subtraction, multiplication and inverse 
(playing the role of division) on matrices, but there are a few restrictions in 
matrix algebra before these operations can be carried out. 
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Addition and Subtraction 
These two operations can only be carried out when the sizes of the two matrices 
are the same. The operations are shown as follows. 


A+ B = {a;;} + {bj} = {ci = aij + by) (B.10) 


=C 
A — B= {a,;} - {b} ={cj= aij = b;;} =C (B.11) 


Operations cannot be carried out on unequal size matrices. 
Addition of equal size matrices is associative and commutative; that is, 
A+(B+C)=(A+B)+C (B.12) 
A+B=B+A (B.13) 


Multiplication 


This operation involves the multiplication of the row elements of the first matrix 
to the column elements of the second matrix and the summation of the resulting 
products. Because of this procedure of multiplication, the number of columns of 
the first matrix, A, must be the same as the number of rows of the second 
matrix, B. Two matrices that satisfy this criterion are called conformable in the 
order of A B. If the matrix A has a size N X R and B has a size R X M, the 
resulting product C = A - B will have a size of N X M, and the elements c; j are 
defined as 


R 
c= b apb i= 1,2,..., N; j= 1,2,..., M (B.14) 
1 


Matrices not conformable cannot be multiplied, and it is obvious that square 
matrices are conformable in any order. 
Conformable matrices are associative on multiplication; that is, 
A(BC) = (AB)C (B.15) 
but square matrices are generally not commutative on multiplication, i.e. 


AB + BA (B.16) 


Matrices A, B, and C are distributive if B and C have the same size and if A is 
conformable to B and C, then we have: 


A(B + C) = AB + AC (B.17) 


Multiplication of a matrix A with a scalar B is a new matrix B with the element 
b,, = Bai; 
J iJ 


Inverse 
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The inverse in matrix algebra plays a similar role to division in scalar division. 
The inverse is defined as follows: 


AA“! =] (B.18) 


where A“! is called the inverse of A, and I is the identity matrix. Matrix inverses 
commute on multiplication, that is, 


AA”! = I = A'A (B.19) 
If we have the equation, 
AB=C (B.20) 


where A, B, and C are square matrices, multiply the LHS and RHS of Eq. B.20 
by A? and we will get 


A~'(AB) = A7'C (B.21) 
But since the multiplication is associative, the above equation will become 
(A~'A)B =B=A7'!C (B.22) 


as A~'A = I and IB = B. 
The analytical technique according to the Gauss—Jordan procedure for ob- 
taining the inverse will be dealt with later. 


Matrix Decomposition or Factorization 


A given matrix A can be represented as a product of two conformable matrices 
B and C. This representation is not unique, as there are infinite combinations of 
B and C which can yield the same matrix A. Of particular usefulness is the 
decomposition of a square matrix A into lower and upper triangular matrices, 
shown as follows. 


A= LU (B.23) 


This is usually called the LU decomposition and is useful in solving a set of 
linear algebraic equations. 


B.4 USEFUL ROW OPERATIONS 


A set of linear algebraic equations of the type in Eq. B.1 can be readily put into 
vector-matrix format as 


Ax =b (B.24) 
where 
44 än ag ain ud Dy 
A= än 4x2 4230 ** aan |. x= *2 ;b = bz (B.25) 


650 


APPENDIX B Vectors and Matrices 


Equation B.25 can also be written in the component form as 
N 
L apx;=b; for i=1,2,...,N (B.26) 


which is basically the equation of the row i. 
There are a number of row operations which can be carried out and they 
don’t affect the values of the final solutions x. 


Scaling 


Any row can be multiplied by a scalar, the process of which is called scaling. For 
example, the row i of Eq. B.26 can be multiplied by a constant «æ as 


N 
È aa;;x; = ab; (B.27) 
j=l 


Pivoting 


Any row can be interchanged with another row. This process is called pivoting. 
The main purpose of this operation is to create a new matrix that has dominant 
diagonal terms, which is important in solving linear equations. 


Elimination 


Any row can be replaced by a weighted linear combination of that row with any 
other row. This process is carried out on the row i with the purpose of 
eliminating one or more variables from that equation. For example, if we have 
the following two linear equations: 


xX, +x,=2 (8.28) 
3x, + 2x,=5 i 


Let us now modify the row 2; that is, equation number 2. We multiply the first 
row by (3) and then subtract the second row from this to create a new second 
row; hence we have: 


xX, +x,=2 
(B.29) 


We see that x, has been eliminated from the new second row, from which it is 
seen that x, = 1 and hence from the first row x, = 1. This process is called 
elimination. This is exactly the process used in the Gauss elimination scheme to 
search for the solution of a given set of linear algebraic equations, which will be 
dealt with in the next section. 
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There are a number of methods available to solve for the solution of a given 
set of linear algebraic equations. One class is the direct method (i.e., requires no 
iteration) and the other is the iterative method, which requires iteration as the 
name indicates. For the second class of method, an initial guess must be 
provided. We will first discuss the direct methods in Section B.5 and the 
iterative methods will be dealt with in Section B.6. The iterative methods are 
preferable when the number of equations to be solved is large, the coefficient 
matrix is sparse and the matrix is diagonally dominant (Eqs. B.8 and B.9). 


B.5 DIRECT ELIMINATION METHODS 


B.5.1 Basic Procedure 


The elimination method basically involves the elimination of variables in such a 
way that the final equation will involve only one variable. The procedure for a 
set of N equations is as follows. First, from one equation solve for x, as a 
function of other variables, x3, x3,...,X,. Substitute this x, into the remaining 
N — 1 equations to obtain a new set of N — 1 equations with N — 1 unknowns, 
X,X3,.--.,Xy. Next, using one of the equations in the new set, solve for x, as a 
function of other variables, x3, x4,...,.x,, and then substitute this x, into the 
remaining N — 2 equations to obtain a new set of N — 2 equations in terms of 
N — 2 unknown variables. Repeat the procedure until you end up with only one 
equation with one unknown, xy, from which we can readily solve for xy. 
Knowing xy, we can use it in the last equation in which x,_, was written in 
terms of x,. Repeat the same procedure to find x,. The process of going 
backward to find solutions is called back substitution. 

Let us demonstrate this elimination method with this set of three linear 


equations. 
aX; + AX + 43x, = b; (B.30) 
Ay, X1 + AyXz + Ay3X3 = b, (B.31) 
A4,X, + Ax X_ + 53x; = b3 (B.32) 


Assuming 4@,, is not zero, we solve Eq. B.30 for x, in terms of x, and x, and 
we have 


Dy — a12X2 — 43x, 


x = 
! ayy 


(B.33) 


Substitute this x, into Eqs. B.31 and B.32 to eliminate x, from the remaining 
two equations, and we have 


aX + A,X, = bh (B.34) 


azz X, + G'3X, = b3 (B.35) 
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where 


Pa io i rap — ĉa batho 
iy = iy — G53 b; = b; g b for i,j=2,3 (B.36) 


uj uj 1 





Next, we solve Eq. B.34 for x, in terms of x, provided a, + 0; that is, 





B ayes (B.37) 
22 
then substitute this x, into the last equation (Eq. B.35) to obtain 
a33X3 = b3 (B.38) 
where 
dg = dg Ban; b3 = by — SP, (B.39) 


an a 
We see that the patterns of Eqs. B.36 and B.39 are exactly the same and this 
pattern is independent of the number of equations. This serial feature can be 
exploited in computer programming. 

Thus, the elimination process finally yields one equation in terms of the 
variable x,, from which it can be solved as 


n 

_ b5 
37 UK 

a33 


(B.40) 


Knowing x3, x, can be obtained from Eq. B.37, and finally x, from Eq. B.33. 
This procedure is called back substitution. 


B.5.2 Augmented Matrix 


The elimination procedure described in the last section involves the manipula- 
tion of equations. No matter how we manipulate the equations, the final 
solution vector x is still the same. One way to simplify the elimination process is 
to set up an augmented matrix as 


au anp ay | by 
[Alb] = |a an az | bz (B.41) 
a3 43, @33 | b3 


and then perform the row operations described in Section B.4 to effect the 
elimination process. 
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Let us demonstrate this concept of an augmented matrix to the following 
example. 
xX, + 2x, + 3x, = 14 
X,+x,-x,=0 (B.42) 
2X, +X,—-xX3=1 


For this set of three linear equations, we form an augmented matrix by putting 
the coefficient matrix first and then the RHS vector, shown as follows. 


12 3114 
1 1 -1] 0 (B.43) 
2 1 -1| 1 





Now we start carrying out row operations on the augmented matrix. First, we 
take the second row and subtract it from the first row to form a new second row, 
the result of which is shown as follows. 


12 3/14 
01 4/14 (B.44) 
2 1 -1ļ|1ı 





The purpose of the last step is to eliminate x, from the second equation; that is, 
the new coefficient for x, in the new second equation is 0. This is the basic step 
of elimination. Now we do exactly the same to the third row. We multiply the 
first row by 2 and subtract the third row to form a new third row and get the 
result 


1 2 3/14 
0 1 4/14 (B.45) 
03 (7 





Thus, we have eliminated the variable x, from the second and third equations. 
Now, we move to the next step of the elimination procedure, that is to remove 
the variable x, from the third equation. This is done by multiplying the second 
row by 3 and subtracting the third row to form a new third row; that is, 


1 2 3/14 
0 1 4/14 (B.46) 
0 0 5/15 





The last row will give a solution of x, = 3. Put this into the second equation to 
give x, = 2, and hence finally into the first equation to give x, = 1. This is the 
back substitution procedure. All the steps carried out are part of the Gauss 
elimination scheme. More details on this method will be presented in Section 
B.5.5. 

Let us now come back to our present example and continue with the row 
operations, but this time we eliminate the variables above the major diagonal 
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line. To do this, we multiply the third row by (— 4/5) and add the result to the 
second row to form a new second row, shown as follows. 


1 2 3444 
0 1 0/2 (B.47) 
0 0 5415 


The last step is to remove the variable x, from the second equation. Finally, 
multiply the second row by (—2) and the third row by (—3/5) and add the 
results to the first row to obtain a new first row as 


10 0/1 
0 1 0| 2 (B.48) 
0 0 5|15 


from which one can see immediately x, = 1, x, = 2 and x, = 3. The last few 
extra steps are part of the Gauss—Jordan elimination scheme, the main purpose 
of which is to obtain the inverse as we shall see in Section B.5.6. 

This procedure of augmented matrix can handle more than one vector b at 
the same time, for example if we are to solve the following equations with the 
same coefficient matrix A: Ax, = b,, Ax, = b,, we can set the augmented matrix 
as 


[A | bi bp] (B.49) 


and carry out the row operations as we did in the last example to obtain 
simultaneously the solution vectors x, and x). 


B.5.3 Pivoting 


The elimination procedure we described in Section B.5.1 requires that a} is 
nonzero. Thus, if the diagonal coefficient a,, is zero, then we shall need to 
rearrange the equations, that is, we interchange the rows such that the new 
diagonal term a,, is nonzero. We also carry out this pivoting process in such a 
way that the element of largest magnitude is on the major diagonal line. If rows 
are interchanged only, the process is called partial pivoting, while if rows as well 
as columns are interchanged it is called full pivoting. Full pivoting is not 
normally carried out because it changes the order of the components of the 
vector x. Therefore, only partial pivoting is dealt with here. 

Partial pivoting not only eliminates the problem of zero on the diagonal line, 
it also reduces the round-off error since the pivot element (i.e., the diagonal 
element) is the divisor in the elimination process. To demonstrate the pivoting 
procedure, we use an example of three linear equations. 


Ox, +x, +%,=5 
4x, +x, —-x,=3 (B.50) 


X,—X,+%x%,=2 
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Putting this set of equations into the augmented matrix form, we have 


0 1 1|5 
4 1 3-113 (B.51) 
1 -1 1 


2 





We note that the coefficient a,, is zero; therefore, there is a need to carry out 
the pivoting procedure. The largest element of the first column is 4. Therefore, 
upon interchanging the first and the second rows, we will get 


4 1 -1 
0 1 1 
1 si 1 


3 
| (B.52) 
2 





Next, multiplying the third row by 4 and subtracting the first row to get the new 
third row will yield 

4 1 -1 

0 1 1 


3 
| (B.53) 
0 -5 5 


5 





Although the pivot element in the second row is 1 (+ 0), it is not the largest 
element in that column (second column). Hence, we carry out pivoting again, 
and this process is done with rows underneath the pivot element, not with rows 
above it. This is because the rows above the pivot element have already gone 
through the elimination process. Using them will destroy the elimination com- 
pleted so far. 

Interchange the second and the third row so that the pivot element will have 
the largest magnitude, we then have 


4 1 -11]3 
0 -5 5145 (B.54) 
0 1 1 


5 





Next, multiply the third row by 5 and add with the second row to form a new 
third row, we get 

4 1 -1 

0 —5 5 


0 0 10 


3 
| (B.55) 
30 





Finally, using the back substitution, we find that x, = 3, x, = 2, and x, = 1. 


B.5.4 Scaling 


When the magnitude of elements in one or more equations are greater than the 
elements of the other equations, it is essential to carry out scaling. This is done 
by dividing the elements of each row, including the b vector, by the largest 
element of that row (excluding the b element). After scaling, pivoting is then 
carried out to yield the largest pivot element. 
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B.5.5 Gauss Elimination 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


The elimination procedure described in the last sections forms a process, 
commonly called Gauss elimination. It is the backbone of the direct methods, 
and is the most useful in solving linear equations. Scaling and pivoting are 
essential in the Gauss elimination process. 

The Gauss elimination algorithm is summarized as follows. 


Augment the matrix A(N x N) and the vector b(N x 1) to form an augmented 
matrix A of size N x (N + 1). 


Scale the rows of the augmented matrix. 


Search for the largest element in magnitude in the first column and pivot that 
coefficient into the a,, position. 


Apply the elimination procedure to rows 2 to N to create zeros in the first 
column below the pivot element. The modified elements in row 2 to row N and 
column 2 to column N + 1 of the augmented matrix must be computed and 
inserted in place of the original elements using the following formula: 


dj = ay = Fay; for i=2,3,...,N and j=2,3,...,N+1 (B.56) 


Repeat steps 3 and 4 for rows 3 to N. After this is completely done, the 
resulting augmented matrix will be an upper triangular matrix. 


Solve for x using back substitution with the following equations: 


_ ay N+1 
oer as (B.57) 
N 
Qi N+1 7 p? a;jXj 
x; = —— Ss fo i=N-1,N-2,...,1 (B.58) 


a 


ii 


B.5.6 Gauss-Jordan Elimination 


Gauss-Jordan elimination is a variation of the Gauss elimination scheme. 
Instead of obtaining the triangular matrix at the end of the elimination, the 
Gauss-Jordan has one extra step to reduce the matrix A to an identity matrix. 
In this way the augmented vector b’ is simply the solution vector x. 

The primary use of the Gauss—Jordan method is to obtain an inverse of a 
matrix. This is done by augmenting the matrix A with an identity matrix I. After 
the elimination process in converting the matrix A to an identity matrix, the 
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right-hand side identity matrix will become the inverse A~!. To show this, we 
use this example. 

1 1 1 

2 -1 #1 

1 -2 2 


Interchange the first and the second row to make the pivot element having the 
largest magnitude; hence, we have 


2 -1 1 
1 1 1 


1 -2 2 


1 0 0 
01 0 (B.59) 
001 





0 1 0 
1 0 0 (B.60) 
001 





Now, scale the pivot element to unity (this step is not in the Gauss elimination 
scheme) to give 


1 = 3 0 4 0 
1 1 1/1 0 0 (B.61) 
1 -2 2/0 0 1 


Following the same procedure of Gauss elimination with the extra step of 
normalizing the pivot element before each elimination, we finally obtain 


1-53 5/0 40 
0 0 1iļż a. 3 


Now we perform the elimination for rows above the pivot elements, and after 
this step the original A matrix becomes an identity matrix, and the original 
identity matrix I in the RHS of the augmented matrix becomes the matrix 
inverse A` !; that is, 


2 1 
1 0 0| 0 3 73 
1 1 1 

Do TUS veg Ag (B.63) 
1 1 1 
Se aa a} 


Obtaining the matrix inverse using the Gauss-Jordan method provides a com- 
pact way of solving linear equations. For a given problem, 


Ax=b (B.64) 
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we multiply the equation by A~!, and obtain 
A7'(Ax) = A7'b (B.65) 
Noting that the multiplication is associative; hence, we have 
(A7'A)x=Aq'b, ie, x=A7tb (B.66) 


Thus, this inverse method provides a compact way of presenting the solution of 
the set of linear equations. 


B.5.7 LU Decomposition 


In the LU decomposition method, the idea is to decompose a given matrix A to 
a product LU. If we specify the diagonal elements of either the upper or lower 
triangular matrix, the decomposition will be unique. If the elements of the 
major diagonal of the L matrix are unity, the decomposition method is called 
the Doolittle method. It is called the Crout method if the elements of the major 
diagonal of the U matrix are unity. 

In the Doolittle method, the upper triangular matrix U is determined by the 
Gauss elimination process, while the matrix L is the lower triangular matrix 
containing the multipliers employed in the Gauss process as the elements below 
the unity diagonal line. More details on the Doolittle and Crout methods can be 
found in Hoffman (1992). 

The use of the LU decomposition method is to find solution to the linear 
equation Ax = b. Let the coefficient matrix A be decomposed to LU, i.e., 
A = LU. Hence, the linear equation will become 


LUx = b (B.67) 
Multiplying the above equation by L~!, we have 
L~'(LU)x = L~'b (B.68) 


Since the multiplication is associative and L~'!L = I, the previous equation will 
become 


Ux = b (B.69) 
where the vector b’ is obtained from the equation 
Lb’ = b (B.70) 


Equations B.69 and B.70 will form basic set of equations for solving for x. This 
is done as follows. For a given b vector, the vector b’ is obtained from Eq. B.70 
by forward substitution since L is the lower triangular matrix. Once b’ is found, 
the desired vector x is found from Eq. B.69 by backward substitution because U 
is the upper triangular matrix. 
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B.6 ITERATIVE METHODS 


When dealing with large sets of equations, especially if the coefficient matrix is 
sparse, the iterative methods provide an attractive option in getting the solution. 
In the iterative methods, an initial solution vector x© is assumed, and the 
process is iterated to reduce the error between the iterated solution x“ and the 
exact solution x, where k is the iteration number. Since the exact solution is not 
known, the iteration process is stopped by using the difference Ax, = x(**) — 
x“ as the measure. The iteration is stopped when one of the following criteria 
has been achieved. 


1/2 


(Axi) max <e (B.71) 


Ax; 
Xi Xi 


t 





«EE 


i=1 i 


N 
s DÈ 
i=1 











The disadvantage of the iterative methods is that they may not provide a 
convergent solution. Diagonal dominance (Eqs. B.8 and B.9) is the sufficient 
condition for convergence. The stronger the diagonal dominance the fewer 
number of iterations required for the convergence. 

There are three commonly used iterative methods which we will briefly 
present here. They are Jacobi, Gauss—Seidel and the successive overrelaxation 
methods. 


B.6.1 Jacobi Method 


The set of linear equations written in the component form is 


N 
b-— Lajx,;=0 for i=1,2,...,N (B.72) 


J 
j=1 


Divide the equation by a; and add x; to the LHS and RHS (a similar 
procedure is used in Appendix A for the successive substitution method for 
solving nonlinear equations) to yield the equation 


N 
— |b, - E auz = 0] for i=1,2,...,N (B.73) 


ii j=1 





The iteration process starts with an initial guessing vector x, and the iteration 
equation used to generate the next iterated vector is 


N 
xTD = xO 4 a Q - Ya jx = | for i=1,2,...,N (B.74) 


FJ 
ul j=l 


The iteration process will proceed until one of the criteria in Eq. B.71 has been 
achieved. 

The second term in the RHS of Eq. B.74 is called the residual, and the 
iteration process will converge when the residual is approaching zero for all 
value of i. 
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B.6.2 


Gauss-Seidel Iteration Method 


In the Jacobi method, the iterated vector of the (k + 1)th iteration is obtained 
based entirely on the vector of the previous iteration, that is, x. The 
Gauss-Seidel iteration method is similar to the Jacobi method, except that the 
component x{**” for j = 1, 2,...,i— 1 are used immediately in the calcula- 
tion of the component x +D The iteration equation for the Gauss-Seidel 
method is 


i=l N 


1 
xFtD =x) + —( db, — Yo ajto Yo a,x) =0 


Ai j=l jai (B.75) 
for i=1,2,...,N 


Like the Jacobi method, the Gauss-Seidel method requires diagonal dominance 
for the convergence of iterated solutions. 


B.6.3 Successive Overrelaxation Method 


In many problems, the iterated solutions approach the exact solutions in a 
monotonic fashion. Therefore, it is useful in this case to speed up the conver- 
gence process by overrelaxing the iterated solutions. The equation for the 
overrelaxation scheme is modified from the Gauss-Seidel equation 


i=l 


xD = xO 4 E Sb- Pg xr — Sa, A) = 0 


aij jai a iia (B.76) 
for i=1,2,...,N 


where w is the overrelaxation factor. When w = 1, we recover the Gauss-Seidel 
method. When 1 < w < 2, we have an overrelaxation situation. When w < 1, 
the system is underrelaxed. The latter is applicable when the iteration provides 
oscillatory behavior. When w > 2, the method diverges. 

There is no fast rule on how to choose the optimum w for a given problem. It 
must be found from numerical experiments. 


B.7 EIGENPROBLEMS 


In this section, we will consider briefly the eigenproblems, that is, the study of 
the eigenvalues and eigenvectors. The study of coupled linear differential 
equations presented in the next section requires the analysis of the eigen- 
problems. 

Let us consider this linear equation written in compact matrix notation 


Ax = b (B.77) 


The homogeneous form of the equation is simply Ax = 0, where 0 is the zero 
vector, that is, a vector with all zero elements. If all equations in Eq. B.77 are 
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independent, then the trivial solution to the homogeneous equation is x = 0. 
Now if we modify the matrix A to form (A —AD, then the homogeneous 
equation will become 


(A -ADx =0 (B.78) 


Beside the obvious trivial solution to the above equation, there exists some 
value of A such that the solution is nonzero. In such a case, the value of A is 
called the eigenvalue and the solution vector x corresponding to that eigenvalue 
is called the eigenvector. The problem stated by Eq. B.78 is then called the 
eigenproblem. 

This eigenproblem arises naturally during the analysis of coupled linear 
differential equations, as we shall see in the next section. The eigenvalues can 
be determined from the determinant det(A — AD = 0, for which the equation is 
called the characteristic equation. Obtaining this equation for a large system is 
very difficult. Iteration procedures, such as the power method and its variations, 
provide a useful means to obtain eigenvalues and corresponding eigenvectors. 
Details of methods for solving for eigenvalues can be found in Hoffman (1992) 
and Fadeev and Fadeeva (1963). 


B.8 COUPLED LINEAR DIFFERENTIAL EQUATIONS 


The eigenproblem of Section B.7 is useful in the solution of coupled linear 
differential equations. Let these equations be represented by the following set 
written in compact matrix notation 


WY _ aye (B.79) 
subject to the condition 
t=0;  y=Yo (B.80) 


where A is the constant coefficient matrix of size N X N and f is the constant 
vector. 

The general solution of linear differential equations is a linear combination of 
a homogeneous solution and a particular solution. For Eq. B.79, the particular 
solution is simply the steady-state solution; that is 


Ay, = —f (B.81) 


which y, can be readily obtained by the techniques mentioned in Sections B.5 
and B.6. 
The homogeneous solution must satisfy the equation 


d 
T = Ay (B.82) 


which is the original equation with the forcing term removed. To solve the 
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homogeneous equation, we assume the trial solution x exp(A‘), where x and A 
are yet to be determined vector and scalar quantities. If we substitute this trial 
solution into the homogeneous equation (Eq. B.82), we obtain the following 
algebraic equation 


Ax = Ax (B.83) 


which is the eigenproblem considered in Section B.7. Assuming that there exists 
N eigenvalues and N corresponding eigenvectors, the homogeneous solution 
will be the linear combination of all equations; that is, the homogeneous 
solution is 


N 
Yy = } ¢;xexp(A,t) (B.84) 


i=1 


The general solution is the sum of the homogeneous solution and the particular 
solution, that is, 


Y=y,+Yy (B.85) 


The constants c; can be found by applying initial conditions. 
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Appendix C 


Derivation of the 
Fourier—Mellin 
Inversion Theorem 


We recall from Section 10.5.1 in Chapter 10, that solutions of the Sturm- 
Liouville equation, along with suitable Sturm—Liouville boundary conditions, 
always produced orthogonal functions. Thus, the functions 


p(x) = sin(x) n= 1,2,3,... (C1) 
form an orthogonal set in the range 0 < x < L if it satisfies 


d’y 


gz tay = yO) =0; y(L) =0 (C2) 


since this is a Sturm—Liouville equation if in Eq. 10.185 we stipulate p = 1, 
q = 0, r = 1, and B = A. The eigenvalues are then seen to be A,, = n?ar?/L?. 

Thus, if we represent a function f(x) in this interval by an expansion of such 
orthogonal functions 


f(x) = = A, sin 5 T ž +A, sin 2% 4... (C3) 
or, generally, as 
S . (NTX 
f(x) = LA, sin (“77 ) (C4) 
n=1 


then the coefficients are obtained using the orthogonality condition, Eq. 10.174, 
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written for the problem at hand as 
[el 2)@n(x) de=0 nem (C5) 
hence, the coefficients A, are obtained from 
L. 
Anf sin (175) dx = S E sin ("FF *) de (C6) 
Performing the LHS integral, we obtain A, 
A, = $ f F(x) sin n (77) ax (C7) 


The series representing f(x) is called a Fourier-Sine series. Similarly, we can 
also express functions in terms of the Fourier-Cosine series 


p(x) = cos (77>) n =0,1,2,3,... (C8) 


provided again the Sturm-Liouville equation is satisfied, with a different set of 
boundary conditions 


d?y 


Gr tAy=0; y(0)=0, y(L)=0 (C9) 


It is important to note that (x) = 1 in this case, so to represent f(x) write 
27x 
f(x) =4o + A, cos (75) + 42 cos ( $7% L J+ (C10) 


or generally, 





f(x) = Ag+ Eå cos (275); O<x<L (C11) 
Using the orthogonality condition as before, noting 
L nwKx L; n = 1,2,3 
f cos? ( L ) dx = 2? PEISE (C12) 
0 L; n=0 
so that the coefficients are computed to be 
1 pL 
= Lf fle) ae 
(C13) 


A, = cf “f(x) cos (777 ) ae 
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Thus, Eq. C10, along with C13, are known as the Fourier-Cosine representation 
of f(x), in the interval 0 < x < L (Hildebrand 1962). 

The question arises, how is it possible to obtain a similar representation in 
the complete semi-infinite interval with x > 0? It is clear if we replaced L with 
œ in 


ae (775) 
Pn = sin | -7 


then ¢, would vanish. Suppose we consider the relation, as done by Hildebrand 
(1962): 


al sin (A,x) sin(A,x) dx = “= ADL O ae. (C14) 


One can see the expression on the RHS vanishes if A, and A, are different 
integral multiples of 7/L. Moreover, in the limit, the RHS becomes unity if A, 
and A, both take on the same integral multiple of m/L. We also see that as 
L — œ, the RHS tends to zero for any positive values of A, and A,, so long as 
A, #A,; but if A, = A,, the RHS tends to unity. 

Now, in general notation, we can write 


p(x) = sin (àx) (C15) 


and obtain in the limit 


O (A, #A2) 


. 2 pL 
lm + Í, PLX) AdE a Caa) (C16) 


This is rather like an orthogonality condition, for any positive values A, and A3, 
in the interval 0 < x < œ. We are guided to the conclusion that a representation 
of a function f(x) in such semi-infinite intervals must involve all possible 
functions of the type in Eq. C15, where A is not restricted to discrete values, 
but can take on any positive number, as a continuum in A > 0. Previously, we 
represented f(x) by the infinite series in the region 0 <x < L: 


f(x) = LA, sin = 
n=1 


In the limit as L — œ, we can write the contribution sin(Ax) to the series 
representation of f(x) as A(A)sin(Ax). Now, since A is regarded as a continu- 
ous variables we can rewrite the summation above as an infinite integral. 


f(x) = fJ AQ) sin (ax) dà; O<x<@ (C17) 


where x now resides in the semi-infinite plane. 
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By these arguments, we have developed a possible representation in the 
time domain, since representations in time must be semi-infinite in the sense 
0O<t<»o, 
Continuing, we must develop a procedure for finding A(A), much the same as 


in the discrete case to find 4,„. In analogy with applications of the orthogonality 
condition, we multiply both sides of Eq C17 by sin (Ax) 


f(x) sin (àx) = sin (Agx) f A(A) sin (Ax) da (C18) 
0 
Next, integrate both sides over the interval 0 to L (where eventually L > œ) 
L ; L, a : 
f f(x) sin (àox) dr = f sin (Apx)| f A(A) sin (Ax) al dx (C19) 
0 0 0 
and if the order of integration can be interchanged, we get 
L ; < L, è 
f FC) sin (ox) ax = f 4(a)| f sin (Ax) sin (Ax) ax dd (C20) 
0 0 0 


We shall denote the RHS as F,. Now, if we apply Eq. C14 to the RHS: 


* A(A) sin L(A + ào) 


(A + Ao) da 


=al TeL sin L(A — Ag) dA — af 
(C21) 
Now, since A is continuous, we can replace it with another continuous variable; 


so, replace L(A — Ao) = ¢ in the first (noting that dL(A — Ay) = Lda = dt and 
replace L(A + Ay) = ¢ in the second integral, to get 


4 Alto ERO a 4 aay sf) ae Com 


Now, since A, > 0, we note in the limit L — œ that the second integral tends to 
zero, that is, 


[f(a 0 
and the first becomes 
177 sin £ 
lim F =5] A(A = at C23 
lim F,=3f AQ) (C23) 


Carrying this further yields 


sf A(Ag St a = ACs) i Sty- = FAA) (C24) 
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To see this last result, take the imaginary part of the integral 


f e” d l t? L 
— dt = jlogt+t-3— + °°: 
-L t 3- (3!) -L 
in the limit as L > œ. 
We now have formally shown for A, > 0 
f f(x) sin (Ax) dx = FA(Ap) (C25) 


Since A is continuous, the above result is true for any A, so replace Ay with A to 
get the general result. 


A(A) = Z SI) sin (Ax) dx (C26) 


This is formally equivalent to Eq. C7 for the case of discrete A,,. 
Now, to represent f(x) for a continuum of A, the integral representation is, 
formally, 


f(x) = f ACA) sin (Ax) da (C27) 
0 
To prevent confusion with the dummy variable x in Eq. C26, we rewrite A(A) as 
2 p° . 
AÇA) = =f f(t) sin (àt) dt (C28) 
T Jo 
hence, we now have 
2 00 oo 
x)=—] sindAx t) sin Atdt| da C29 
f(x) = 2 f sin axl [FO sin ara| (C29) 


This is called the Fourier sine integral. By similar arguments, we can derive the 
Fourier cosine integral as 


f(x) = 2 [7 cos (ax)| STFC) cos àrd dà (C30) 


These are the two building blocks to prove the Fourier—Mellin inversion 
theorem for Laplace transforms. 

The final stage in this proof is to extend the bounds of integration to 
—œ <x < œ, It is clear that the sine series represents —f(—x) when x < 0, 
and the cosine series represents f(—x) when x <0. So, if f(x) is an odd 
function! the representation in the sine integral can include all values of x (— 


lIn general, a function f(x) is called an odd function if f(—x) = —f(x) (eg., f(x) = x?) and an 
even function if f(-x) = f(x) (e.g., f(x) = x”) 
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to +). However, if f(x) is an even function then the cosine integral can 
represent all values of x. Thus, it is possible to represent all values of x by 
using both sine and cosine components. 

Thus, if we split a given function into even and odd parts 


f(x) = f(x) + fol) 


we can easily see that 
1 f” cos o f(t) cos arde | da 
0 -%0 
= = f oos asl f° f(t) cos àrd dx 
0 -%0 
2 œ 20 
=f cos aa f f(t) cos arat| dd =f,(x); -%<x<% (C31) 
0 0 
Similarly, for the odd component 
1 fe, s : 
=f sin Ax| f f(x) sin acde aa = fo(x); -œ <x <% (C32) 
0 — %0 
Adding the two, we have the representation 
f(x) = f LACA) cos (Ax) + B(A) sin (Ax)] dà (C33) 
0 
where A(A) and B(A) are defined as 
A(A) = =f" f(t)cos(At) dt; B(A) = af f(t) sin(At) dt (C34) 
T_e i TJI_., 
Introducing these, and using trigonometric identities, we write the form 
1 00 00 
f(x) = sf f f(t) cos[A(t — x)] a dà; -w <x <a (C35) 
mT 0 peg 
or equivalently, 
1 f] œ 
f(x) = oe |: f f(t) cos[A(t — x)] dtdà (C36) 


This expression is called the complete Fourier integral representation and it can 
represent arbitrary f(x) for all values of x in the usual sense; f(x) is at least 
piecewise differentiable and the integral 


J Ild 
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exists. Next, by noting one half a function plus one half its complex conjugate 
recovers the function 


cos A(t —x) = Í exp (A(t —x)) + > exp (—iA(t —x)) (C37) 


then the complex form of Eq. C36 can be shown (Churchill 1963) to be 


œ= af f fle? dtaa (C38) 


In this expression, t is simply a dummy variable and can be replaced with any 
convenient symbol. Later, we shall inspect arbitrary functions of time f(t), 
instead of f(x), so it is propitious to replace t with £ to get 


f(x) = ae fe] f peye dp] da (C39) 


This form is now suitable for deducing the Fourier—Mellin inversion formula for 
Laplace transforms. In terms of real time as the independent variable, we can 
write the Fourier integral representation of any arbitrary function of time, with 
the provision that f(t) = 0 when t < 0, so Eq. C39 becomes 


1O = ie fel [reap an (C40) 


Suppose we consider the product exp(—opot)f(t), then the integral in (C40) can 
be written 


1 A od . 
—oot = : iàt —o9B, -IAB 
ef (t) = yz lim f'e If f(B)e~%e ag| dà (C41) 
This representation is valid provided the integral for real values a 


J= free fey at (C42) 


exists. This simply reflects the requirement that all singularities of F(s) are 
to the left of the line through gp, as illustrated in the first Bromwich path 
(Fig. 9.4). This guarantees that exponential behavior by f(t) can always be 
dominated by suitable selection of positive, real values of a). Suppose f(t) = e“, 
then we have 





J= Í, ee dt = Í, 7 (0-8 dt = (C43) 


Oo 7 


which is finite provided a, > a, hence the integral exists. Now that existence of 
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the inner integral 
[Bere ap 
0 


is guaranteed, we can write Eq. C41 as 


Ft) = a lim f’ eeto] f7(pye rene ap an 


We can now define the substitution of the complex variable s = iA + a, where 
Oy is a fixed real constant, hence, ds = idà so we get 


OTIA 


FC) = ra n S, er| O ag| ds (C44) 


But the interior integral defines, in general, the Laplace transform 


F(s) = f “f(B)e~"? dp (C45) 


regardless of the symbol used for dummy variable; replacing the interior with 
F(s), Eq. C44 becomes formally identical with Eq. 9.3, if we replace A with w 


1 a To tiw s 
FAD = gai dim, f° eFC) ds (C46) 


The integral is taken along the infinite vertical line through s = og and parallel 
to the imaginary axis, as illustrated in Fig. 9.4. The existence of F(s) is 
guaranteed as long as gy is greater than the real part of any singularity arising 
from F(s). 
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F(s) 
1 
$ 
1 

ap 


wn 


Sn = 1,2,3,...) 
i 
vs 
1 


33/2 


Tas 
s 


ro 





sta 
1 


(s + ay 
1 
(s +a)(s +b) 
aot sy 
(s +a)" 


—!  (a>0) 
(s + a) 
et Dae 
(s + a)(s + b) 
1 
s? +a? 
sS 
s? +a? 
1 
aay: 
s 
saca 
2 ko 
s(s? + a°) 














n=1,2,... 


Table of Laplace Transforms! 








Number f(y) 
1 u(t) =1,t>0 
2 r(t)=t,t>0 
"7! 
3 m-i)! 
1 
4 es 
Vrt 
5 arf £ 
T 
t27! 
k ra) 
7 eu 
8 te” 
1 —bt =i 
9 gop e Te) 
10 — $  p-ie“ 
(n-1)! 
tele" 
11 Ter 
12 5 1 gbe" — ae~“) 
i 
13 — sin at 
a 
14 cos at 
i. 
15 — sinh at 
a 
16 cosh at 
1 
17 (1 — cos at) 
a 


(continues) 


"From “Operational Mathematics,” 2nd Ed., by R.V. Churchill, Copyright 1958, McGraw-Hill Book 


Co., Inc. Used by permission. 
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Table of Laplace Transforms (Continued ) 
































F(s) Number f(t) 
1 1 ; 
Pir ea) 18 p“ — sin at) 
fat ies 19 Ain at — at cos at ) 
(s? + a?) 2a° 
S EF 
E 20 Ta sin at 
2 
we 21 ae at + at cos at) 
(s? a a?) 2a 
2_ 72 
ae eee 22 t cos at 
(s? + ey 
sS cos at — cos bt 
TE E 23 e # b?) 
(s? + a2)(s? +b?) Poa 
=e 24 Her sin bt 
s—a) +b? 
ee a a 25 e“ cos bt 
(s-a) +b? 
3a? 26 e7“ — e/a] cos aty3 
s? +a? 2 
-v3 sin ( | 
3 
aoe 27 sin (at) cosh(at) — cos (at) sinh (at) 
s* + 4a 
S i EEAS , 
ST} 4a? 28 zgn (at) sinh (ar) 
4 1 a 29 = lsinh (at) — sin (at )] 
z4 =a 30 ~ leosh (at) — cos(at)] 
oes 31 (1 + a?t?)sin (at) — at cos (at) 
(s? + a’) 
L(s-1)" e' d" gnet 
=( s ) 32 nl att e~') 
[2‘" degree Laguerre polynomial ] 
ane 33 r. + 2at) 
s—ay T 
1 
vs -a-—yvs—b 34 ———(e?! — e”) 
ZVrt? 
1 1 2 
35 —— — ae" erfc (ayt) 
a + vs Vrt 
- vs 7 36 T + ae*' erf (avt) 
s—a T 
vs 1 2a uai ayi B 
epee ee d 
mee z a ie 





(continues) 
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Table of Laplace Transforms (Continued ) 


F(s) 
—— 
Be- 
pe 
Vs (s + a?) 

1 


Sla +s) 
1 


(s +a)vs +b 
vs + 2a 
vs 

1 


V¥(s +a)(s +b) 


Tr(a) 
Ge oy + a) (s +b)" 


-1 


1 
(s+ a)’ (s + by”? 


vs + 2a — Vs 
vs +2a + ys 
1 


—— 0 
(s? + a) Meg 


[ vs? +a? -s] (@ > 0) 


Number 


38 


39 


40 


41 


42 


43 


44 


45 


46 


47 


48 


49 


50 


52 


53 
54 


55 


56 


f@ 
leo erf (avt ) 
2 p-a fayt e? 
e% erfc ( avt ) 
1 
EN e`% erf [Vice — a) | 
ae~ “|I (at) + I,(at)] 


Siig a—b 
e z( an 5 r) 





a-1/2 


t -ia +b) 
Ae +5} 2 


a—b 
L-12(45:) 


ieg a—b 
te z( inf 5 r) 


aa(=)] 


Le-at (ar) 





Jaat) 


a°J (at) 
= \" 1/2 





Ja-172(0t) 
ae j (ar) 
a°I (at) 


I,-1/2at) 


var ese 
T(a)\2a 
Jo(2Vat ) 
1 


—— cos (2Vat ) 
Tt 
1 


Vit 
1 
Vira 


cosh (2Vat ) 





sin (2Vat ) 





(continues) 
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Table of Laplace Transforms (Continued ) 


F(s) 


1 ea/s 
93/2 


1 

sree > 0) 
1 a/s 

yee a> 0g) 
e7% (a > 0) 


Zea > 0) 


1 = 
—e-W(a>0 
Go ee 


s~3/2e-%5(q > 0) 
1 log s 
1 
-z log s(k = 0) 
s 


log s 
ETAG > 0) 


log s 
s +1 
s log s 
s? +1 

> log + ksXk > 0) 

s-a 
toe (=) 
1 log(1 + k*s?) 
1 log (s? + a?a > 0) 


s log(s? + a?°Xa > 0) 
s 
i (< +a? 
2 Pe 
gah 
l 
«(= } 
(3) 
arctan| — 
s 


— arctan] — 
RY S 


e*’S’ erfe(ksXk > 0) 








Number 


57 


58 


59 


60 


61 


62 


63 


64 


65 


66 
67 


68 


69 
70 
71 
72 
73 


74 


75 


76 


77 


78 


f(t) 
sinh (2Væt ) 





1 
VTA 
(a —1)/2 
(=) J, {2vat) 
(n-1)/2 


(=) I, -2vVat) 





a È) aerel 
= exp a a erfc ove 


r1) — log t (11) = —0.5772] 


| Mk) _ Gall 
[ry T) 








e“{log a — Ei(—at)] 

Si(t) - cos(t) — Cilt) - sin (t) 
—Si(t) - sin (£) — Ci(t) - cos (t) 
—Ei(-t/k) 

Leer — e”) 
—2Ci(t/k) 

2 log(a) — 2Ci(at) 

2 fat - log(a) + sin (at) — at + Cie) 
Ži — cos (an) 

Žli — cosh(at)) 

1 sin (ke) 

Si(kt) 

1 t? 
w- ] 


(continues) 
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Table of Laplace Transforms (Continued ) 





F(s) Number f(t) 
1 42,2 t 
xe erfc(ks)(k > 0) 79 ert( 3) 
Vk 
ks erfe (yks Xk > 0 80 — 
genetyk : mVt (t +k) 
1 0 when0<t<k 
Vs erfe(vks) eh ee when t > k 
Che 1 
—e'® erfe (Vks Xk > 0) 82 -c 
vs yr(t +k) 
ent (= 83 a sin (2kyt) 
1 gy k er 
—e*/s erfe | == 84 ae 
ere | 7) Vt 
Kilks) es 0 when0 <t<k 
One (12-k?) "? when t>k 
K,(kvs ) 86 cn exp | — kt 
0 Zr EXP 4t 
J ebsK (keys) 87 i I(t + 2k) 
L Ks) 88 EN aoe 
Go k XP \ F 
AL ek /sK (=) 89 -Z K VIKT) 
Vs 0 S Vrt 0 
[i(2k - 1)} "7 when0 <1 < 2k 
me I (ks) 90 
0 when ¢ > 2k 
(k-t) 
— when0<t<2k 
e™*I (ks) 91 mkyt(2k — 1) 
0 when ¢t > 2k 
as si 1 
—eEi(—as) 92 Prat > 0) 
4 + se™Ei(—as)}) 93 z(a > 0) 
id (¢ +a) 


The exponential, cosine, and sine integral functions are defined as 


ef 


Ei(t) =f dp 


t cos B 


po 





Ci(t) =f 


Si(t) = pe dp 


These are tabulated in most mathematical handbooks and are also discussed in 
Chapter 4. 


Appendix E 





Numerical Integration 


This appendix provides procedures and formulas for numerical integration. This 
is the only recourse when the integral in question cannot be integrated analyti- 
cally. Many engineering problems give rise to integrals wherein analytical 
solutions are not always possible. For example, the solution of boundary value 
problems using the method of Galerkin gives rise to integrals which in general 
cannot be integrated if the defining equations are nonlinear. In such cases the 
integrands are known functions. However, there are cases where values of the 
function y; at discrete points x, are known and the integral of y with respect to 
x is required. The evaluation of the integral in this case must be dealt with 
numerically. We will deal with these two distinct cases in this appendix. 

The integration of a function y(x) with respect to x from a to b is defined 
as: 


I= f’y(x) de (E.1) 


where y(x) can be a known function or only its values at some discrete points. 
The process of replacing an integral with the sum of its parts is often referred to 
as “quadrature.” 


E.1 BASIC IDEA OF NUMERICAL INTEGRATION 
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The basic idea of the numerical integration is to approximate the function y(x) 
by a polynomial of degree N, P,(x), and then to perform the integration of this 
approximating polynomial exactly since each term x/ in the polynomial can be 
analytically integrated. The accuracy of the numerical integration depends on 
how well we choose our approximating polynomial. 

If the function y(x) is known, we simply choose discrete positions x (for 
example, 2, 3, or 4 points) within the domain of integration (a < x < b) and 
then cause an approximating polynomial to pass through these points. We can 
then perform the integration of the approximating polynomial. If the discrete 
points are unequally spaced, the Lagrange polynomial developed in Chapter 8 
can be used to fit the data, while if the points are equally spaced the Newton 
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forward difference presented in the next section will be particularly useful. The 
Lagrange polynomial also works for equally spaced points. If the N + 1 points 
are chosen, the fitting polynomial will be an Nth degree polynomial. 

When the function y(x) is known, we have the flexibility of choosing the 
discrete points. With this flexibility, we can choose points such that the accuracy 
of the numerical integration can be enhanced. 

If the function y(x) is described by a collection of discrete points, then it is 
probably best to fit a polynomial to these points. The Lagrangian polynomial 
can be used, which can be fitted exactly. Alternately, the method of least square 
could be used. For the latter method, the polynomial may not pass through the 
discrete points. The Lagrangian polynomial, described in Chapter 8, can be 
used to exactly fit the discrete data for unequally spaced data points. For 
equally spaced data, the Newton forward difference polynomial will be very 
useful for the integration procedure. The following section will deal with equally 
spaced data. 


E.2 NEWTON FORWARD DIFFERENCE POLYNOMIAL 


Assume that we have a set of equally spaced data at equally spaced points, xo, 
Xi es Xp» Xn4p = and let y, be the values of y at the point x;. The forward 
difference is defined as follows: 


Ay, =Yn+1—Yn (E.2) 
One can apply this forward difference operator to Ay, to obtain A’y,,; that is, 
A’y,, = A(Ay,) = AYn+t z Ay, = (Yn+2 = Yn+1) gi (Yn+1 zz Yn) 
d’y,, = Yn+2 = 2Yn+1 + Yn (E.3) 
Similarly, we can proceed to obtain A?y,: 
Dyp = A(d’y,,) = A? Yngi z A’y, 
> (Yn+3 = 2Yn+2 + Yn41) z: (Yn+2 T 2Yn+1 + Yn) 


My, =Vn+3 Z 3Yng2 + 3Yn41 — Yn 


The same procedure can be applied to higher order differences. 
The Newton forward difference polynomial (Finlayson 1980) is defined as 


-1 
P(x) =y taAyo + ala) ary, 


pe = DSM Dee ae Gag 


+». ni 
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where 
e= p A 1 Jary Ce) where Xo <E<xX, (E.5) 
Q a ee, | ae — 2 *0. Z OVENS 
haal ue rai a h’ h=Ax=x -xo 


(E.6) 


The Newton forward difference is derived by allowing the nth degree polyno- 
mial to pass through the points, yọ to y„. Note that when x = x,, the value of 
a =1l;x=x,, a = 2, and x =x,,a=n. 

It is useful at this point to note that the Newton forward difference formula is 
utilized here for the development of the numerical integration formula, while 
the Newton backward difference formula was previously used (in Chapter 7) for 
the integration of ordinary differential equations of the initial value type. 


E.3 BASIC INTEGRATION PROCEDURE 


Having found the Nth degree Newton forward difference polynomial to approx- 
imate the integrand y(x) (y = P,(x)), the integral of Eq. E.1 can be readily 
integrated analytically after the integrand y(x) has been replaced by P,(x) as 


I= f?y(x) de = [°P,(x) de =h f” P a) da (E.7) 


where a, and a, are values of a at x =a and x = b, respectively. If we 
substitute the explicit form of the Newton forward difference formula from 
Eq. E.4 into Eq. E.7 and integrate analytically, we then have the approximate 
numerical integration of the integral J. 

If x9 =a and x, = b, the integration of Eq. E.7 will become 


I= f" y(x) de ~hf'P,(a) da (E.8) 
Xo 0 
that is, 
T= h f'|yo + aayo + ATP tyo + -+ |da (E.9) 
A T 


E.3.1 Trapezoid Rule 


If two terms are retained in the approximating polynomial of Eq. E.9, the 
integration will become 
a? 1 


h 
[= hl yoa + Ayo 7 z (Yo + y,) (E.10) 


0 


where we have defined Ay, = Y; — Yo- 


E.3 Basic Integration Procedure 679 





x0 x} 
kr 


Figure E.1 Graphical representation 
of the Trapezoid rule integration. 


This is commonly called the Trapezoid formula. Figure E.1 shows graphically 
the Trapezoid rule of integration, where the shaded area is the integration value 
obtained by the Trapezoid formula. 

To find the error arising from the Trapezoid formula, we start with the error 
of the approximating polynomial (see Eqs. E.4 and E.5) when only two terms 
are retained as 


ala =D pyree) where x)<&<x, (E.11) 


Integration of this error with respect to x will give the error for the Trapezoid 
formula, which is simply 


Error = f” AED peyre) ar = pyree) f'E da = - ghy (E) 
(E.12) 


Thus, the error of integrating the integral from x, to x, is of order of h’, 
denoted as O(h?). The order notation is discussed in Chapter 6. 

We can apply this useful Trapezoid rule over the range from x, to x, 
by carrying out the Trapezoid formula over n subintervals (xo, xı), 
(x1, X2),...,(%,~1, Xn) as shown in Fig. E.2; that is, 


I= fO) dem f O) det S Ya) det oo +f" yx) de (E13) 


The integral of each subinterval is then evaluated using the Trapezoid formula, 
and the result is 


t= [500+] + [FOr ty] + [FO ty] 


h 
= z(o +2yi + 2y t e FZ YFP) (E.14) 
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% 1 n2 %3 Xn-3 %n-2 %n-1 n 
Figure E.2 


The error of this composite formula is the sum of all errors contributed by each 
subintervals given in Eq. E.12 


Error = > (- eye) =- ahi") where x) <é<x, 


j=l 


(E.15) 


Here, n is the number of intervals and is related to the spacing h as n = 
(x,, — Xo)/h. The error can be written explicitly in terms of the spacing 4 as 


1 
Error = — yz (2) xy)h?y"(é) (E.16) 


Thus, the global error of the Trapezoid rule formula carried out over n intervals 
is of order of h?, while the local error (which is the error of integration of one 
interval) is of order of h’. 


E.3.2 Simpson’s Rule 


Let us now integrate the integral / from x, to x,, we then have 


T= f y(x) dx (E.17) 


Xo 


2 -1 -—1 =2 
= hf] yo + a Ayo + LED wry, + SEDD ty, y o da 


Keeping three terms in the approximating polynomial expansion, the value of 
this approximating polynomial can then be integrated analytically to give 


h 
I= 3 (Yo + 4y, + y2) (E.18) 
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This is Simpson’s formula, one of the most widely used integration routines. 
The error for this formula is the integration of the error of the approximating 
polynomial, that is, 


Error = pas m Die = 2) hy” (ë) dx 


(E.19) 
ss apes = Ma =2) hy"(£) da =0 


This null result does not simply mean that the error of the Simpson rule 
formula is zero, but rather the integration of the third term is zero. We need to 
go to the fourth term of the approximate polynomial, which is 


ala ~ De ia = 9) jaya e) where xọ<¢é<x, (E.20) 


to determine this error, which is simply the integration of Eq. E.20 
ya z2 a 5 
Error = nf ele DaT a ~ 9) paye) da=- Bye) (E.21) 
0 f 


The error for the one step calculation of the Simpson’s rule is of order of h°, a 
significant advantage over the Trapezoid rule, which has one step error of order 
of h’. 

Now, we generalize the integration from x, to x,,, and get 


T= f" y(x) de (E.22) 


Xn 


= affo +aAy, + eee *D ary, + Le Vo yee et 2) ay, ++ |da 


where the variable a is now defined as 





x—-X, 
a= —} (E.23) 
Integration of the RHS of Eq. E.22 term by term would give 
h 5 
[= FZ OYn + 4V nat + Yn42) + O(h ) (E.24) 


Thus, when n = 0, we recover the formula in Eq. E.18. 

The formula (E.24) is sometimes called the Simpson’s 1/3 rule. This was 
obtained by using the second order polynomial to fit y(x) in Eq. E.17. If a third 
order polynomial is used (i.e., by keeping four terms in the approximating 
polynomial expansion, Eq. E.17), we will obtain the Simpson’s 3/8 formula (see 
Hoffman 1992 for more details on this formula). 
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Simpson’s rule can now be extended to the range (x9, x,,), which is divided 
into sets of two subintervals. This means that the total number of intervals must 
be a multiple of two (i.e., even), 


I= f y(x) de + [v(x ae caer ae y(x) dx (E.25) 


xo 


Substituting Eq. E.24 into E.25 (i.e., n = 0 for the first integral, n = 2 for the 
second integral, and so on until n = n — 2 for the last integral of Eq. E.25) 
yields 


h 
I= 3 (Yo + 4y, + 2y, + 4y3 +t +2Yn-2 + 4Yn-1 + Yn) (E.26) 


The global error of Eq. E.26 will be of order of O(h*). 

The Trapezoid and Simpson’s rule belong to a family of integration formulas 
called the Newton—Cotes family. Abramowitz and Stegun (1964) provide a 
family of 10 Newton-Cotes formulas. They also present six additional 
Newton-Cotes formulas of the open type, that is, the functional values at end 
points (yọ and y,) are not included in the integration formula. These latter 
formulas are particularly useful when the function values at the end points are 
unbounded. The first two Newton-Cotes formula of the open type are 


x3 3 
f y() a = Sy, +y,) + ye) 


xo 


x4 4h 28h5 
J Y) de = Fy -ya + 2y) + gr E) 


Xo 


E.4 ERROR CONTROL AND EXTRAPOLATION 


Knowledge of the magnitude of the error in the integration formulas presented 
in Section E.3 is very useful in the estimation of the error as well as in the 
improvement of the calculated integral. 

The integral J numerically calculated using the spacing h is denoted as I(h), 
and if we denote the exact integral as [,,,., we then have 


Texact = (h) + Ah" (E.27) 
where h” is the order of magnitude of the integration formula used. 

Applying the same integration formula but this time use the spacing of h/P, 
where P (P > 1) is some arbitrary number (usually 2), then we have the formula 


hy =1(5) +A($) (E.28) 
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If we equate Eqs. E.27 and E.28 and solve for Ah”, which is the error of the 
integration result using the spacing A, we obtain 


Error = Ah” = A515) E 1h)| (E.29) 


This formula provides the estimate of error incurred by the approximation using 
the spacing of h. If this error is larger than the prespecified error, the spacing 
has to be reduced until the prespecified error is satisfied. When this is the case, 
the better estimate of the approximate integral is simply Eq. E.27 with Ah” 
given by Eq. E.29. This process is called extrapolation. 


E.5 GAUSSIAN QUADRATURE 


Gaussian quadrature is particularly useful in the case where the integrand y(x) 
is known; that is, we have the flexibility of choosing the discrete points, x; (also 
called the quadrature points). The Gaussian quadrature formula for N quadra- 
ture points is of the form 


N 
I= f'y(x) de = X wy(x;) (E.30) 


j=1 


where w; are called the quadrature weights and x, are called the quadrature 
points. 

The definition of the Gaussian quadrature formula in Eq. E.30 implies that 
the determination of this formula is determined by the selection of N quadra- 
ture points and N quadrature weights; that is, we have 2N parameters to be 
found. With these degrees of freedom (2N parameters), it is possible to fit a 
polynomial of degree 2N — 1. This means that if x; and w, are properly chosen, 
the Gausssian quadrature formula can exactly integrate a polynomial of degree 
up to 2N — 1. 

To demonstrate this point, consider this example of integration with respect 
to x from 0 to 1 using two quadrature points 


2 
I= [rad = E w¥(x) (E.31) 
j= 


There are four parameters to be found in the above integral, namely two 
quadrature points x,, x,, and two quadrature weights w, and w,. We shall 
choose these values such that the integrals of the integrands 1, x, x”, and x? 
are satisfied exactly. For the integrand of 1, we have 


[ide=1=, +0, (E.32) 
0 


where y(x,) = y(x,) = 1 have been used in the above equation. 
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Similarly for the other integrands, x, x”, and x?, we have 


[ra = I = wx; + WX (E.33) 
1 
[2x = ; = wx? + w:x? (E.34) 
[ie ae E ; = wx? + w,x3 (E.35) 
0 


Solving the above set of four equations (Eqs. E.32 to E.35), we obtain these 
values for the required four parameters 


1 


1 
n=3 -zg %5 (E.36) 


te. manet 
W3’ WSW 


N| = 


Note that these quadrature points, x, and x,, lie within the domain of 
integration. 
This set of four parameters for the Gaussian quadrature formula can inte- 
grate any polynomial up to degree 3 exactly, for only two quadrature points. 
Equation E.31 considers the range of integration as (0,1). Any range, say 
(a, b) can be easily transformed to the range (0, 1) by using the simple formula, 


z= Sea 
b-a 





where x lying in the domain (a, b) is linearly mapped to z, which lies in the 
domain (0, 1). 

Now if we use 3 quadrature points in the Gaussian formula, we then have six 
parameters in the quadrature equation 


3 
I= f'y(x) de = X wya) (E.37) 
j=l 


These six parameters (x,, X2, X3,W ,,W2,W3) are found by forcing the above 
Gaussian quadrature equation to integrate the integrands exactly, 1, x, x”, x3, 
x‘, and x5; that is 


[oxide = an = wxi + wx) + wx} for j=0,1,2,3,4,5 (E.38) 
0 


Solving this set of six equations, we obtain these values for the six parameters 


1 v0.6 1 1 v0.6 E.39 

AC ge ee Ea es 
5. 4. 5 
w= g "5g WE ag 
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Again, it is noted that these quadrature points lie within the domain of 
integration. 


Thus, we see that the Gaussian quadrature formula using N quadrature 
points 


N 
a fo) dx = £ w,y(x,) (E.40) 
j=l 


can integrate a polynomial of degree up to 2N — 1 exactly. Abramowitz and 
Stegun (1964) tabulate values for x j and w; for a number of quadrature points. 

We can also apply the Gaussian quadrature formula to the case when we have 
a weighting function in the integrand as 


N 
i= [la —x)*|y(x) de = E wjy(x;) (E.41) 
j=l 


where the weighting function is W(x) = x®(1 — x)*. Using the same procedure 


Table E.1 Quadrature Points and Weights for Gaussian Quadrature 


a B N=1 N=2 N=3 
0 0 x,=05 x, = 0.211325 x, = 0.112702 
w, = 1.0 x, = 0.788675 w, = 0.500000 


w, = 0.500000 x3 = 0.887298 
w, = 0.500000 w, = 0.277778 
w, = 0.444444 
w, = 0.277778 


0 1 x,=0.666667 x, = 0.355051 x, = 0.212340 
w, = 0.500000 x, = 0.844949 x, = 0.590533 

w, = 0.181959 x, = 0.911412 

w, = 0.318041 w, = 0.069827 

w, = 0.229241 

w3 = 0.200932 


1 0 x, = 0.333333 x, =0.155051 x, = 0.088588 
w, = 0.500000 x, = 0.644949 x, = 0.409467 

w, = 0.318042 x, = 0.787660 

w, = 0.181958 w, = 0.200932 

w, = 0.229241 

w, = 0.069827 


1 1 x,=0.500000 x, =0.276393 x, = 0.172673 
w, = 0.166667 x, = 0.723607 x, = 0.500000 

w, = 0.083333 x, = 0.827327 

w, = 0.083333 w, = 0.038889 

w, = 0.088889 

w, = 0.038889 
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Table E.2 Quadrature Points and Weights for Laguerre Quadrature 
for N = 3 and 5 


N Xx; w; 


j j 
3 0.41577456 0.71109301 
2.29428036 0.27851773 
6.28994051 0.01038926 
5 0.26356032 0.52175561 
1.41340306 0.39866681 
3.59642577 0.07594245 

7.08581001 0.36117587 x 107? 


12.64080084 0.23369972 x 10~4 


we presented above to determine the quadrature points and quadrature weights, 
we can list in Table E.1 below those values for a number of combinations of «æ 
and B. 

Integrals of the type 


f eyx) de and F e~% y(x) dx (E.42) 
0 -%0 
can also be numerically obtained using the Laguerre and Hermite formulas 
œ% N 
[Dd = E wya) (E.43) 
j=1 
and 
œ R N 
J d= E wya) (E.44) 
a =i 


respectively. Tables E.2 and E.3 list values of quadrature points and weights for 
the Laguerre and Hermite formulas (Abramowitz and Stegun 1964). 


Table E.3 Quadrature Points and Weights for Hermite Quadrature 
for N = 5and 9 


N tx; w; 

5 0.00000000 0.94530872 
0.95857246 0.39361932 
2.02018287 0.01995324 

9 0.00000000 0.72023521 
0.72355102 0.43265156 
1.46855329 0.88474527 x 107! 
2.26658058 0.49436243 x 107? 


3.19099320 0.39606977 x 1074 
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E.6 RADAU QUADRATURE 


The Gaussian quadrature presented in the previous section involves the quadra- 
ture points which are within the domain of integration (0, 1). If one point at the 
boundary, either at x = 0 or x = 1, is included in the quadrature formula, the 
resulting formula is called the Radau quadrature. 

Let us start with the inclusion of the boundary value at x = 1 in the 
quadrature formula, and use the following example of one interior quadrature 
point, i.e., the total number of quadrature points is two, one interior point and 
the point at x = 1. 


I= f'y(x) de = w, y(x) +w,y(x = 1) (E.45) 


where w, and w, are quadrature weights at x, and x = 1, respectively. Thus, 
there are three unknowns (w,, w,, and x,) in this quadrature equation. To find 
them, we enforce the previous requirement by integrating three polynomials 1, 
x, and x? exactly. This means 


fid =1=w,+w, (E.46) 
0 
1 1 

[xa = 7 = Wx, +w, (E.47) 
ae 1 2 

fx dx = 3 = Wixi +w, (E.48) 


Solving the above three equations, we obtain 


1 


x= 35 xX,=1; w= : 


3; Wo=7 (E.49) 


AU 


Thus, we see that the Radau quadrature formula using 1 interior quadrature 
point can integrate a polynomial of degree up to 2 exactly. In general, a Radau 
quadrature formula using N interior quadrature points and one point at the 
boundary x = 1 can integrate a polynomial of degree up to 2N exactly. We list 
in Table E.4 the values for the quadrature weights and points for the Radau 
quadrature formula 


N 
p= fy dx = X wyy(xj) + wnai y(x = 1) (E.50) 


j=l 
Similarly, when the Radau quadrature formula is used with the boundary point 
at x = 0 included instead of x = 1, the Radau quadrature formula is 


N 
= fo) dx = woy(x = 0) + X w;y(x;) (E.51) 
j=l 


Table E.5 lists the quadrature points and weights for this case. 
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Table E.4 Quadrature Points and Weights for Radau Quadrature 
with the Last End Point Included: Weighting Function W(x) = 1 


N Quadrature Points Quadrature Weights 

1 x, = 0.333333 w, = 0.750000 
x, = 1.000000 w, = 0.250000 

2 x, = 0.155051 w, = 0.376403 
x, = 0.644949 w, = 0.512486 
x3 = 1.000000 w, = 0.111111 

3 x, = 0.088588 w, = 0.220462 
x, = 0.409467 w, = 0.388194 
x, = 0.787660 w, = 0.328844 
x4 = 1.000000 w, = 0.062500 


Similar to inclusion of the boundary point at x = 1, the quadrature formula 
for including the boundary point at x = 0 (in addition to the N interior 
quadrature points) can integrate a polynomial of degree up to 2N exactly. 

Heretofore, we have considered the quadrature formula for the integral of a 
function y(x) with a weighting function W(x) = 1. The Radau quadrature 
formula for the following integral with the weighting function W(x) = x®(1 — x)* 


r= f'[xa - x)*]y(x) dx (E.52) 


is given by the following two formulas 


N 
iepa —x)"]y(x) de = E wy(a,) + wyary(x = 1) (E.53) 
j=l 


Table E.5 Quadrature Points and Weights for Radau Quadrature 
with the First End Point Included: Weighting Function W(x) = 1 


N Quadrature Points Quadrature Weights 

1 X 9 = 0.000000 Wy = 0.250000 
xı = 0.666667 w, = 0.750000 

2 Xo = 0.000000 Wo = 0.111111 
x, = 0.355051 w, = 0.512486 
x, = 0.844949 w, = 0.376403 

3 Xp = 0.000000 Wy = 0.062500 
x, = 0.212341 w, = 0.328844 
x, = 0.590533 w = 0.388194 


x3 = 0.911412 w, = 0.220462 
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and 
1 N 
T= f [kra —x)"]y(x) de = woy(x= 0) + E wiy(x) (E54) 
j=l 


When a = B = 0, we recover the Radau formula obtained earlier. 

Using the same procedure of determining quadrature weights and quadrature 
points described earlier (that is we force the quadrature formula to fit polynomi- 
als up to degree 2N), we will obtain the N interior quadrature points and the 
N +1 quadrature weights. The other quadrature point will be either at the 
point x = 0 or x = 1. Tables E.6 and E.7 list these values for a number of 
combinations of a and B. 


Table E.6 Quadrature Points and Weights for Radau Quadrature 
with the Last End Point Included: Weighting Function W(x) = x®(1 — x)* 


a B N=1 N=2 N=3 
1 0 xı = 0.250000 x, = 0.122515 xı = 0.072994 
x, = 1.000000 x, = 0.544152 x, = 0.347004 
w, = 0.444444 x3 = 1.000000 x3 = 0.705002 
w = 0.055556 w, = 0.265016 x4 = 1.000000 
w, = 0.221096 w, = 0.169509 
w, = 0.013889 w, = 0.223962 
w, = 0.101529 
w, = 0.005000 
0 1 x, = 0.500000 x, = 0.276393 x, = 0.172673 
x, = 1.000000 x = 0.723607 x, = 0.500000 
w, = 0.333333 x, = 1.000000 X3 = 0.827327 
w, = 0.166667 w, = 0.115164 x, = 1.000000 
w, = 0.301503 w, = 0.047006 
w, = 0.083333 w, = 0.177778 
w, = 0.225217 
w, = 0.050000 
x, = 0.400000 X, = 0.226541 xı = 0.145590 
x, = 1.000000 x, = 0.630602 x, = 0.433850 
w, = 0.138889 x, = 1.000000 x3 = 0.753894 
w, = 0.027778 w, = 0.061489 x4 = 1.000000 
w, = 0.096844 w, = 0.028912 
w, = 0.008333 w, = 0.079829 
w, = 0.054926 


w, = 0.003333 
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Table E.7 Quadrature Points and Weights for Radau Quadrature 
with the First End Point Included: Weighting Function W(x) = xê(1 — x)* 


a a N=1 N=2 N=3 
1 0 x, = 0.000000 x, = 0.000000 x, = 0.000000 
x, = 0.500000 x = 0.276393 xX, = 0.172673 
w, = 0.166667 X3 = 0.723607 x, = 0.500000 
w = 0.333333 w, = 0.083333 X4 = 0.827327 
w, = 0.301503 w, = 0.050000 
w, = 0.115164 w, = 0.225217 
w3 = 0.177778 
w, = 0.047006 
0 1 x, = 0.000000 x, = 0.000000 x, = 0.000000 
x = 0.750000 x, = 0.455848 x, = 0.294998 
w, = 0.055556 x, = 0.877485 x, = 0.652996 
w, = 0.444444 w, = 0.013889 x4 = 0.927006 
w, = 0.221096 w, = 0.005000 
w, = 0.265016 w, = 0.101528 
w, = 0.223962 
w, = 0.169509 
1 1 x, = 0.000000 x, = 0.000000 x, = 0.000000 
x = 0.600000 x, = 0.369398 X = 0.246106 
w, = 0.027778 x, = 0.773459 x, = 0.566150 
w, = 0.138889 w, = 0.008333 x, = 0.854410 
w, = 0.096844 w, = 0.003333 
w, = 0.061489 w, = 0.054593 
w, = 0.079829 
w, = 0.028912 


E.7 LOBATTO QUADRATURE 


The last section illustrated the Radau quadrature formula when one of the 
quadrature points is on the boundary either at x = 0 or x = 1. In this section, 
we present the Lobatto quadrature formula, which includes both boundary 
points in addition to the N interior quadrature points. The general formula for 
the Lobatto quadrature is 


N 
is fy) dx = woy(x =0) + Li wjy(x;) + wn+1y(x = 1) (E55) 
j=1 


To demonstrate the Lobatto formula, we use the case of one interior point; that 
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is, N = 1, and the quadrature formula is 
1 
I= f y(x) d = woy(x = 0) + wy y(x,) + way(x = 1) (E.56) 


where x, is the interior quadrature point. 

There are four parameters to be found in Eq. E.56, namely wo, w,, w>, and 
x,. To find them we stipulate that the formula would integrate four polynomials 
1, x, x”, x? exactly; that is, 


fid = 1 = Wo +m, +w, (E.57a) 
0 
fxd = ł = w(0) +wx + w3 (E.57b) 
0 
[ix de =F = wo(0) +wx? +w (E.57c) 
3 0 1^1 2 ” 
0 
fx dx = ; = w,(0) + w,x2 + w, (E.57d) 
0 


Table E.8 Quadrature Points and Weights for Lobatto Quadrature: 
Weighting Function W(x) = 1 


N Quadrature points Quadrature weights 
1 Xa = 0.000000 Wo = 0.166667 
x, = 0.500000 w, = 0.666667 
x, = 1.000000 w, = 0.166667 
2 Xo = 0.000000 Wo = 0.083333 
x, = 0.276393 w, = 0.416667 
x, = 0.723607 w, = 0.416667 
x, = 1.000000 w, = 0.083333 
3 Xo = 0.000000 Wy = 0.050000 
x, = 0.172673 w, = 0.272222 
x, = 0.500000 w, = 0.355556 
x3 = 0.827327 w, = 0.272222 
x, = 1.000000 w, = 0.050000 
4 Xo = 0.000000 Wo = 0.033333 
x, = 0.117472 w, = 0.189238 
x, = 0.357384 w, = 0.277429 
x, = 0.642616 w3 = 0.277429 
x4 = 0.882528 w, = 0.189238 


x5 = 1.000000 ws = 0.033333 
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Table E.9 Quadrature Points and Weights for Lobatto Quadrature: 


a P 
1 0 


Weighting Function W(x) = x®(1 — x)* 


N=1 


Xo = 0.000000 
x, = 0.400000 
x, = 1.000000 
Wy = 0.125000 
w, = 0.347222 
w, = 0.027778 


Xo = 0.000000 
x, = 0.600000 
x, = 1.000000 
Wo = 0.027778 
w, = 0.347222 
w, = 0.125000 


Xo = 0.000000 
xı = 0.500000 
x, = 1.000000 
Wo = 0.016667 
w, = 0.133333 
w, = 0.016667 


N=2 


Xo = 0.000000 
xı = 0.226541 
xy 
x3 = 1.000000 
Wo = 0.066667 
w, = 0.271425 
w, = 0.153574 
w, = 0.008333 


xo = 0.000000 
x, = 0.369398 


w, = 0.153574 
w, = 0.271425 
w; = 0.066667 


xo = 0.000000 
x, = 0.311018 
x, = 0.688982 
x3 = 1.000000 
Wo = 0.005556 
w, = 0.077778 
w, = 0.077778 
w = 0.005556 


N=3 


Xo = 0.000000 
x, = 0. 
x = 0.433850 
X3 = 0.753894 
x4 = 1.000000 
Wo = 0.041667 
w, = 0.198585 
w, = 0.184001 
w, = 0.072414 
w, = 0.003333 


Xo = 0.000000 
x, = 0.246106 
x, = 0.566150 
x, = 0.854410 
x4 = 1.000000 
Wo = 0.003333 
w, = 0.072414 
w, = 0.184001 
w3 = 0.198585 
w4 = 0.041667 


Xo = 0.000000 
x, = 0.211325 
x, = 0.500000 
x3 = 0.788675 
x4 = 1.000000 
Wo = 0.002380 
w, = 0.042857 
w, = 0.076190 
w, = 0.042857 
w, = 0.002381 


N=4 
Xp = 0.000000 
x, = 0.101352 
x, = 0.313255 
x3 = 0.578185 
X4 = 0.825389 
x, = 1.000000 
Wo = 0.028582 
w, = 0.147730 
w, = 0.171455 
w, = 0.113073 
w, = 0.037583 
Ws = 0.001587 


Xo = 0.000000 
x, = 0.174611 
x, = 0.421815 
x3 = 0.686745 
x4 = 0.898648 


Wo = 0.001587 
w, = 0.037582 
w, = 0.113073 
w, = 0.171455 
w, = 0.147730 
ws = 0.028571 


Xo = 0.000000 
x, = 0.152627 
x, = 0.374719 
x, = 0.625281 
x, = 0.847373 
x5 = 1.000000 
Wo = 0.001191 
w; = 0.024576 
w, = 0.057567 
w3 = 0.057567 
w, = 0.024576 
ws = 0.001190 
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Solving these four equations, we obtain the four parameters as 


x, = 0.5; Wo = 4; w =$; w= (E.58) 


Table E.8 lists values of quadrature points and weights for the Lobatto quadra- 
ture formula. 
For the general integral of the type 


I= flea —x)*]y(x) dx (E.59) 


with the weighting function W(x) = x*(1 — x)*, the Lobatto quadrature equa- 
tion is written as 


N 

d fla -x)"]y(») dx =woy(x =0) + DY wyy(x;) + Wyai¥(% = 1) 
jei 

(E.60) 


Table E.9 lists values for the quadrature points and weights for a number of 
combinations of @ and £. 


E.8 CONCLUDING REMARKS 


This appendix has illustrated the most valuable integration formulas for engi- 
neering applications. The most popular formulas are the Trapezoid and Simp- 
son rules, and they are recommended for initial application of the integration 
formula since they are so simple to use. Error control and extrapolation could 
then be used to improve the estimation of the integral. When the integrand has 
unbounded values at the boundaries, the Newton—Cotes formula of the open 
type will prove to be a suitable choice. The Gaussian, Laguerre, Hermite, 
Radau, and Lobatto quadrature formulas are particularly useful when the 
function y(x) is known, since the summation process is so simple and easily 
programmed. They are also attractive in cases requiring the utilization of the 
collocation method, explained in Chapter 8. 
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Nomenclature 


Aa a 
as 


i(x) 


FP 


Bus 


coefficient used in the Frobenius expansion, Eq. 3.32 
component of the matrix A 

cross sectional area (Chapter 1) 

first derivative matrix, Eq. 8.102 

Airy function, Eq. 3.75 

coefficient used in the Frobenius expansion 
component of the matrix B 

parameter, Eq. 7.36 

second derivative matrix, Eq. 8.102 

residue, Eq. 9.76 

coefficient in the Laurent expansion, Eq. 9.75 

Biot number for heat transfer, Eq. 1.81) 

Airy function, Eq. 3.76 

variable index, used in Frobenius expansion, Eq. 3.32 
coefficient, defined in Eq. 8.110 

fluid concentration 

fluid concentration in equilibrium with the adsorbed phase 
fluid concentration 

cosine integral, Eq. 4.52 

specific heat 

inner pipe diameter, used in Example 2.25 
diffusion coefficient 

effective diffusivity in porous particle, Eq. 8.21 
diffusion coefficient along the bed length, Eq. 2.215 
activation energy 

exponential integral, Eq. 4.50 

error function 

functional 

forcing function in the RHS of ODEs 

volumetric flow rate, Eq. 7.36 

functional, for example, Eq. 7.46 

Laplace transform of f(t), Eq. 9.1 

coefficient, defined in Eq. 8.88 
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Function defined in Eq. 8.864 

step size used in integration methods of Chapter 7 

heat transfer coefficient 

coefficient, defined in Eq. 8.88 

heat transfer coefficient of gas phase, Eq. 1.52 

heat transfer coefficient of liquid phase, Eq. 1.52 

Hatta number, Eq. 2.242 

counting index 

imaginary number = y¥— 1 

integrating factor, used in Chapter 2 

Bessel function 

flux = mass transfer per unit area 

Jacobian matrix, for example, Eq. 8.160d 

Bessel function 

Jacobi polynomial, Eq. 8.78, Eq. 8.79 

thermal conductivity 

reaction rate constant, used in Example 2.5 

mass transfer coefficient per unit interfacial area, Eq. 1.33 

mass transfer coefficient per unit bed volume, Eq. 1.33 

affinity constant of adsorption equilibrium, defined in Eq. 1.32 

equilibrium constant between two phases, Eq. 5.3 

Bessel function, Eq. 3.162 

kernel of the integral transform, used in Chapter 11 

Lagrangian interpolation polynomial, Eq. 8.90 

length 

heavy phase flow rate, Eq. 5.4 

differential operator, Eq. 8.1 

parameter, Eq. 1.61 

parameter, Eq. 1.73 

Nusselt number for heat transfer, defined in Problem 1.1 

dy /dx, defined in Eq. 2.87 

rescaled polynomial of the Jacobi polynomial of degree N, 
Eq. 8.86b 

node polynomial, Eq. 8.91 

function of x, used in Chapter 2 

coefficient, Eq. 3.30 

Peclet number, Eq. 2.242 

Prandt number, defined in Problem 1.1 

concentration in the adsorbed phase 

heat flux = heat transfer per unit area 

heat flux in the r direction 

heat flux in the z direction 

heat transfer (Chapter 1) 

function of x, used in Chapter 2 

coefficient, Eq. 3.31 

radial coordinate 

residual, Eq. 8.3 

boundary residual, Eq. 8.4 
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R 

R 
R(x) 
Re 

s 

S 

Si 


yx) 
yx) 


oe ees 


i) 
N 


SIIS 
T 


N x 
5 


RRR 


tube radius or particle radius 

chemical reaction rate 

function of x, used in Chapter 2 

Reynolds number 

complex variable, Eq. 9.2 

cross-sectional area of a tube, used in Example 7.3 

sine integral, Eq. 4.51 

time 

inner time variable, Eq. 6.98 

temperature 

wall temperature (Chapter 1) 

inlet temperature (Chapter 1) 

independent variable 

inner variable, Eq. 6.62 

jth interpolation point used in Chapter 8 

mass solute /mass carrier solvent, Eq. 5.2 

reaction conversion, Eq. 7.38 

penetration front, used in Chapter 12 

dependent variable 

approximate dependent variable, Eq. 8.5 

value of y at the interpolation point x;, used in Chapter 8 

coefficient in the asymptotic expansion, Eq. 6.5 

coefficient in the inner asymptotic expansion, Eq. 6.64 

coefficient in the outer asymptotic expansion, Eq. 6.59 

mass solute /mass extracting solvent, Eq. 5.1 

independent variable, = x”, used in Chapter 8 for symmetry, 
for example, Eq. 8.117 

nondimensional temperature, Eq. 1.81a 

superficial velocity, for example, used in Example 7.3 

overall heat transfer coefficient in heat exchanger, used in 
Example 2.25 

y/x, used in Chapter 2 

mean velocity (Chapter 1) 

parabolic velocity, defined in Chapter 1, Eq. 1.21 

nondimensional variable, defined in Eq. 2.73 

light solvent mass flow rate, Eq. 5.4 

teservoir volume used in Example 7.1 

particle volume, Eq. 8.28 

quadrature weight, Eq. 8.107 

test function, Eq. 8.7 

Wronskian determinant, defined in Eq. 2.359 

mass transfer rate of the species A, Eq. 2.120 

coordinate 

axial coordinate 


independent variable, Eq. 7.79, Eq. 7.81 
parameter, defined in Eq. 2.225 
nondimensional parameter, Eq. 1.54 
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exponent in the weighting function of the Jacobi polynomial, 
Eq. 8.83 

exponent in the weighting function of the Jacobi polynomial, 
Eq. 8.83 

parameter, defined in Eq. 2.225 

parameter, defined in Eq. 5.6 

eigenvalue, Eq. 1.865, used in Chapter 10, for example, Eq. 10.185 

nondimensional parameter, Eq. 1.815 

Dirac delta function 

asymptotic sequence, Eq. 6.37 

bed porosity, Eq. 1.34 

particle porosity 

small parameter used in Chapter 6 for perturbation analysis 

error, Eq. 7.21 

coefficient of the Jacobi polynomial of degree N 

Euler constant, Eq. 3.153 

density 

parameter, defined in Chapter 1, Eq. 1.9 

decay constant used in Chapter 7 for ODEs, Eq. 7.20a 

parameter, Eq. 2.387 and Eq. 2.388 

viscosity 

temperature, defined in Eq. 1.11 

nondimensional parameter, defined in Eq. 1.18 

nondimensional parameter, defined in Equation 1.19 

eigenvalue, used in coated wall reactor, Eq. 10.182, or in 
Example 10.3, Example 10.4, Example 10.5 

nondimensional length, Eq. 1.8la 

effectiveness factor 

combined variable used in the combination of variables method, 
Eq. 10.15 

parameter, defined in Eq. 1.63 

nondimensional coordinate, Eq. 1.81a 

eigenvalue used in Chapter 11 

Thiele modulus, Eq. 8.24 

trial functions, Eq. 8.5 

exact function, Eq. 2.23 

polar angle of a complex number 

function, Eq. 3.112 

orthogonal polynomial used in Chapter 10, for example, 
Eq. 10.184 

real part of a complex number 

imaginary part of a complex number 

vector defined in Eq. 11.187 
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Postface 


After finishing this text, the reader has become aware of the importance of a 
solid foundation in algebra. Such is the final state in solving problems, since 
both ODE and PDE solutions finally end in algebraic terms. Knowledge of this 
basic body is the platform to build on higher levels. New developments will also 
have their underpinnings in classical mathematics. Of these, the reader can see 
the need for constructing methods of coping with nonlinearities. Toward this 
end, there is evolving a body of applied mathematics which constructs nonlinear 
operators to solve differential equations as handily as Heaviside and Laplace 
operators. 

Foremost among linear problems is the analysis of coupled sets of PDE, with 
obvious applications in systems and control engineering. Often the Laplace 
transform can be used for resolving such complexities, through Laurent’s 
expansion and residue theory. Residue theory is, as the reader can verify, more 
a problem of pedagogy than practice; once learned, it is easy to apply. What is 
the proper way to teach such abstract ideas as the “complex domain”? How can 
communication barriers be overcome? On what philosophical basis should 
higher mathematics be taught? Many teach by the deductive mode, that is, 
moving from the general case to a specific one. The engineer more often 
operates in the inductive mode, by studying many individual cases from which a 
general principle evolves. Here, the dichotomy into two basic teaching styles 
daily confronts students. Each has attractive features, but it would appear in 
practice that the inductive style is best for undergraduates, whereas the deduc- 
tive mode appeals to graduate level students. By trial and error, teachers learn 
the optimum for time and place. Elementary feedback control is the operative 
mechanism. Linear methods work at the introductory level. Learning to cope 
well with scalar problems must necessarily precede vector arrays. 

Toward this end, we have attempted to reduce exposition using vector 
terminology. Occasionally, this was not possible, so an appendix was developed 
to provide a review of elementary principles for vector-matrices operation. 
Linear operators in Hilbert space was briefly mentioned, mainly as a means of 
coping with the case of infinite eigenfunctions. Last, but not least, a careful 
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treatment of modern methods for numerical solutions for PDE was incorpo- 
rated. 

Several generations have been nurtured on the classic text Transport 
Phenomena. By and large, the original version by Bird, Stewart, and Lightfoot 
has survived the test of time. You, the reader, will ultimately determine the 
usefulness of the present exposition of applicable mathematics. Every effort was 
made to eliminate errors in the text, but some may survive, so please inform the 
authors if errors are discovered. 
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Index terms 
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Batch reactor 


Benzoic acid, dissolution of 
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properties 135 


tables of values 
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Index terms Links 


Complex variables (Continued) 


Cauchy's theorem 341) |343 
derivatives of 337 
evaluation of residues 347| |349 
integration of 341 


Laurent's expansion 
multivalued functions of 340 
singularities of 
branch points 
essential 
poles 
theory of residues 
Composite solutions 
Conformable matrices 
Consecutive reactions 
Conservation law, general 
Contour integration, inversion of Laplace by 
Contour plots 344 
Convergence: 
acceleration of 642 
radius of 107 
rate of 639 
Convergent series 107 
Convolution for Laplace 366 
Cosine integral 156 
Countercurrent extraction 165 
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Differential equations, ordinary (Continued) 
nonlinear 


order and degree 
particular solution of 
solution by Laplace 
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derivation of 


particular solutions by combination of variables 409 


AJ u D Iw 
Ris alallallalall ayo 
& I} SS jie] oli = ]]ollSollo || S|] ce 


solution by Laplace transforms 
42 


D 
(= 
an 
È| 


solution by separation of variables 


solution by numerical methods 546 
solution by Sturm-Liouville transforms 487 
superposition of solutions 425 


Differential equations, simultaneous 


Differential operator 


N 
l 


Differential properties of Bessel functions 187 

Dirac Delta function 362| |383 
Dirichlet boundary conditions 296| |304 
Distillation column 169| |177 
Distributive law of algebra 648 
Draining tank 
Duffing equation 

E 


mi 
U 
O 
m 
D 
= 


Effectiveness factor 


Efficiency, Murphree plate 


Bile 
| al 
Wyte [te 


Eigenfunctions 
Eigenproblem 490 
Eigenvalues 425| |490 


Elimination of independent variable 











This page has been reformatted by Knovel to provide easier navigation. 





Index terms 


Elimination of dependent variable 
Elliptic integrals 
first kind 
second kind 
Error function 
complementary 
properties of 
table of values 
Errors: 
global 
local 
Euler formula, complex variables 
Exactness 
Exponential function: 
identities for 
series representation 
transform of 
Exponential integral 
Exponential power series 
Extraction, liquid-solid 


Extraction cascade 


F 
Factor, integrating 
Falling film, for gas absorption 
Fin, temperature profile 
Finite differences: 
operators 
solving differential equations 


staged equations 


First Bromwich path, complex variables 


Fixed bed catalytic reactor 
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Index terms 
Fluid flow: 
packed bed 147 
transient start-up for tube flow 465 
Fourier-Mellon integral 331 
Fourier series approximation, numerical inversion, Laplace 388 


Fourier's law 
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Frobenius method 108 
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Functions and definite integrals: 
Beta 152 
Elliptic 154 
error 148 
Gamma 150 
Fundamental lemma of calculus [6] 
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Gamma function 

in Laplace transforms 

relation to Beta function 
Gamma function, incomplete 
Gas absorption: 
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in packed columns 


with reaction 
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Hankel transform 
Heat conduction equation: 
boundary conditions 
cylindrical coordinates 
spherical coordinates 
steady state 
unsteady state 
Heat conduction solutions: 
Graetz problem 
Nusselt problem 
unsteady linear 
Heat exchanger, double-pipe 
Heat loss: 
from fins 
from packed beds 
from pin promoters 
from rod bundles 
from rod promoters 
Heat transfer coefficient 
Heaviside operator 
Hermite formulas 
Hierarchy of models 
Hilbert space 
Homogeneous equations 
Homogeneous functions 


Hyperbolic function 
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Image (Sturm-Liouville transform) 
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Index terms 


Inhomogeneous equations (PDE) 
Initial value, problems, numerical solution of 
Inner product 
Inner variable 
Integral properties of Bessel function 
Integrals, line 
Integration, numerical procedure 
Integrating factor 
Interpolation formula 
Lagrange 
Inverse operator 
Inverse transform: 
by contour integration for Laplace 
by convolution integral for Laplace 
for Heaviside operators 
by partial fractions for Laplace 
by Sturm-Liouville transform 


Inversion theorem, Laplace 


J 
Jacobian matrix 
Jacobi polynomials 


Jacobi's equation 


K 
Kernel, Sturm-Liouville transform 
Kronecker delta function 


Kummer's equation 


L 
Lagrange interpolation formula 
Lagrange polynomials 


Laguerre polynomial 
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Lane-Emden equation 
Laplace operator 


Laplace transform 
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differentiation of 358 
inverse transforms, 
solution of ODE 368 
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Laplace transforms: 
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step functions 361 
unit impulse 361 
ramp function 361 

table of 671 

Laurent's expansion 346 
Least square method 189 
Legendre's equation 128 
Legendre's polynomial 128 
Leibnitz, rule for differentiating an integral 148 
Lerch's theorem, Laplace transforms 356 
Leveque solution 417 
L'Hopital's rule 348 
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Linearly independent, definition for ODE 
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Index terms 


M 


Mass transfer: 
condition 
diffusion equation 
integro-differential boundary by molecular diffusion (Pick's law) 
unsteady, to spheres 
Matched asymptotic expansion 
Matching 
Matrices: 
addition 
application to sets of ODE 
augmented 
characteristic equations 
commutable 
conformable 
decomposition 
diagonally dominate 
diagonals 
elimination methods 
inverse 
Jacobian 
matrix algebra 
multiplication 
operator 
pivoting 
solution of linear algebraic equations 
sparse 
square 
subtraction 
symmetric 
transpose 
triangular 
tridiagonal 
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Membrane transport 216 
Moment method 358 
Multivalued function 380 
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Newton, method of solving algebraic equations 
Newton backward interpolation formula 


Newton forward difference polynomial 
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Numerical methods (Continued) 
finite element 
polynomial approximation 


Nusselt problem, heat transfer in tube flow 


O 
One point collocation method 
Operator: 

boundary 

differential 

finite difference 

general 

Laplace 
Ordering concept, gauge function 
Order symbols 
Orthogonal functions 
Orthogonality property 
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Parameter estimation in Laplace domain 
Partial differential equations: 
boundary conditions 
combination of variables 
formulation 
Fourier transform (Sturm-Liouville transform) 
inhomogeneous 
initial value type: 
Laplace transform 
Sturm-Liouville transform 
numerical methods 
orthogonal function 
Sturm-Liouville equation 
particular solution 
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Partial differential equations: (Continued) 


coated wall reactor 421 
steady-state heat transfer 440 
superposition of solutions 425 
unsteady heat transfer 409 
Partial differentiation 397 
changing independent variables 
Partial fractions for Laplace transforms 363 
Particular solution 
Pendulum equation 
Perturbation method 184 
Piston, dynamic of movement 
Poles: 
in complex variables 347 
first order 


inversion of Laplace transforms 
second order 
Polynomial approximation 
Polynomials: 
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Radau-Lobatto quadrature formula 
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Stiffness, numerical methods 
Stirling formula 

Strained coordinates 
Sturm-Liouville equation 
Sturm-Liouville transforms 
Subdomain method 


Successive substitution method 
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Tank draining 


Tanks in Series 
Taylor series expansion 
Temperature, surface variation 
Temperature distribution: 
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Trapezoid rule for numerical integration 
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U 
Undetermined coefficients, method for ODE 


Unsteady state operations 


v 
Variables: 
complex 
dependent 
dummy 
independent: 
changing 
combination of 
method of separation 
Variation of parameters 
Vectors 
Velocity profile, tube flow 
Vibration of drumhead 


Volterra integral 


WwW 
Weighted residuals, method of 


Wronskian, definition 
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Zakian method, inverting Laplace transforms 
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